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Abstract: Complex natural resonances (CNRs) extraction methods such as matrix pencil method
(MPM), Cauchy, vector-fitting Cauchy method (VCM), or Prony’s method decompose a signal in
terms of frequency components and damping factors based on Baum’s singularity expansion method
(SEM) either in the time or frequency domain. The validation of these CNRs is accomplished through
a reconstruction of the signal based on these complex poles and residues and a comparison with the
input signal. Here, we perform quantitative performance metrics in order to have an evaluation of
each method’s hardware suitability factor before selecting a hardware platform using benchmark
signals, simulations of backscattering scenarios, and experiments.

Keywords: complex natural resonances; vector-fitting Cauchy method; singularity expansion method;
Cauchy’s method; matrix pencil method; Prony’s method; singular value decomposition; ground
penetrating radar; digital signal processing; total least square

1. Introduction

In 1971, Baum proposed the singularity expansion method (SEM) in which a time
domain radar backscattered signal can be approximated as a sum of damped exponentials
and complex residues [1,2]. He noticed how the frequencies (or poles) associated with
these damped exponentials did not depend on the orientation of the object, and this led
to the object identification as the poles can be used as its unique signature. Equation (1)
shows how the input signal y(t) is constructed with the complex residues Ri and the poles
si, having M as the number of complex natural resonances (CNRs). The poles si = αi + jwi,
which are called the natural resonances of the object, represent the natural frequencies of
the illuminated target [3,4]. In [5], SEM is mentioned as a useful method for determining
experimental CNR of complex targets other than thin wires.

y(t) ≈
M

∑
i=1

Rie−sit (1)

The singularities in the time or frequency domain can be calculated using methods
such as matrix pencil method (MPM), Prony’s method, Cauchy’s method, or vector-fitting
Cauchy method (VCM) [6–12]. However, besides VCM, there is no reconstruction of the
signal validated through numerical results that validate the poles for object identification
scenarios or any analysis for real-time implementation. The main reason for this article is,
then, to provide an insight into the advantages and disadvantages of each algorithm for
several scenarios to extract useful information with the right procedure, and also obtain
performance metrics such as execution time, number of samples, and accuracy. These
metrics can subsequently serve as a basis for the selection or design of a hardware platform
that conforms to the desired levels of accuracy, execution time, and number of samples
required by the application.
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In Section 2, the CNRs calculation methods are presented. Then, Section 3 describes the
simulation and experimental setup, and after that we present the comparison of the results
and discuss accuracy, execution time, and overall suitability for a hardware implementation.

2. Complex Natural Resonances Methods
2.1. Prony’s Method

In order to resolve a nonlinear problem, R. Prony proposed a method back in 1795
where a linear prediction equation is formed with an unknown coefficient vector and,
before the amplitudes can be retrieved from the sample set, the frequencies are obtained
from the roots of the prediction coefficient vector. Several modifications to this method
have been proposed to increase its SNR [9,13], some used for SEM poles extraction and
based on linear prediction (LP) for large data and presence of noise [14,15]. The least square
(LS) and total least square (TLS) methods are applied as follows, using singular value
decomposition (SVD) to lower the rank of the data matrix [16].

Starting with the linear prediction equation for a signal composed of complex sinusoids
as in (2), Prony’s approach takes the data and their associated noise in the data matrix and
the observation vector [17]. The linear prediction (LP) matrix (3) Ab ≈ g for data, the linear
predictor, and the observation vector can be treated as if we were searching for the solution
vector in the form of minimizing the l2 norm for g.

yn =
p

∑
m=1

cmenSmt + Wn n = 0, 1, . . . , N − 1 (2)


yL−1 yL−2 · · · y0

yL yL−1 · · · y1
...

...
. . .

...
yN−2 yN−3 · · · yN−L−1




b0
b1
...

bm−1

 =


yL

yL+1
...

yN−1

 (3)

The parameter L is an overestimate of the number of complex exponentials to compute
from the data, and bm are the polynomial coefficients from which the poles are calculated
with b0 = 1. L is to be updated after a rank fix is applied, employing SVD.

The general description and steps for Prony’s algorithm are described in Figure 1 with
the samples for the linear prediction (LP) matrix H, which becomes H1 after a rank fix
using SVD.

Figure 1. Prony’s method algorithm in a general step-by-step flow chart.

Now, as an example, a time series benchmark signal y(t) = sin(8t + sin(12t)) is used
to observe the behavior of this algorithm in terms of reconstruction accuracy after the poles
have been found and the residues extrapolated. In Figure 2, the resulting approximation
alongside the input time series is shown, and in Figure 3, the conjugated poles extracted
with Prony’s method are presented.
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Figure 2. Benchmark signal and Prony’s CNR-based reconstruction.

Figure 3. Prony’s CNRs calculated.

2.2. Matrix Pencil Method

This method was presented in 1990 by [6] as an alternative method to Prony’s method
for estimating parameters of backscattered signals with noise. It uses the pencil-of-function
parameter, resulting in an improvement for noise sensitivity [6], and starts with Equation (4)
for time domain samples and a discrete representation of the approximation of the input
signal y into data samples yk. This corresponds to a Hankel matrix [Y] as in (5), with L as
the pencil parameter, k = 1, 2, . . . , K the sample numbers, zn = esnTs , the sampling period
Ts, and Rn the complex residues.

yk ≈
M

∑
i=1

Rnzk
n (4)

Y =


yo y1 · · · yL
y1 y2 · · · yL+1
...

...
. . .

...
yK−L−1 yK−L · · · yK−1

 (5)

To find the critical components of (5), MPM uses λ when Equation (6) is singular.
This approach denotes [Y2] as the matrix [Y] with the first column deleted and [Y1] as the
matrix [Y] with the last column deleted, and H as the Hermitian transpose. However, as
the solution is not straightforward, several SVDs have to be computed from [Y] to find λ
as follows.

[Y2]
H − λ[Y1]

H (6)
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Applying SVD to [Y] leads to (7) with [U] having the largest n orthonormalized eigen-
vectors of [Y][Y]H , and [V] the eigenvectors from [Y]H [Y]. The singular values composing
[Σ] are the nonnegative square roots of the eigenvalues of [Y]H [Y]. After this matrix has
been constructed, and assuming a noisy environment, a new matrix [Y′] and the corre-
sponding [U′], [Σ′], and [V′] are defined, setting a minimum threshold in order to delete
the nonzero and noise-dependent eigenvalues in [Y].

[Y] = [U][Σ][V]T (7)

σM
σmax

= 10−p (8)

This threshold relies on the selection of a significance parameter, and a way to estimate
it is to calculate the ratio between the maximum singular value and all others in the
diagonal matrix [Σ] to obtain (8), with p being the number of significant decimal digits in
the data [18].

Now that [V′] has M parameters, is separated into [V′1] and [V′2], where [V′1] is [V′]
with the last column deleted, and [V′2] is [V′] with the first column deleted. Equation (6)
could now have a singular solution for (9) with a reduced number of samples for the LP
matrix.

[V2]
H − λ[V1]

H (9)

The SVD is used to compute the pseudo-inverse of [V1]
H , which is then multiplied

by [V2]
H to find the poles z. A least square approach will allow the determination of the

residues R after a Vandermonde matrix is formed, as in Equation (10) [19].


yo
y1
...

yK−1

 =


1 1 · · · 1
z1 z2 · · · zM
...

...
. . .

...
zK−1

1 zK−1
2 · · · zK−1

M




R1
R2
...

RM

 (10)

The implementation of MPM is as shown in the block representation in Figure 4. There
is a recursive step variables refinement and setup in which the reconstructed signal is
compared with the input signal, and it also works as CNRs validation.

Figure 4. General steps for implementing MPM algorithm and comparing input and output signals
for CNRs validation.

To test the accuracy of the CNRs extracted, a simple test is then carried out with the
benchmark signal y(t) = sin 5t + sin 10t. Both the input signal and the pole-based recon-
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struction are compared, and the poles calculated through MPM are shown in
Figures 5 and 6, respectively.

Figure 5. Input signal y(t) = sin 5t + sin 10t and its reconstruction using the CNRs calculated
through MPM.

Figure 6. Poles si = αi + jωi calculated with MPM from the benchmark signal y(t) = sin 5t + sin 10t.
These poles come in conjugated pairs in the complex plane.

2.3. Cauchy’s Method

In the frequency domain, this method was presented in 1821 by Cauchy, approximating
a function by a ratio of two polynomials [20]. After that, it has been applied to the solution
to electromagnetic problems modeling the system frequency response in the same way [11].
It assumes that the response is completely linear-time-invariant (LTI); thus, the transfer
function can be written as in Equation (11) [10]. Equation (12) can be constructed with the
coefficients ak and bk and then having [C] as in Equation (13). As in the MPM approach,
the SVD is applied to [C] and a threshold to have the smallest singular value greater than
or equal to the number of significant decimal digits of data in (14) and (15), having w as the
number of accurate significant decimal digits in the data from the response.

H( fi) ≈
A( fi)

B( fi)
=

∑P
k=0 ak f k

i

∑Q
k=0 bk f k

i

, i = 1, 2, . . . , N (11)



Algorithms 2023, 16, 370 6 of 17

[
A −B

]
N×(P+Q+2)

[
a
b

]
(P+Q+2)×1

= [C]N ∏(P+Q+2)

[
a
b

]
×(P+Q+2)×1

= 0 (12)

[C] =


1 f1 · · · f P

1 −H f1 −H f1 f1 · · · −H f1 f Q
1

1 f2 · · · f P
2 −H f2 −H f2 f2 · · · −H f2 f Q

2
...

...
. . .

...
...

. . .
...

1 fN · · · f P
N −H fN −H fN fN · · · −H fN f Q

N

 (13)

[U][Σ][V]H
[

a
b

]
= 0 (14)

σR
σmax

≈ 10−w (15)

Now, returning to (11), the TLS solution approach can be used to solve the equation
and find the residues [19], which lead to the general steps for the method from the input
signal to the reconstructed one in Figure 7.

Figure 7. Generalized steps in Cauchy’s algorithm for finding the CNRs from an input signal, which
is compared with the reconstructed one in the final step for validation purposes.

A straightforward validation process occurs in the same way as the ones for MPM
and Prony’s methods, but this time for a frequency domain benchmark signal Y(ω) =

0.5
ω+1 + 5

ω+5 + 7
ω+6 + 9

ω+8 . The signal reconstruction comparison and the poles calculated
with this method are shown in Figures 8 and 9.

Figure 8. Input signal and its reconstruction based on the poles and residues calculated through
Cauchy’s method.
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Figure 9. Poles calculated through Cauchy’s method in the complex plane.

2.4. Vector-Fitting Cauchy Method

This approach is based on vector-fitting and Cauchy’s methods for calculating CNRs
of a backscattered signal [10,12,21]. The VMC starts with the frequency domain signal
treated as the response of the system Y(s) and its transfer function approximation as a ratio
of uk and vk coefficients, as in Equation (16). The solution to this system through a least
square approach is the initial calculation of the poles of the system as in Cauchy’s method
using the SVD as in Equation (17).

Y(s) =

P

∑
k=0

uksk
i

Q

∑
k=0

vksk
i

(16)

[U][S][V]′
[

u
v

]
= 0 (17)

Then, these poles are treated as an initial guess for the system poles proposed in
vector-fitting, which uses a partial-fraction expansion and a new function with the same
poles as the input signal. The residues of this created signal R̃n are the poles of the modeled
signal, i.e., the calculated residues R̃N as the poles of the system. After this, Equation (18)
can be used to find the solution with

f (s) =
N

∑
n=1

Rn

s− R̃n
+ d + sh . (18)

The steps describing the VCM method are shown in Figure 10 and, again, a simple
validation with a benchmark signal with known poles Y(ω) = 0.8

ω+5 +
3

ω+10 +
9

ω+12 +
10

ω+15
can be used for comparison and the poles location in Figures 10–12.
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Figure 10. VCM method for a frequency domain backscattered signal [12].

Figure 11. Input signal and its reconstruction based on the poles and residues calculated through the
VCM method.

Figure 12. Poles calculated using the VCM method, plotted in the complex plane.
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3. Accuracy and Feasibility for Hardware Implementation

The approach for obtaining quantitative performance metrics for CNRs extraction
methods is based on signal reconstruction accuracy, number of samples used, and execution
time. For this, a set of backscattering signals in the time and frequency domain was
obtained through simulations in CST Microwave Studio, experiments in free space, and
buried objects in a sandbox.

The dimensions of the simulated objects are presented in Table 1, while the E-field
vector was obtained in three different positions for every scenario. The backscattering
response of a metal cylinder in free space was measured by using two RFSpace TSA600
antennas and a VNA. Likewise, the GPR measurements in a sandbox for buried objects are
described in [22], where the EM responses for a metal plate and a metal can were obtained
using Vivaldi antennas with operation frequencies from 0.8 GHz to 5 GHz.

Table 1. Canonical objects simulated in three different positions.

Dimensions (mm)

Thin wire l = 100, d = 2

Sphere r = 50

Plate l1 = 100, l2 = 100, h = 1

Cylinder d = 50, l = 100, t = 1

In order to measure the accuracy of the reconstruction for each method, each backscat-
tering signal is processed using MPM, Prony’s, Cauchy’s, and VCM algorithms, and the
reconstruction validation is calculated with R2 coefficient. A comparison of the number
of samples used to compute the CNRs and the execution time will also provide a better
insight into how these methods perform under different scenarios. This will provide a
guide for an upcoming hardware implementation in a portable GPR.

3.1. Simulation Signals

In Figure 13, the plots for the 100 mm length PEC thin wire response and its corre-
sponding CNR-based reconstruction are shown. Subsequently, Figure 14 displays the CNRs
in the complex plane. For time domain analysis, the signal processing is that of the late-time
response of the object only; however, this part of the response is included in the frequency
domain. Therefore, as the calculated CNRs do not have any filtering or preprocessing,
they show similar characteristics but are not exactly the same. Considering this CNRs
comparison, as the damping factor α, which is the real part of each CNR, approaches zero,
its contribution to the signal in the form of an exponential decay becomes more significant,
and the complex conjugated component of the CNR is related to the oscillation frequency.
This means that two main frequencies can be identified in Figure 14 with the imaginary
values 1.45 and 4.26, which also correspond to the expected resonances for this particular
thin wire.
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Figure 13. Thin wire time domain response for Prony’s based reconstruction, MPM, frequency
domain response with Cauchy-based reconstruction, and VCM.

Figure 14. Comparison of the CNR poles calculation of the simulated thin wire in the complex plane.

3.2. Experimentally Registered Signatures

To measure an aluminum cylinder in free space, three responses from different po-
sitions were obtained using two low-cost TSA600 Vivaldi antennas from RFSpace with
a VNA in the frequency range from 1 MHz to 3 GHz. The setup is shown in Figure 15
alongside the reconstruction-wise behavior of each method in Figure 16.
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Figure 15. Experimental setup for free space experiments and the metal cylinder with two Vivaldi
antennas.

Figure 16. Metal cylinder in free space. Prony reconstruction, MPM-based reconstruction, frequency
response Cauchy method based reconstruction, and VCM reconstruction.

Now, as a critical evaluation requires the backscattered response of buried objects, a
sandbox experiment was performed using an ultrawide band (UWB) radar from 0.8 GHz to
5 GHz and Vivaldi antennas as well [22]. As before, the time and frequency responses for a
metal can and a metal plate were obtained and processed with complex natural resonances
extraction methods (CNREMs), and the reconstruction of the signal is shown in Figure 17.
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Figure 17. Buried objects measurement in a sandbox. Time domain late-time response for Prony’s and
MPM-based reconstructions, and frequency domain response for Cauchy’s and VCM reconstructions.

3.3. Methods Evaluation

Backscattered signals from simulation and experimentation were the input for CN-
REM reconstruction accuracy, using the minimum number of samples and the higher R2

coefficient obtained. The execution time in a computer with an Intel Core i7 processor and
32 GB of RAM was calculated afterward for the 21 scenarios.

Now, the comparison starts with the accuracy of each method, i.e., the fidelity of
the reconstruction. The CNRs calculated from the input signal are the base for the linear
regression that leads to the signal reconstruction, so the CNRs calculated are reliable only if
this reconstructed signal has a R2 coefficient (from 0 to 1) close or equal to 1. The average for
these measurements is presented in Figure 18, where MPM outperforms in both simulation
and experimental scenarios.

When the higher R2 for each signal was obtained, the number of samples for the linear
prediction matrix in time or frequency domain methods were compared and are shown
in Figure 19. Here, frequency domain methods (Cauchy’s and VCM) use significantly
fewer samples to obtain an acceptable reconstruction. The execution time was the final
approach for understanding CNREM as a signal processing tool feasible for hardware
implementation in GPR operations. Figure 20 shows how time domain methods use, on
average, less processing time than frequency domain methods.
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Figure 18. R2 comparison for CNREM in different scenarios.

Figure 19. Average number of samples per CNREM in different scenarios.
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Figure 20. Execution time per CNREM.

Time domain methods have a better time performance than frequency domain meth-
ods, and MPM in particular has a good reconstruction, with the highest R2 coefficient for
experimental scenarios. However, for real-time implementation, the number of samples
and the late-time response identification could use additional hardware resources. This
consideration is not present in frequency domain methods.

3.4. Hardware Suitability

It is important to note that the relationship between these metrics can be highly
problem-specific, having different trade-offs and considerations when it comes to execution
time, number of samples, and accuracy. However, and only to offer additional perspective
on the preceding analysis, an estimated hardware suitability factor (HSF) ψR2 with R2 as
the accuracy measurement method can be considered, as in Equation (19). This factor could
provide an initial measurement of how suitable a CNREM is for hardware implementation
in a portable device.

Considering that this suitability factor decreases as time and the number of samples
increase, and increases with accuracy, then ψR2 is directly proportional to A and inversely
proportional to N and te. In other words, ψR2 ∝ AR2

1
N

1
te

. This factor is meant to be
dimensionless, so the time units have to be ignored.

ψR2 =
AR2

Nte
(19)

The results, including all the experimental and simulated scenarios for the HSF, are
shown in Figure 21. The frequency domain methods are more suitable for a hardware
implementation, more specifically Cauchy’s method.
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Figure 21. Average number of samples per HSF in different scenarios.

4. Conclusions

Several backscattering signals from objects in different positions and experiments with
different schemes were presented and processed with Prony, matrix pencil method, Cauchy,
and VCM in order to find the CNRs and then compare the reconstruction fidelity, number
of samples used, and execution time, with the intention of having a better insight before
selecting or designing a hardware platform for a particular study.

If high reconstruction accuracy, i.e., reliable CNRs extracted, is desired, MPM is the
most appropriate choice with low execution time (assuming a previous identification of
the late-time response). If a reduced number of samples to process is required by the
signal acquisition hardware (or if the hardware capabilities are limited), then frequency
domain methods should be considered instead. Additionally, VCM should be selected
if buried targets are to be studied; this is because the reconstruction fidelity is better in
experimental scenarios.

Prony’s method has a low R2 coefficient with experimental signals, probably due to a
low SNR, even though it employs the same number of samples as MPM, and for this reason,
it is not recommended above the other methods studied here. However, according to the
first approach of the HSF, Cauchy’s method should be implemented in hardware first.

If the hardware implementation of this signal processing technique requires a real-
time operation or a portable device, such as a portable GPR, two approaches could follow.
The first one is to increase the reconstruction quality of frequency domain methods, as
the sample set to be processed is small, and also reduce the execution time. The second
approach is to reduce the number of samples or MPM computation time (or hardware
resources needed); however, these improvements are still to be studied. In future work,
the hardware-suitability factor, including computational complexity, has to be tested in a
digital platform, which can also include hardware acceleration.

Author Contributions: Conceptualization, A.G.; Validation, A.G.; Resources, F.R.; Writing—original
draft, A.G.; Writing—review & editing, A.G. and F.R.; Funding acquisition, F.R. All authors have read
and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Not applicable.

Acknowledgments: This research was supported by the EMC-UN research group, which provided
us with all the necessary tools for this paper. We offer special thanks to Edwin Pineda and Ser-
gio Gutierrez, who provided us with expertise for experimental setups and sandbox signals for
buried objects.



Algorithms 2023, 16, 370 16 of 17

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations
The following abbreviations are used in this manuscript:

SVD Singular value decomposition
CNR Complex natural resonances
UWB Ultrawide band
LP Linear prediction matrix
LTI Linear-time-invariant system
H Transfer function in frequency domain
VF Vector fitting
VCM Vector-fitting Cauchy method
FSV Feature selective validation
GPR Ground penetrating radar
SEM Singularity expansion method
TLS Total least square
SNR Signal-to-noise ratio
TF Transfer function
HSF Hardware suitability factor
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