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Abstract: Sediment entrainment formulations developed for noncohesive materials have been widely applied to determine suspended loads
in fluvial environments. Most relations were developed based on laboratory experiments and field measurements taken in sand-rich envi-
ronments. Due to the accidental discharge of mine tailings in riverine systems, it is imperative to develop new approaches to predict sediment
entrainment and resulting near-bed concentrations, as field observations show that the primary mode of transport for tailings once they are
eroded is in suspension. Based on laboratory experiments conducted with poorly sorted iron tailings samples in an annular flume, we found
that existing sand-based relations predict relatively well equilibrium near-bed concentrations when treated as well-sorted material. However,
to predict entrainment rates into suspension for the tested poorly sorted iron tailings samples, sand-based entrainment relations require adding
two functions accounting for the relative roughness of the bed material and the Reynolds particle number for the effect of viscous sublayer
thickness on entraining fine grains. This innovative approach, combining dimensional analysis, similarity parameters, and experimental
observations in an annular flume, provides a general framework for developing formulations to estimate the flow conditions necessary
to entrain into suspension and then transport tailings either accidentally released into riverine environments or resuspended during dredging
operations in watercourses.DOI: 10.1061/JHEND8.HYENG-14095. This work is made available under the terms of the Creative Commons
Attribution 4.0 International license, https://creativecommons.org/licenses/by/4.0/.

Introduction

Research on tailings erosion has mainly focused on determining the
resuspension of impoundment tailings caused by wind-induced
waves in mine ponds (Adu-Wusu et al. 2001; Mian and Yanful
2004; Yanful and Catalan 2002; Geremew 2017). These quiescent
mine ponds are used to properly dispose of and reduce tailings
oxidation to avoid contamination of the surroundings. Accidents
at mining facilities or improper disposal of tailings has dumped
a considerable volume of these materials along river networks, im-
pairing their water uses in the downstream direction (Macklin et al.
2003; Simeoni et al. 2017; do Carmo et al. 2017; Hudson-Edwards
et al. 2003; Thompson et al. 2020). Extensive databases of these
accidents have been developed by different agencies, such as the
WISE Uranium Project (WISE 2022), the International Committee
of Large Dams (ICOLD 2001), the United Nations (UNEP 1996),
and other research studies (Azam and Li 2010; Armstrong et al.
2019; Piciullo et al. 2022).

Despite the multiple accidents reported in these databases, it was
not until the collapse of Fundão dam (2015 in Mariana, Brazil)
and Dam B1 at the Córrego de Feijão mine (2019 in Brumadinho,
Brazil) that risk assessment began to have notable importance

worldwide with the goal of minimizing future catastrophic events
that could lead to life losses and environmental impacts along
watercourses (Piciullo et al. 2022). Following these accidents, sev-
eral studies have focused on reproducing and assessing the risk of
large-scale tailings flows immediately after a tailings dam breach
(Lumbroso et al. 2021; Ghahramani et al. 2022; Martínez-Aranda
et al. 2022; Ghahramani et al. 2022). However, the spreading of
tailings that reach a watercourse is usually quantitatively assessed
using hydrodynamic and classical sediment transport models
(Ferguson and Church 2004; Cao and Pender 2004; Pickup and
Cui 2008).

To adequately predict the suspended tailings loads in water-
courses, a sediment erosion equation must be implemented to de-
termine the tailings entrainment rates from the bed into the water
column. However, no research has been conducted to analyze the
erosion of tailings mixtures subjected to fluvial conditions. As a
result, no formulations have been developed to predict near-bed
tailings concentrations. This provided the motivation for the work
presented herein. The main objective was to assess the suitability of
sand-based formulations for predicting the near-bed concentrations
in an iron tailings riverbed, based on two iron tailings samples
subjected to multiple bed shear stresses in an annular flume.
The potential relevance of flocculation and hindered processes
was also evaluated by conducting experiments in a settling column
for different initial tailings concentrations. Finally, new entrainment
formulations for poorly sorted iron ore tailings, which include the
effects of a viscous sublayer thickness and relative roughness, were
developed with the help of dimensional analysis, similarity param-
eters, and experimental observations made in an annular flume.

Theoretical Considerations

Mine tailings are commonly classified and treated as cohesive sedi-
ment due to the high amount of fine material (clay and silt-sized),
in which the interparticle forces dominate the erosion behavior
(Geremew and Yanful 2011). Haneef-Mian et al. (2007) found that
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the rate of erosion in lead-zinc mine tailings can be predicted by
using the fine-grained cohesive sediment formulations derived for
cohesive natural sediments (Ariathurai and Krone 1976; Hayter and
Mehta 1986; Mehta and McAnally 2008), such as

E ¼ α

�
τ − τ cr
τ cr

�
θ

ð1Þ

where E = erosion rate [ML−2T−1]; τ cr = critical shear stress
[ML−1T−2]; τ = exerted shear stress; and θ and α are coefficients
determined by regression from erosion measurements.

Using tailings with different physical, chemical, and mineralogi-
cal compositions, Geremew and Yanful (2011) found a transition
from cohesive to noncohesive behavior when the content of fines
(<63 μm) is in a range between ϕfines ¼ 50% to ϕfines ¼ 55%,
and therefore, Eq. (1) is valid when fine fractions are above this
threshold. Conversely, when ϕfines < 50%, noncohesive erosion
equations would be expected to be adequate to predict the erosion
of such materials.

The erosion rate E can be used in a sediment transport model to
estimate the erosion flux Er ¼ E=ρ [LT−1]. Thus, for a turbulent
flow over an erodible tailings bed, the net upward volume flux of
suspended sediment, F, is estimated as (Garcia and Parker 1991)

F ¼ Er −Dr ð2Þ
where Er andDr = erosion and settling fluxes [LT−1], respectively.

For the case of granular mixtures, the net upward sediment flux
of suspended sediment in the ith grain size range at a small vertical
distance close to the bed (reference height-a) takes the form

Fai ¼ vsiðFiEsi − faiCaÞ ð3Þ
where Fai = net upward volume flux of suspended sediment at a for
grain size i; Esi = dimensionless entrainment of the bed sediment
into suspension at a for grain size i; fai = volume fraction of the
suspended material at a for grain size i; Fi = volume fraction of the
bed material for grain size i; vsi = settling velocity for grain size i;
and Ca = total concentration of suspended sediment at z ¼ a.

For cohesionless sediment, during equilibrium conditions, the
upward flux due to the effect of turbulence is balanced with the
settling due to gravity, leading to an equilibrium suspended sedi-
ment concentration condition. Therefore, Esi is determined as a
function of the concentration and fractions at the reference height
(a) and the fractions in the bed (Fi) as the upward volume fluxes
Fai are assumed to be negligible in Eq. (3) (i.e., Fai ¼ 0)

Esi ¼
faiCa

Fi
¼ Cai

Fi
ð4Þ

Assuming equilibrium conditions, Rouse’s theory for suspen-
sions can be implemented to determine the suspended sediment
in the vertical direction for steady and uniform flow (Vanoni 2006)

Czi

Cai
¼

�
H − z
z

a
H − a

�
ZRi ð5Þ

where Czi = volumetric sediment concentration at a dimensionless
vertical distance from the bed (z) for grain size i; a = reference
height; and ZRi = Rouse Number for grain size i defined as

ZRi ¼
vsi

βκu�
ð6Þ

where κ = von Karman’s constant equal to 0.41; u� = shear
velocity; and β is a dimensionless ratio that relates the turbulent
diffusivity of the sediment (ϵs) to the turbulent eddy viscosity

(νt). Thus, this term can also be expressed as the inverse of the
Schmidt number, σt ¼ 1=β (Lyn 2008).

According to Graf and Cellino (2010) the β values can be β > 1
in the presence of bedforms, or β < 1, otherwise. Wright and Parker
(2003) found that β < 1 is relevant in low-slope, large rivers due
to the sediment induced stratification effects. De Leeuw et al.
(2020) found that β ¼ 0.94 is an adequate value based on field and
experimental measurements. Some formulations available in the
literature to estimate β are reported in Table 1. They include those
of van Rijn (1984), Wright and Parker (2005), and De Leeuw
et al. (2020).

The formulations in the literature to estimate the near-bed sedi-
ment concentration (or the entrainment in equilibrium conditions)
for noncohesive materials are primarily based on natural sediments
in the sand and gravel size ranges (Table 2). These formulations
assume that flocculation and hindered settling processes are neg-
ligible. They are based on dimensionless analysis that can be
explained and expressed by combining different dimensionless
parameters Πi (Parker and Anderson 1977), as follows:

Esi ¼ fðΠ1;Π2;Π3;Π4Þ ð7aÞ

Π1∶ τ�si ¼ τbs
RigDi

or
u�
vsi

or
u�s
vsi

ð7bÞ

Π2∶Repi ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
RigDi

p
Di

ν
or D� ¼ R2=3

epi ð7cÞ

Π3∶ Di

Dg
or

Di

D50

ð7dÞ

Π4∶Hydraulic Parameters

�
e:g: Fr or Cf or S or

H
ks

�
ð7eÞ

where Di = diameter for grain size i; Dg = geometric mean
diameter; D50 = grain size for which 50% of the material is finer;
D� = dimensionless particle diameter; u� = shear velocity; u�s =
shear velocity due to the skin friction component; Ri = submerged
specific gravity for grain size i; ν = kinematic viscosity; τbs = bed
shear stress due to the skin friction component; τ�si = Shields stress
number due to the skin friction component for grain size i; Repi =
particle Reynolds number grain size i; Fr = Froude number; S =
longitudinal energy slope; Cf = friction coefficient; H = water
depth; ks = Nikuradse’s roughness; g = acceleration of gravity equal
to 9.81 m=s2; and vsi = settling velocity for grain size i. Although
there are various formulations for estimating vsi, in this study we
used the equation derived by Ferguson and Church (2004)

vsi ¼
RigD2

i

C1ν þ ð0.75C2RigD3
i Þ0.5

ð8Þ

where C1 ¼ 18; and C2 ¼ 1.

Table 1. Formulations to estimate β factor

Authors Equations

van Rijn (1984) β ¼ 1þ 2ðvs=u�Þ2 if 0.1 <
vs
u�

< 1.0

Wright and Parker (2005) β ¼ 1 − 0.06ðCa=SÞ0.77 if ðCa=SÞ < 10

β ¼ 0.67 − 0.0025ðCa=SÞ if ðCa=SÞ > 10

De Leeuw et al. (2020) β ¼ 16.82ðu�s=vsiÞ−0.54C0.3
f
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The first set of parameters (Π1) in Eq. (7) denotes a ratio
between the turbulent shear stress and gravitational forces. The
second set (Π2) relates the properties of the particle and the fluid.
The third set (Π3) has been proposed to quantify the hiding effect of
the particles in mixture materials (Garcia and Parker 1991; Wright
and Parker 2005), and some authors use the last set (Π4) to include
the hydraulic dimensionless parameters in the analysis (Wright and
Parker 2005; De Leeuw et al. 2020).

The total bed shear stress, τb, exerted on a channel’s bottom can
be estimated via the one-dimensional (1D) momentum conserva-
tion equation for steady and uniform flow

τb ¼ ρgRhS ð9Þ

where τb = bed shear stress; ρ = water density; g = acceleration of
gravity; Rh = hydraulic radius; and S = longitudinal energy slope.
However, in the presence of bedforms, the concept of the bed shear
stress partition is generally used to estimate the bed shear stress due
to skin friction (τbs) and the bed shear stress associated with form
drag (τbf) during the emergence of bedforms. Multiple formula-
tions (Table 3) have been proposed in the literature to estimate τbf
as a function of bedform type and its features. Smith and McLean
(1977), Nelson and Smith (1989), and Fredsøe and Deigaard (1992)
proposed formulations to determine the shear bed partition in the
presence of dunes as a function of their wavelength and height,
while Garcia and Parker (1993) proposed a formulation that can
be used when ripples develop, and viscous effects are dominant.

Table 2. Sediment entrainment formulations

Authors Equations Reference height a Grain size distributions

Smith and McLean (1977) Es ¼
0.65γ0S0
1þ γ0S0

a ¼ α0ðτ�s − τ�cÞDs þ ks Uniform

S0 ¼
τ�s − τ�c

τ�c
; γ0 ¼ 2.4 × 10−3

α0 ¼ 26.3

van Rijn (1984) Es ¼ 0.015
Ds

a
T1.5

D0.3�
if Δ known Δ=2 Uniform

D� ¼ Ds

�gR
ν2

�1=3
else a ¼ ks

T ¼ τ�s − τ�c
τ�c

a ¼ minð0.01HÞ

Akiyama and Fukushima (1986) Es ¼ 0 Z < Zc a ¼ 0.05H Uniform

Es ¼ 3 × 10−12Z10ð1 − Zc=ZÞ Zc < Z < Zm

Es ¼ 0.3 Z > Zm

Z ¼ u�s
vs

Re0.5p

Garcia and Parker (1991, 1993) Esi ¼
AðλZuiÞ5

1þ A
0.3 ðλZuiÞ5

; λ ¼ 1 − 0.288σΦ a ¼ 0.05H Mixtures

A ¼ 1.3 × 10−7
Uniform:

Zui ¼
u�s
vsi

f1ðRepiÞ
�Di

Dg

�
0.2 Fi ¼ 1, σΦ ¼ 0

if Repi < 3.0 then f1ðRepiÞ ¼ 0.586R1.23
epi

Di=Dg ¼ 1

else f1ðRepiÞ ¼ R0.6
epi

McLean (1991) Esi ¼
0.65γ0S0
1þ γ0S0

φiFiP
N
n¼1 φiFi

— Mixtures

S0 ¼
τ�s −

ffiffiffiffiffiffiffiffiffiffi
τ c=ρ

p
ffiffiffiffiffiffiffiffiffiffiffi
τ�c=ρ

p ; γ0 ¼ 0.004

φi ¼ 1 when u� > vsi otherwise φ ¼ u� − u�cr
vsi − u�cr

Zyserman and Fredsoe (1994) Es ¼
0.331A

1þ 0.331
0.46 A

, A ¼ ðτ�s − 0.045Þ1.75 a ¼ 2Ds Uniform

Wright and Parker (2005) Esi ¼
AðλZuiÞ5

1þ A
0.3 ðλZuiÞ5

; λ ¼ 1 − 0.288σΦ a ¼ 0.05H Mixtures

A ¼ 7.8 × 10−7
Uniform:

Zui ¼
u�s
vsi

R0.6
epi

�
Di

Dg

�
0.2
S0.08

Fi ¼ 1, σΦ ¼ 0

Di=Dg ¼ 1

Two-parameter model
De Leeuw et al. (2020)

Esi ¼
Zui

1þ 3Zui
a ¼ 0.1H Mixtures

Zui ¼ 4.74 × 10−4
��u�s

vsi

�
1.5
Fr − 0.015

�1.18

Fr ¼ Uffiffiðp
gHdÞ
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Methods

Entrainment Experiments

Annular Flume
A set of experiments were conducted in an annular flume located in
the Ecohydraulics and Ecomorphodynamics Laboratory (EEL), at
the University of Illinois (Fig. 1). This flume consists of a steel
frame that supports a ring-shape annular fiberglass tank and two
motor controllers that allow the tank and its plexiglass lid to rotate
independently (the maximum angular velocities are 16.5 RPM
and 10 RPM for the lid and the channel, respectively). The inner
cross section of the annular tanks is a 20-cm-wide by 45-cm-deep
channel whose depth can be modified by setting the lid height. The
selection of this flume is based on (1) the relatively small amount of
sample material needed to perform the experiments; (2) the expe-
rience with previous studies conducted with this flume with a fixed
bed, with cohesive sediments and with iron ore tailings (UIUC and
MWRDGC 2003; Pedocchi 2005; UIUC 2005; San Juan 2016);

and (3) the potential formation of aggregates or flocs that could
take place but would be preserved since no hydraulic machinery
is required to generate the fluid motion.

Bed Shear Stress Characterization
To mimic an endless channel flow inside the annular flume, two
main conditions were required: the minimization of secondary cur-
rents and the uniformity of the bed shear stress (τb) along the cross
section. The first condition was achieved by counter-rotating the lid
and the flume at a ratio ΩL=ΩC (where ΩL and ΩC are the angular
velocities of the ring and flume, respectively) as discussed by
Partheniades et al. (1966) and Petersen and Krishnappan (1994).
The second condition relied on the near-bed instantaneous veloc-
ities along the cross section (Yang et al. 2000). According to Booij
(1994) and Cantero et al. (2004), the optimum ratio is dependent on
the specific objective of the experiment—erosion or deposition.
The uniformity in τb is the primary requirement for erosion ex-
periments, where the ratio ΩL=Ωc is not a sensitive criterion, and,
consequently, a wide range of these ratios fulfill the uniformity of
τb in the radial direction.

The experimental procedure aimed to find a ratio ΩL=ΩC that
considerably minimized the secondary currents and, simultane-
ously, guaranteed a relatively uniform τb along the radial direction.
The minimization of the secondary conditions was first achieved,
and then the optimized ratio was slightly modified to achieve a rel-
atively uniform τb in the radial direction. Mehta (1973) demon-
strated that the previous condition is achieved when sediments
tend to accumulate at the center of the channel (i.e., high sediment
elevation in the outer wall implies a low ΩL=ΩC, and the opposite
condition occurs when the sediment accumulates along the inner
wall). Thus, multiple ratios ΩL=ΩC were tested using crushed
walnut shells since they are easily movable under low shear stress
conditions as their specific gravity is lower than that of sand
(specific gravity of walnut shells, Sgr ¼ 1.48). This relatively uni-
form walnut shell material (Dm ¼ 0.84 mm to 1.0 mm) was placed

(a) (b)

Fig. 1. (Color) (a) Schematic representation of the annular flume located at the EEL at the University of Illinois (data from San Juan 2016); and
(b) steps followed during the sampling process in the entrainment experiment.

Table 3. Formulations to estimate the drag component of the bed shear
stress

Authors Equations

Nelson and Smith (1989) τbf ¼ 1

2
ρCD

Δl

λl
U2

r

Urffiffiffiffiffiffiffiffiffiffi
τ s=ρ

p ¼ 1

κ

�
ln

�
30

Δl

ks

�
− 1

�

Carnot’s Formula Fredsøe
and Deigaard (1992)

τbf ¼ 1

2

U2

RgD
Δl

H
Δl

λl

Garcia and Parker (1993) τbf ¼ 1

2
CD

Δl

λlκ

�
ln

�
9
u�sΔl

ν

�
− 1

�
2

ρU2
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in a 10-cm-thick layer and flattened before testing the ΩL=Ω ratios.
To expedite this process, we also dumped 20 styrene spheres with
a low density (specific gravity of styrene, Sgr ¼ 1.04) to visually
determine their position for different ΩL=ΩC ratios.

The velocity fluctuations time series were obtained employing
Reynolds decomposition, and the bed shear stress τb was estimated
via the turbulent kinetic energy (TKE) method

τb ¼ C3TKE ¼ C3

1

2
ρðu 02 þ v 02 þ w 02Þ ð10Þ

where u 0, v 0, and w 0 = fluctuations in the tangential, radial, and
vertical directions, respectively (the bar over these variables de-
notes mean value); and C3 is a dimensionless constant whose mag-
nitude is in the range between 0.18 to 0.20 (Soulsby 1983). Herein,
we adopted C3 ¼ 0.19 as it has proven to be valid for a wide range
of flow conditions, and it has been previously used in annular
flumes experiments (Thompson et al. 2003; Pope et al. 2006; Wei
et al. 2017). The TKE method was chosen because of the unfea-
sibility of completely eliminating secondary currents in this annular
flume. Thompson et al. (2003) and Pope et al. (2006) demonstrated
that for movable beds in annular flumes, the TKE approach is more
reliable than other proxy methods (e.g., Law of the Wall, Reynolds
stresses, the Quadratic Stress Law).

To estimate the distribution of τb in the spanwise direction, the
instantaneous velocities were measured at three different radii using
a high-resolution acoustic doppler velocimetry (ADV) (Nortek
Vectrino, Norway) mounted on the lid. This device was connected
to a computer mounted on top of the lid. It was powered by a 12V
battery and an AC/DC inverter and is controlled remotely via a
wireless signal. The instantaneous velocities were measured in a
time frame that guaranteed the convergence of the mean velocity
at a sampling rate of 100 Hz. For the iron tailings placed on the
annular flume, four minutes was sufficient to ensure the conver-
gence of the mean values within 10% of the confidence interval.

Based on the previous methodology, we found that there are
multiple ratios ΩL=ΩC that guarantee a quasi-uniform τb distribu-
tion along the spanwise direction. In this case, we selected ΩL=
ΩC ¼ 2.75 as it was also found in the analysis performed by
Cantero et al. (2004) conducted with the same annular flume. A
detailed analysis of the bed shear stress characterization can be
found in Appendix I.

Multiple studies using annular flumes (Petersen and Krishnappan
1994; Partheniades et al. 1966; Cantero et al. 2004; Pedocchi 2005)
have demonstrated that τb can be related to the quadratic velocity
difference between the tangential velocities of the lid and the flume

τb ¼ ρCfΔU2
FL ð11Þ

where Cf = friction coefficient; and ΔUFL = velocity difference
between the lid and the flume. Based on the bed shear stresses τb
[estimated via Eq. (10)] and the velocities of the lid and flume, it is
possible to determine the friction coefficients Cf under different
roughness conditions (the estimation of the roughness coefficients
for the different samples tested in this study is presented in
Appendix II).

The emergence of bedforms implies the partition of τb in two
components—the particle skin friction and the form drag associ-
ated with the bedforms. As the former one is responsible for the
sediment transport (Garcia 2008), the effect of the drag form was
removed from the total shear stress as a way to estimate the bed
shear stress associated with the skin friction (τbs). For dunes, we
applied the Nelson-Smith partition (Table 3) to estimate the form
drag component by characterizing the geometry of the bedforms
(amplitude and wavelength). In the case of ripples, the equation
derived by Garcia and Parker (1993) was implemented to estimate
the τbf (Table 3).

Sample Preparation
Two iron ore tailing samples (S1 and S2) were prepared and tested
under the same shear stress conditions to study the entrainment
process for tailings. We also included information from previous
experiments in which erosion analysis was conducted for an iron
tailings sample (S3). A simple soil characterization was performed
for Samples S1 and S2, including granular size distribution [GSD,
Fig. 2(a)], and specific gravity per fraction [Fig. 2(b)] according to
the standards ASTM D854-14 (ASTM 2014), ASTM D7928
(ASTM 2017a), and ASTM D6913 (ASTM 2017b). The mineral-
ogical composition of Samples S1 and S2 showed that silica was
the main mineral with weight fractions above 50%. The percentage
of fine fractions (D < 62.5 μm) are 21.0%, 46.9%, and 40.6% for
Samples S1, S2, and S3, respectively.

Experimental Procedure and Data Collection
To guarantee a well-mixed bed and to avoid any grading in the bed,
each sample was well-mixed by means of a cement mixer and then

Fig. 2. (Color) (a) Granular size distribution for Samples S1, S2, and S3; (b) specific gravity per fraction for Samples S1 and S2; and (c) mineralogical
composition for Samples S1 and S2.

© ASCE 04024065-5 J. Hydraul. Eng.
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was placed in the annular flume in a 10-cm layer that was uniformly
leveled. The 25-cm water depth (H) was filled slowly to minimize
any considerable resuspension along the water column. Thereafter,
the flume was allowed to sit for 7 days. Geremew and Yanful
(2011) reported that at least 36 h are required to resemble the natu-
ral settling and consolidation in pounded water.

Based on the shear stress characterization, we performed the
erosion test for different values of rotational speeds, starting by
spinning the lid and the flume with a slow rotational speed
(i.e., a relatively low bed shear stress). For each sample, eight
different shear stresses were selected and increased step-wise. For
each shear stress, the flume was allowed to turn at a constant speed
for a minimum of 30 min to guarantee equilibrium conditions.

Near-bed tailings samples were taken in a sampling port set
at 10% of the total water depth (0.10H). When dunes emerged,
the sampling port was moved to around 0.20H to prevent any
obstruction of sampling tube. These samples were extracted
employing a peristaltic pump to minimize the alteration of the
sediment structures (e.g., flocs). This pump was controlled by
a microcontroller board (ARDUINO UNO, Arduino, Scarmagno,
Italy) operated via a wireless connection. The microcontroller and
the pump mounted to the flume lid extracted an approximately
800-mL sample of the suspended sediment mixture. To avoid bias
in the subsequent samples, the peristaltic pump was reversed, and
the hose was filled with clean water right after extraction. Also,
clean water was added to the flume to replace the amount of water
extracted from the flume during sampling. The near-bed sus-
pended sediment concentration (Ca) was then determined accord-
ing to ASTM D3977-97 (ASTM 2019).

After extracting the sediment sample, a survey along the center-
line was conducted to determine the presence of bedforms. An
acoustic doppler vectrino profiler (ADV-II) (Nortek) was mounted
on the lid of the annular flume to survey the centerline at 1 Hz to
characterize the geometry of the dunes (amplitude and wavelength).
To avoid any alteration of the bedforms, we fixed the lid and gradu-
ally decreased the flume’s angular velocity until it reached 0.5
RPM. For high bed shear stress values (i.e., high suspended
sediment concentrations), we let the sediment sit until the ADV
measurements were reliable. These measurements were taken upon
completing each combination of rotational speeds (i.e., ΩL=ΩC
ratios).

To determine the GSD of the suspended samples, we used a
Malvern 3000 (Malvern Panalytical, Worcestershire, UK) particle
sizer. The volume extracted from the sample was diluted in 500 mL
of deionized water until the solution reached an obscuration value
between 10% to 20%. We extracted this volume by using a pipette,
while the sample was mixed thoroughly with a plastic stirrer
(we avoided the use of a magnetic stirrer as the sample had a high
content of iron).

Flocculation and Hindered Settling Experiments

Settling column tests were conducted to determine whether or
not flocculation and hindered settling could be relevant for the ma-
terials tested in the annular flume experiments. We followed the
experimental approach proposed by Ross (1988) in which a settling
column, with taps positioned at different heights (0.06, 0.16, 0.31,
0.51, 0.72, 0.93, 1.13, and 1.54 m), is used to determine the con-
centration profile evolution of an initial uniform concentration
under quiescent water conditions.

During the experiment, we considered four different concentra-
tions of suspended tailings (4 g=L, 16 g=L, 26 g=L, and 40 g=L)
obtained from the reconstituted Sample S2. This analysis exclu-
sively considers particles with diameters below 62.5 μm, which

were obtained by means of the sieving method (sieve no. 230). The
suspended tailings samples were taken simultaneously through the
nine 5-mm sampling taps at different times (1, 5, 10, 15, 30, 60,
120, and 180 min). For a detailed description of the experimental
setup and the procedures, please refer to works by Ross (1988),
Hwang and Mehta (1989), and Fernández et al. (2018).

The occurrence of the hindered settling and flocculation is as-
sessed based on the methods outlined by McLaughlin (1958, 1959)
and presented in Vanoni (2006). These methods are based on con-
centration profiles and the continuity equation for a suspension set-
tling in quiescent water. This fundamental sediment mass balance
equation is

∂C
∂t þ

∂vsC
∂z ¼ 0 ð12Þ

where C = total particle concentration; vs = sediment fall velocity;
t = time; and z = vertical distance from the bottom.

Results

Bedform Characterization

The development of bedforms was captured by measuring the
centerline for larger τb. [Fig. 3(a)]. Fig. 3(b) depicts the dimension-
less total bed shear stress that is accounted for by skin friction and
bedform drag. The vertical distance between the τ�b (x-axis) and
each curve represents the magnitude of the τ�bs for each sample;
while the distance between these curves and the 45° line defines the
amount of the total shear stress that is lost to form drag. The
majority of the total shear stress acts on the bed as skin friction
for low values of τ�b (prior to the development of the large bed-
forms). As the bedforms develop, the form drag increases and the
percentage of the total shear stress that is attributable to skin friction
decreases.

(a)

(b)

Fig. 3. (a) Dunes measured for some ΩL=ΩC ratios for Sample S1; and
(b) dimensionless skin friction τ �bs as a function of total bed Shields
number τb.
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Cohesion, Flocculation, and Hindered Settling

Although all three samples had ϕfines < 50%, we aim to determine
whether the erosion rate of the tailings samples followed the cohe-
sive relation derived for natural cohesive materials [Eq. (1)]. As
Sample S2 has the highest content of fines, we performed a
curve-fitting to establish the magnitudes of α and θ. Although τ cr
oscillate in a range between 0.09 and 0.2 Pa, we chose τ cr ¼
0.09 Pa to the intersection of a linear trendline with the x-axis
for the scatter plot E versus τb (Fig. 4). The correlation coefficient

(R2 ¼ 0.57) suggests that the fines content is insufficient to classify
this material as cohesive. Previous studies have shown that R2 >
0.86 are indicative of cohesive tailings (Geremew and Yanful
2011).

To evaluate the occurrence of flocculation and hindered setting
processes of the tailings, Fig. 5 depicts the spatiotemporal evolution
of the normalized concentration profiles based on the initial con-
centrations, Co, (dots and solid lines). The general trend of these
profiles is that the concentrations along the water column decrease

(a) (b)

Fig. 4. (a) Critical shear stress estimation for the fine material assuming a cohesive behavior; and (b) relation between excess of shear stress and
erosion for fine tailings (S2).

(a) (b)

(c) (d)

Fig. 5. (Color) Concentration profiles (solid lines and dots) and different free settling velocities (dashed lines). The dots represent the concentration
measurements at different depths and times, and the solid lines show the evolution of the concentration profiles at fixed depths: (a) C0 ¼ 4 g=L;
(b) C0 ¼ 16 g=L; (c) C0 ¼ 26 g=L; and (d) C0 ¼ 40 g=L.
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over time, as the sediment settles down to the bottom. However,
for certain initial concentrations Co, a sudden concentration in-
crease is observed at different depths during the first minutes
(i.e., t ¼ 1 min) of the experimental test.

The dashed lines in Fig. 5 represent the concentrations measured
by an observer descending at a constant velocity along the water
column. The dashed lines have a parallel trend with respect to the
y-axis, indicating that neither flocculation nor hindered settling
processes dominate. These observations are seen when the experi-
ments are conducted with both tap and distilled water. There is a
sign of hindered processes occurring for the initial times t for the
test with Co ¼ 26 g=L as the dashed lines are sloping away from
the y-axis. However, this phenomenon is not considered as relevant
as it was not found to be significant for the tests with higher con-
centrations (i.e., Co ¼ 40 g=L).

Near-Bed Suspended Tailings Concentration

Uniform Bed Distribution
For the assumption of a uniform bed distribution, we use theD50 as
a representative diameter to compare the performance of the
existing entrainment formulations as predictors of the near-bed
concentrations measured during the experiments (Table 2). After
finding that flocculation and hindered processes were irrelevant,
we estimated the free settling velocity via Eq. (8). For the tested
iron tailings samples (S1 and S2), we assigned C1 ¼ 20 and C2 ¼
1.1 as these materials have an important content of silica (Fig. 2).
As some of the concentration samples were taken at different
heights due to the emergence of the bedforms, the near-bed sus-
pended tailings concentration for different reference heights a were
estimated assuming that distribution of the suspended sediment
follows Rouse’s equilibrium profile [Eq. (5)]. To account for the
effects of sediment stratification due to the high sediment concen-
trations, we assign β ¼ 0.94 based on the analysis conducted by
De Leeuw et al. (2020). To assess the entrainment formulation pro-
posed by Wright and Parker (2005), we assumed that equilibrium
and uniform flow conditions are achieved at each τb, thus, friction
slope was determined via Eq. (9).

The assessment of the performance of the entrainment relations
with the measured data was conducted by comparing the observed
entrainment Es−obs ¼ faiCai=Fi (fai=Fi ¼ 1 for uniform bed dis-
tribution assumption) versus the predicted values estimated via the
entrainment formulations (Fig. 6). We use the mean discrepancy
ratio Me

Me¼ 10b1 ; b1 ¼
1

no

Xno
n¼1

log

�
Es−pred
Es−obs

�
ð13Þ

the mean absolute mean discrepancy ratio Ad

Ad¼ 10b2 ; b2 ¼
1

no

				X
no

n¼1

log

�
Es−pred
Es−obs

�
− b1

				 ð14Þ

and the residual sum of squares, RSS [Eq. (15)]

RSS ¼
Xno
n¼1

ðlnðEs−predÞ − lnðEs−obsÞÞ2 ð15Þ

where n0 = number of data points; and Es−pred and Es−obs = pre-
dicted and observed entrainment, respectively. The performance of
these entrainment formulations are presented in Table 4.

The assessment of the predicted entrainment rates shows that
there is no universal formulation able to predict the observed data.
The formulations tend to better predict the values for Sample S1,
followed by S3 and then by S2, as these equations were developed
for sand-size material.

Among the seven relations assessed in this analysis, the Garcia
and Parker (1991) complemented by Garcia and Parker (1993)
formulations give the best predictions overall as Me and Ad values
are closer to 1.0 and RSS values are relatively low for all samples
(Table 4). Also, a suitable collapse of the data of all samples can be
observed when the dimensionless parameter Zu is plotted against
the observed dimensionless entrainment rate [Fig. 7(b)]. This pro-
vides evidence that there is a clear dependence of the entrainment
or near-bed volumetric sediment concentration values with the
dimensionless shear velocity parameter u�s=vs, since the value of

(a) (b) (c)

(e) (f) (g)

(d)

Fig. 6. (Color) Observed and predicted entrainment comparison: (a) Smith and McLean (1977); (b) van Rijn (1984); (c) Akiyama and Fukushima
(1986); (d) Garcia and Parker (1991, 1993); (e) Zyserman and Fredsoe (1994); (f) Wright and Parker (2005); and (g) De Leeuw et al. (2020).
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Rep is almost constant for each material (asD50 and R are constant,
and ν is a function of the water temperature).

Mixtures
For the analysis of mixtures we assessed the formulations proposed
by Garcia and Parker (1991), Wright and Parker (2005), and De
Leeuw et al. (2020) as they have the best performance on predicting
the entrainment of the iron tailings for uniform bed conditions
(Table 4 and Fig. 7). For this analysis, we used the entrainment
results from Samples S1 and S2, since the suspended tailings frac-
tions were determined during these experiments.

The formulations proposed by Garcia and Parker (1991) and
Wright and Parker (2005) were used to assess the Esi based on
the lumped dimensionless parameters represented in the similarity
variable Zui [Figs. 8(a and b)]. Although there is a clear dependence
of Esi with Zui (Esi ∼ Z8

ui), a considerable scatter is seen in both
formulations when the function f1 (if Repi < 3.0 then f1ðRepiÞ ¼
0.586R1.23

epi else f1ðRepiÞ ¼ R0.6
epi) proposed by Garcia and Parker

(1993) is not included in the similarity function, Zui. The inclusion
of this function leads to an independent and parallel collapse of
samples S1 and S2 as depicted in Figs. 8(c and d). Despite this
collapse, these two formulations underestimate the entrainment
for all fractions in sample S2, but tend to reasonably predict the
entrainment for the coarse sample S1. It is important to emphasize
that despite the fairly good collapse, the slope of both samples
differs slightly from the slope of the Es − λZu curve.

The independent collapse of Samples S1 and S2 depicted in
Figs. 8(c and d) reveals the pertinence of involving an inherent
property of the material in the similarity variable. After some iter-
ations, we found that both samples collapse when the inverse of the
relative roughness H=kc (kc is the composite roughness that con-
siders the effect of both the grain friction and form drag) is added to
the original formulations (Garcia 2008). Herein, we selected Cf, as
this dimensionless parameter involves the term H=kc in its formu-
lation. For instance, the Keulegan’s resistance law is given by

1

Cf
¼ Uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

τbs þ τbf
p ¼ 1

κ
ln

�
11

H
kc

�
ð16Þ

Therefore, this finding indicates that the near-bed tailings con-
centration for mixtures depends on the dimensionless parameters
outlined in the following:

Esi ¼ f

�
u�s
vsi

;Repi;
Di

Dg
; S;Cf

�
ð17Þ

Keeping the same formulation structure proposed by Garcia and
Parker (1991) and Wright and Parker (2005), the similarity variable
Zui can be written as follows:

Zui ¼
u�s
vsi

f1ðRepiÞ
�
Di

Dg

�
0.2
Snf2ðCfÞ ð18Þ

Table 4. Performance of the entrainment equations

Equation

S1 S2 S3

Me Ad RSS Me Ad RSS Me Ad RSS

1. Smith and McLean (1977) 5.44 6.58 14.84 0.36 30.74 49.27 0.17 3.7 82.25
2. van Rijn (1984) 0.04 9.25 30.54 0.0 11.89 141.97 0.02 16.57 279.11
3. Akiyama and Fukushima (1986) 1.05 7.27 11.5 0.02 11.03 56.8 0.33 125.99 200.3
4. Garcia and Parker (1991) 7.31 8.73 15.39 0.08 4.67 16.25 1.14 2.21 9.81
5. Zyserman and Fredsoe (1994) 0.01 699.87 157.42 0.02 2.94 39.03 0.66 3.67 31.67
6. Wright and Parker (2005) 4.84 5.24 9.26 0.0 4.69 74.62 0.65 2.55 17.14
7. De Leeuw et al. (2020) 3.12 69.93 45.48 2.36 15.78 17.37 1.03 1.49 2.71

(a) (b) (c) (d)

Fig. 7. (Color) The values of Zu versus Es for uniform bed distribution: (a) Akiyama and Fukushima (1986); (b) Garcia and Parker (1991); (c) Wright
and Parker (2005); and (d) De Leeuw et al. (2020).
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where f1 and f2 = power functions; and n is an exponent equal to 0
or 0.08 for the formulations proposed by Garcia and Parker (1991)
and Wright and Parker (2005), respectively.

The involvement of function f1 in this analysis collapses the
data as it includes the dimensionless parameter Repi, which implic-
itly accounts for the ratio of the viscous sublayer thickness and the
particle sizes. This parameter is essential herein as the particle sizes
measured in the suspended samples (S1 and S2) might be fully or
partially immersed in the viscous sublayer. Although the f1 func-
tion proposed by Garcia and Parker (1993) collapses the data, its
development was performed based on entrainment experiments on
two independent uniform-size samples of fine-crushed coal. To
determine whether the f1 function is suitable for tailings materials,
we analyzed the size dependence when this function is included as
part of the similarity variable Zui. By considering the definition of
Repi [Eq. (7b)], Eq. (18) can be rewritten as

Zui ¼
�
a1

u�sðRigÞ0.3
ν0.6D0.2

g
SnCp

f

�
Dm

i

vsi
ð19Þ

where m is an exponent equal to 0.9 for uniform material, 1.1 for
mixtures with Repi > 3.0 and 2.045 for Repi < 3.0; p is an expo-
nent that differs from zero in this study and zero for the original
formulations; and a1 is a constant that absorbs the scaling factors
from functions f1 and f2.

Eq. (19) shows that Zui ∝ Dm
i =vsi. The value of m mainly de-

pends on the function f1 followed by the dimensionless parameter
associated with the hiding effect. The f1 function proposed by
Garcia and Parker (1991), denoted as f1 ¼ R0.6

epi, leads to a decrease
in Zui as the grain size increases [see green and magenta lines in
Fig. 9(a)]. However, the modified f1 function proposed by Garcia
and Parker (1993) for Rep < 3.0 (i.e., f1 ¼ 0.586R1.23

epi ) exhibits
slight increments in Zui when the grain size increases [see blue line
in Fig. 9(a)].

We found that the best independent data collapse [Figs. 8(c
and d)] is achieved when the exponent value in function f1ðRepiÞ
is equal to 1.16 instead of 1.23. This new exponent leads to a slight
decrease of Zui (and therefore Esi) when the particle size increases
[see black line in Fig. 9(a)]. The determination of the threshold for
f1, which distinguishes particles influenced and not influenced by
the thickness of the viscous sublayer, involved multiple iterations
to achieve a suitable collapse of all grain sizes [Figs. 8(c and d)].

We established that a reasonable threshold is Repi ¼ 4.5, slightly
higher than the Repi ¼ 3.0 proposed earlier by Garcia and Parker
(1993). To avoid a discontinuity in function f1ðRepiÞ as seen in
Garcia and Parker (1993) when Repi ¼ 3.0 [see blue line in
Fig. 9(b)] and to satisfy the aforementioned threshold, we proposed
a modified function such as f1 ¼ 0.43R1.16

epi .
The subsequent step is to define the function f2ðCfÞ ¼ a0C

p
f

to address the independent collapse seen in Figs. 8(c and d). By
setting p ¼ −0.28, we achieved the collapse of both samples in

(a)

(b)

Fig. 9. (Color) (a) The values of Zui versus Repi and vsi [Eq. (8),
right y-axis], all the terms in brackets in Eq. (19) are set to unity;
and (b) original fRepi

proposed by Garcia and Parker (1993) and the
modification proposed herein. The observed data are estimated based
on the evolution of the D50 of the suspended sediment samples taken
during the settling column experiments with an initial concentration of
Co ¼ 16 g=L.

(a) (b) (c) (d)

Fig. 8. (Color) The values of Zu versus Es for mixtures for S1 and S2 samples: (a) Garcia and Parker (1991); (b) Wright and Parker (2005); (c) Garcia
and Parker (1991) complemented by Garcia and Parker (1993) for Repi < 3.0; and (d) Wright and Parker (2005) complemented by Garcia and Parker
(1993) for Repi < 3.0.
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all range sizes. The parameter a0 was determined by fitting the col-
lapsed data, assuming a unique representative diameter (i.e.,Dg) for
Samples S1 and S2. This fitting utilizes the uniform entrainment
formulation [Es ¼ AZγ=ð1þ A=0.3ZγÞ], and adjusts the original
exponent γ ¼ 5 to γ ¼ 8 to match the slope of the collapsed
data (as Esi ∼ Z8

ui). Based on the preceding analysis, the similarity
variable Zui [Eq. (18)] is then redefined as

Zui ¼
u�s
vsi

f1ðRepiÞ
�
Di

Dg

�
0.2
f2ðCfÞSn ð20Þ

where

f1ðRepiÞ ¼
(
R0.6
epi; if Repi > 4.5

0.43R1.16
epi ; otherwise

f2ðCfÞ ¼ a0C
p
f ; a0 ¼ 0.081; p ¼ −0.28

where n ¼ 0.08 if the energy slope is considered in this analysis
(Wright and Parker 2005), or n ¼ 0 otherwise (Garcia and Parker
1991).

The strained parameter λ was implemented to independently fit
the collapsed data to the proposed entrainment formulation

Esi ¼
AðλZuiÞ8

1þ A
0.3 ðλZuiÞ8

ð21Þ

where

A ¼


1.3 × 10−7; if n ¼ 0

7.8 × 10−6; if n ¼ 0.08

Following the approach by Garcia and Parker (1991), λ is
determined based on the geometric standard deviation σφ (σS1 ¼
2.07 and σS2 ¼ 2.58, λS1 ¼ 0.76, and λS2 ¼ 1.26) leading to
λ ¼ 1 − 0.0038σϕ. Fig. 10 depicts the collapsed data for both sam-
ples along with the Es − λZu line based on Eq. (21). Likewise, the
comparison between the observed and predicted entrainment based
on the original formulations proposed by Garcia and Parker (1991)
and Wright and Parker (2005), along with Eqs. (20) and (21) are

shown in Fig. 11. The inclusion of the dimensionless parameter S
slightly improves the collapse of the Esobs−i data, enhancing the
prediction of the observed data [Figs. 11(d and e)].

We also evaluated a three-parameter model to predict Esi at
0.10H using the dimensionless parameters proposed by De Leeuw
et al. (2020). However, instead of considering u�=vsi, herein
we selected u�s=vsi due to the presence of bedforms during the
experiment

Esi ¼ e1ðu�s=vsiÞe2Fre3Re4
epi ð22Þ

where e1 ¼ 0.002, e2 ¼ 0.60, e3 ¼ 4.88, and e4 ¼ 0.40 are param-
eters that are determined based on a best-fitting analysis.

The performance of the best-fit three-parameter model
[Eq. (22)] is shown in Fig. 11(f) and compared with the formulation
proposed by De Leeuw et al. (2020) [Fig. 11(c)]. Like the f1
function described previously, the inclusion of Repi in this three-
parameter model is essential for collapsing the observed data. In
this equation, hiding effects are not included, and the hydraulic
dimensionless parameters Cf and H=kc are instead represented
by the Froude number, Fr (see analysis in the “Discussion”
section).

To test the proposed Eqs. (20) and (21) (considering S), and
Eq. (22), we used the information from Sample S3, as this data
was not used in deriving the proposed formulation. The main draw-
back when using this data is that size fractions were not measured
in the suspended samples. Therefore, herein, we treat this sample as
well-sorted material as the proposed formulations can also be ap-
plied to this condition (i.e., Di=Dg ¼ 1 and σϕ ¼ 0). Fig. 12 shows
the comparison between the observed data and the formulation
proposed herein assuming a unique representative diameter for
the S3 sample (i.e., Dg). The comparison between the observed
and predicted data shows a low performance of both equations
in predicting the entrainment of the S3 material into the water
column. One reason could be that Dg cannot be selected as a
representative diameter as there is a high chance that the suspended
samples contain fractions smaller thanDg. Therefore, we recommend
performing similar experiments for future studies to adequately
validate the formulations proposed in this study.

(a) (b)

Fig. 10. (Color) The values of λZui versus Esi for mixtures for S1 and S2 samples: (a) Eqs. (20) and (21) without considering S; and (b) Eqs. (20)
and (21) considering S.
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Discussion

Although the current research focuses on the entrainment of iron
tailings, we expect that the proposed entrainment formulations are
also applicable to noncohesive materials with sediment densities
and grain size distributions similar to those of iron tailings tested
in this study. The main difference between the proposed formula-
tions and the original ones is the inclusion of functions f1 and f2 in
the similarity variable. Consequently, it is relevant to discuss the
importance of these two functions in the entrainment formulations.

Based on the results obtained, the inclusion of the relative
roughness H=kc (represented as Cf) is not only relevant for large
sand-bed rivers but is also essential for predicting the entrainment
in silt- and fine sand-rich bed streams. However, according to
Fig. 8(d), this dimensionless parameter (and thus function f2)
might be a nonessential contributor for the entrainment prediction
in sand-bed river conditions as the original formulations seem to

reasonably predict the entrainment, despite the slope differences
between the collapse of the coarse material and the entrainment
formulation.

It might be redundant to include the energy slope S and the
H=kc (or Cf) in Zui, as Wright and Parker (2005) claim that both
tend to be correlated. However, the current experimental analysis
shows that these two dimensionless parameters complement each
other. The f2 involves the roughness of the material in the entrain-
ment functions while the slope S contributes to collapsing the data
around the Esi − λZui curve and is more related to the stratification
effects that might be occurring in the experiment due to the high
suspended tailings concentrations.

On the other hand, the main purpose of function f1 is to involve
the particle-fluid interactions within the entrainment formulations.
The importance of including the dimensionless parameter Repi to
predict Esi lies in the selected grain sizes. De Leeuw et al. (2020)
showed that, in the case of sand-bed rivers with Di > 63 μm, there
is no significant improvement in the entrainment predictions if the
dimensionless parameter Repi is included in the formulations. How-
ever, herein we corroborate that for a silt-rich bed, particle-fluid
interaction within the viscous sublayer plays an important role
in the prediction of the entrainment, and hence, the inclusion of
the dimensionless parameter Repi is essential for small grain sizes
(i.e., Di < 63 μm).

The current analysis and the one conducted by Garcia and
Parker (1993) demonstrate that the incorporation of f1ðRepiÞ into
Zui restricts the entrainment of bed material into the water column
for low Repi values (or smallDi). For the tailings mixtures analyzed
in this research, we found that the combination of the hiding effects
and the role of particle-fluid interaction leads to a slight increase in
Zui with increasing Repi [see green line in Fig. 9(b)]. Nevertheless,
Zui slightly increases (and thus the entrainment Esi) with the
diameter when Garcia and Parker (1993) function is considered.
This behavior is compatible with experimental observations for
uniform beds in which diameters immersed in the viscous sublayer
require higher turbulent intensities than larger diameters that
protrude from this sublayer (Nino et al. 2003).

Fig. 13 shows that most of the diameters measured in the
suspended samples were immersed in the viscous sublayer
(δv ¼ 11.6ν=u�). Therefore, the particle-fluid interaction plays

(a) (b) (c)

(d) (e) (f)

Fig. 11. (Color) The values of Esi versus Esobs−i (a) Garcia and Parker (1991); (b) Wright and Parker (2005); (c) De Leeuw et al. (2020); (d) Eqs. (20)
and (21) without considering S; (e) Eqs. (20) and (21) considering S; and (f) Eq. (22).

(a)

(b)

Fig. 12. (Color) Comparison between observed and predicted values
treating S3 as a uniform sample: (a) Zu versus Es; and (b) Es−obs
versus Es.
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an important role in the entrainment of particles up to diameters
smaller than the thickness of this viscous sublayer (i.e., Di <
44 μm). The threshold where the diameters protrude from this
sublayer coincides with the proposed threshold (Repi ¼ 4.5)
found for the transition between the original f1 ¼ R0.6

epi (Garcia
and Parker 1991) for open channel sediment and the one proposed
in this work.

On the other hand, upon initial observation, the three-parameter
equation [Eq. (22)] appears to be more parsimonious than Eq. (20)
as the latter one requires five parameters to predict the Esi.
However, one can demonstrate that for steady and uniform flow
conditions, the Froude number Fr is related to the energy slope
S and the friction coefficient Cf when Eqs. (9) and (11) are equated

Fr2 ¼ S
Cf

ð23Þ

Thus, the hiding effect dimensionless parameter (i.e., D=Dg) is
the only additional parameter not considered in Eq. (22).

Although selecting β ¼ 1=σt ¼ 0.94 < 1 accounts for the po-
tential decrease in turbulent eddy viscosity due to high suspended
tailings concentrations, which can lead to sediment stratification, it
is essential to validate these β values in future experiments. These
experiments could include measurements of vertical concentrations
and sediment fractions throughout the water column for different
u�=vs values.

The formulations developed herein to determine the tailings
entrainment for equilibrium conditions must be carefully imple-
mented in situations that differ from those described. One of the
drawbacks to the annular flume is the relatively low shear stresses
exerted on the bed material, which entrains the finer fractions into
suspension. As a result, even though the tailings Samples S1 and S2
contain fractions ranging from clay to fine gravel (1.0 μm to
6.0 mm), the developed formulations should be tested against more
observations with for higher bed shear stresses and a wider range of
tailings grain sizes. However, due to the dimensionless nature of
the formulation, and the similarity collapse of the data, one would
expect that the formulation will work to estimate the resuspension
of tailings with sizes and specific gravities different from those used
in our experiments. Although Eqs. (20) and (21) seem to fit the
measurements for sand sizes, special attention must be drawn
when Repi > 30 as Zui (and thus Esi) seems to increase as diam-
eters increase.

The entrainment formulations developed for tailings beds have
limitations when applied to real-world riverine systems. This is
because the deposition of tailings in rivers involves a continuous
mixing of the tailings with the ambient sediment material. While
the density of the mixture can be measured and included in the
formulations, further investigation is needed to validate their im-
plementation for a sand-tailings mixture under riverine conditions.
Because of the processes involved in mining of iron ore, the result-
ing tailings have sediment sizes that are oftentimes smaller than 62
micrometers, the cutoff size commonly employed to characterize
the washload in sand-bed rivers. Since sand-rich rivers do not have
much material finer than 62 micrometers in their bed sediment, one
cannot expect that sediment entrainment functions developed for
entrainment of silt and sand, will work well to estimate entrainment
rates of the large fraction of fine-grained materials found in most
mine tailings operations.

Likewise, we acknowledge that the experimental conditions
used to develop the entrainment formulations differ from the ones
that might occur in rivers. Even though flocculation and hindered
settling processes were not dominant in our experiment, the proper-
ties of water in rivers (e.g., pH, water temperature) and the presence
of organic matter can promote the formation of flocs in riverine
systems. Additionally, the composition of tailings and the higher
content of fine tailings can contribute to the formation of flocs, de-
pending on the mineralogical content. Therefore, we emphasize
that this paper is a first step in developing a general formulation
for the entrainment of tailings. Further investigation is necessary
to validate and adjust this equation before it can be implemented
in a numerical model that aims to predict the dispersion of tailings
in riverine systems. However, the proposed formulation is expected
to give reasonable estimates of sediment entrainment for fine-
grained tailings which behave as granular materials. This was the
case for the tailings used in the experiment, which are fine-grained
but consist of quartz particles (around 50%).

Conclusions

Experiments were conducted to evaluate the existing sand-based
entrainment formulations derived under equilibrium conditions
over two poorly sorted iron tailings samples with different GSDs
and similar densities. The first set of experiments aimed to evaluate
the influence of flocculation and hindered settling processes on the

Fig. 13. (Color) Comparison between the thickness of the viscous sublayer (δv ¼ 11.6ν=u�) and the diameter (δv=Di) versus Repi.
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settling velocity for different initial and homogeneous tailings con-
centrations along a settling column. Based on the spatiotemporal
evolution of the concentrations, we found that neither flocculation
nor hindered settling processes considerably affected the settling
velocities of the particles. Although hindered settling processes
tend to be more dominant than flocculation (for some initial con-
centration conditions), we found an almost negligible influence of
this process on the prediction of the near-bed tailings concentration.

The second set of experiments was conducted in an annular
flume over two iron tailing samples subjected to bed shear stresses.
Near-bed tailing samples were taken for each bed shear stress after
reaching equilibrium conditions. Despite the high fine content in
both samples, we found that the iron tailing samples behave as
a noncohesive material. We also found the development of ripples
and dunes during the entrainment experiments.

The results from the annular flume experiments show that the
original formulations proposed by Garcia and Parker (1991), com-
plemented by Garcia and Parker (1993), Wright and Parker (2005),
and De Leeuw et al. (2020) can reasonably predict the near-bed
concentrations of the iron tailings if they are treated as a well-sorted
material. However, when treated as poorly sorted material (actual
condition), these original sand-based entrainment formulations are
not adequate for predicting the observations. To overcome this limi-
tation, two functions (f1 and f2) were included in the similarity
variable (Zui) proposed by Wright and Parker (2005), that depend
on the dimensionless parameters Rep and H=kc.

Incorporating the first function f1ðRepiÞ in the entrainment for-
mulations is essential for particle sizes comparable to or smaller
than the thickness of the viscous sublayer δv. This f1 derived
for poorly sorted iron tailings is similar to the one found by Garcia
and Parker (1993) based on density currents over uniform-size,
crushed coal bed material. This function aims to restrict the entrain-
ment of particles within the viscous sublayer as higher turbulence is
required to entrain them into the water column. However, the origi-
nal function f1 ¼ R0.6

epi is appropriate for predicting the near-bed
tailings concentrations for particles that protrude from this viscous
sublayer. This transition occurs approximately when Repi ¼ 4.5.

The f2 formulation is represented and included as a function of
the friction coefficient Cf (i.e., f2ðCfÞ) as this parameter depends
on H=kc. The main reason for involving f2 in Zui is the generation

of two independent clusters whose position is a function of the
roughness of the tested sample. For the coarser sample, this cluster
tends to be closer to the original Es − Zui curve, whereas for the
fine sand- and silt-rich tailings the location of the cluster tends to
overestimate the near-bed tailings concentrations.

The proposed entrainment formulation modifies the Wright and
Parker (2005) equation in which f1 and f2 functions are included
into Zui. The performance of this equation was compared with a
modified formulation based on the three-parameter model formu-
lation proposed by De Leeuw et al. (2020). Even though the latter
formulation has slightly better performance, both formulations re-
sult in comparable results, and they should be limited to silt and fine
sand fractions.

As long as the material behaves as granular, we expect that the
proposed formulations can be implemented in a wide range of par-
ticle sizes and densities. However, we recommend performing sim-
ilar analyses in flumes capable of exerting shear stresses similar to
the ones typically found in riverine environments in order to gen-
eralize these formulations. It would be desirable to have suspended
sediment and flow measurements from a stream with a considerable
amount of tailings in its bed to validate and complement the for-
mulations proposed in this study.

Appendix I. Bed Shear Stress Characterization

Herein we found that the ratio that minimizes the secondary cur-
rents for the walnut shells is ΩL=ΩC ¼ 2.2, which differs from the
ratio ΩL=ΩC ¼ 1.0 found by Pedocchi (2005) for a rough lid and
fixed-smooth bed conditions. The ratio ΩL=ΩC ¼ 2.2was used as a
starting point to determine the ΩL=ΩC ratios that guarantee a rel-
atively uniform τb distribution along the spanwise direction for the
tailing bed conditions. Similar to the experiments conducted by
Petersen and Krishnappan (1994), we identified multiple ΩL=ΩC

ratios that meet the aforementioned condition (Fig. 14). However,
we found that the relative uniform τb for the tailings samples was
achieved when the ratio ΩL=ΩC ∼ 2.75, which is similar to the
value found by Cantero et al. (2004) based on Large Eddy Simu-
lations (LES) conducted for a smooth ring and a fixed-smooth bot-
tom condition. This ratio was selected to determine the rotational

Fig. 14. (Color) Bed shear stress along the cross-section for different ΩL=ΩC.
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speeds for both the lid and the flume for the experiments in the
annular flume.

For the bed tailings condition and based on the bed shear
stresses τb estimated via TKE and the velocities of the lid and
flume, we estimated the Cf for samples S1 and S2 by fitting the
measurements to Eq. (10) (Table 5 and Fig. 15).

Appendix II. Settling Velocity Analysis

The settling column experiments were based on a similar settling
column that Ross (1988) and Hwang and Mehta (1989) used in
their experiments at the University of Florida [Eq. (24)]. In particu-
lar, we initially aimed to calibrate the parameters (aw, a, b, d) from
the equation derived by Hwang and Mehta (1989), that estimate the
settling velocity of cohesive particles as a function of suspended
sediment concentration

vs ¼

8>>><
>>>:

vsf; if C < Cfs

aw
Ca

ðC2 þ b2Þd ; if Cfs< C < Ch

negligible; if Ch < C

ð24Þ

where vsf = free settling velocity; C = suspended sediment concen-
tration; aw = velocity scaling coefficient; as = flocculation settling
exponent; b = hindered settling coefficient; d = hindered settling
exponent; Cfs = concentration limit for free settling velocity;
and Ch = concentration limit for hindered settling.

The method to calibrate the parameters from the previous equa-
tion is based on the settling column samples and a finite numerical

model that solves the continuity equation for a suspension settling
in quiescent water. Although we used the same procedure and a
similar settling column device that Hwang and Mehta (1989) used
for their experiments, we noticed that this procedure was not
suitable for our experiments due to numerical instabilities. This
procedure is more viable for lighter and finer samples (clay-size).
Therefore, we decided to use the method proposed by McLaughlin
(1958, 1959) to determine whether flocculation or hindered settling
processes were important in our experiment (Vanoni 2006).

In addition to the Hwang equation, we compared our experi-
mental data with the settling velocities for cohesive materials esti-
mated using Eq. (25) proposed by You (2004), as depicted in
Fig. 16. This comparison was conducted for an initial concentration
of Co ¼ 16 g/L. It is clear that the experimental data does not align
with either equation, suggesting that neither flocculation nor hin-
dered settling are significant processes in this case. Notably, the
increase in settling velocity at high concentrations is attributed to
the larger particle diameters settling during the initial minutes of the
experiment rather than to flocculation processes. This is further
demonstrated in Fig. 9(a), where the experimental data shows that
the settling velocity increases with the increase in the D50

vs ¼ vsfe0.9779C−0.1080C
2 ð25Þ

Data Availability Statement

All data, models, and code generated or used during the study
appear in the published article.
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Notation

The following symbols are used in this paper:
Ad =mean absolute deviation of the discrepancy ratio;
a = reference height;
as = flocculation settling exponent;
aw = velocity scaling coefficient;
b = hindered settling coefficient;
C = total and local particle concentration;
Ca = total near-bed concentration at reference height a;
Cai = near-bed concentration of grain size i at reference

height a;
CD = drag coefficient;
Cf = dimensionless bed friction coefficient;
Cfs = concentration limit for free settling velocity;
Ch = concentration limit for hindered settling;
Co = initial concentration for the settling column experiments;
Czi = volumetric sediment concentration at z;

C1, C2 = constants for Eq. (8);
C3 = constant ranges between 0.18 to 0.20;
Dg = geometric mean size;
Di = diameter of grain size i;
Dr = settling flux;
D50 = grain size for which 50% of the material is finer;
D� = dimensionless particle diameter;
E = erosion rate;
Er = erosion flux;
Esi = entrainment of grain size i;
F = upward volume flux of suspended sediment;
Fi = volume fraction of grain size i in bed material;
Fr = Froude number;
fai = volume fraction of grain size i in the suspended material

at reference height a;
g = acceleration of gravity;
H = water depth;
Hd = hydraulic depth;
ks = grain roughness;
Me =mean of the discrepancy ratio;
RSS = residual sum of squares;
Repi = particle Reynolds number of grain size i;
Rh = hydraulic radius;
Ri = submerged specific gravity of grain size i;
S = longitudinal slope;

TKE = turbulent kinetic energy;
t = time;
U =mean velocity;

UFL = velocity difference between lid and flume;
Ur =mean velocity without bedforms within z ¼ ½ks;Δl�;
u 0 = velocity fluctuation in the tangential direction;
u� = shear velocity;
u�s = skin friction component of the shear velocity;
x = tangential coordinate;
y = radial coordinate;
Zi = rouse number of grain size i;

Zui = similarity variable of grain size i;
z = vertical coordinate;
z 0 = velocity fluctuation in the vertical direction;
α = coefficient determined by erosion experiments;
β = dimensionless parameter that relates the coefficient for

momentum exchange with the diffusion coefficient;
ΔFL = velocity difference between the lid and the flume;
Δl = dune amplitude;
δv = thickness of the viscous sublayer;
ϵm = turbulent diffusivity of the sediment;
η = channel bed elevation;
θ = coefficient determined by erosion experiments;
κ = von Karman’s constant;
λ = parameter that characterizes mixture suppression of

entrainment;
λl = dune wavelength;
ρ = water density;
σt = Schmidt number;
σΦ = geometric standard deviation of bed material;
τb = total bed shear stress;
τbf = form drag component of the total bed shear stress;
τbs = skin component of the total bed shear stress;
τ �bi = dimensionless bed shear stress of grain size i;
τ�cr = critical shear stress;
ν = kinematic viscosity;

vsf = free settling velocity of grain size i;
vsi = settling velocity of grain size i;
νt = turbulent eddy viscosity;
v 0 = velocity fluctuation in the radial direction;

ϕfines = content of fines;
ΩC = angular velocity of the flume; and
ΩL = angular velocity of the lid.

Supplemental Materials

There are Supplemental Materials associated with this paper online
in the ASCE Library (www.ascelibrary.org).
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