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This article presents a full and reduced-order methodology based on the finite element method 
that allows the characterization of convective-dominant conjugate heat transfer flows. Reduced-
order modeling (ROM) allows the description of several degrees of freedom problems, referred 
to as full-order modeling (FOM), through a reduced-order surrogate representation based on 
a Petrov-Galerkin projection onto a reduced subspace. The FOM and ROM problems are 
stabilized through the Variational Multi-Scale (VMS) method, which ensures stability in dominant 
convective problems and allows equal interpolation spaces for the pressure, velocity, and 
temperature. The proposed methodology is validated solving natural heat convection in a 
differentially heated square cavity, considering air as the working fluid and Rayleigh numbers in 
the interval 104 ≤Ra≤ 108. In this problem, the benefit of using a ROM approximation for the three 
unknown fields, i.e., velocity, pressure, and temperature, is compared against ROM approximation 
only in the velocity and pressure fields and a FOM type approximation for temperature. The 
benefit of using mesh-based hyperreduction and its computational performance and precision 
are also analyzed. Subsequently, the method simulates a conjugate heat transfer problem that 
includes natural heat convection, allowing the inclusion of different rheologies between the 
working fluids. The results verify the precision and speed up of the calculations by more than 
three hundred times with respect to the time necessary to solve a full-order formulation, emerging 
it as a great potential tool in the resolution of thermally coupled flows.

1. Introduction

The conjugate heat transfer between two fluids separated by a solid container is common to a large number of applications in 
engineering, especially when an inner fluid is heated or cooled through the other to obtain a desired operating condition [1–4]. The 
heat transfer occurring in the outer domain can be related to forced, natural, or mixed heat convection, while in the interior, the 
heat transfer mechanism is carried out by natural convection.

In forced heat convection of incompressible flows, the temperature is a variable transported by velocity, with no explicit coupling 
between the Navier-Stokes equations and the thermal energy equation when density and viscosity are not changing with temperature. 
In this condition, the Navier-Stokes equations and energy can be solved sequentially without affecting the stability and precision of 
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the solution [4–6]. In the natural convection of incompressible fluids, fluid-thermal coupling employing buoyancy forces is inevitable, 
and the inclusion of decoupling and iteration algorithms is necessary when Rayleigh numbers are high [7–9]. The design of efficient 
numerical schemes is a subject of high scientific and technological interest due to the high computational cost.

The precise calculation of heat transfer coefficients is of engineering interest in different industrial applications. It is a determining 
factor that defines the properties and the quality of heat-treated products [10–13]. Additionally, the energy required in the cooling or 
heating process strongly depends on the operating conditions to achieve the high quality required for foods. Development of efficient 
calculation tools to estimate these coefficients, particularly the Nusselt number, is necessary and has technological potential in the 
food [9,14,15], energy [16–18], electronic [1,4,6], and mechanical industries [19,20], among others. In this work, conjugate heat 
transfer problems refer to the sterilization processes of food, considering natural heat convection mechanisms in liquid foods. The 
sterilization problem serves to test the proposed methodology.

Most liquid foods show non-Newtonian rheological behavior [21]. Among the viscosity models most commonly used in numerical 
simulation, the purely viscous and viscoplastic types with shear-thinning characteristics are adopted in the food industry [15,22]. 
Incorporating these models in the governing equations increases the problem nonlinearity through the dependence on the viscosity to 
the velocity gradients. Including robust linearization schemes, stable discretization methods, and linear solvers capable of inverting 
poorly conditioned matrices is a topic of intense research [23–25].

The numerical approximation to solve thermally coupled incompressible flows for non-Newtonian fluids in simple geometries, 
such as square and rectangular cavities with imposed temperatures, has been a typical verification problem for new numerical 
methods in a wide range of Rayleigh numbers between 103 ≤𝑅𝑎 ≤ 1010 [8,26–28]. The effect of the aspect ratio, Prandtl number, or 
the rheological character of the fluid have also been studied [7,29–31]. Regarding these aspects, the literature covers the size of the 
discretization, in time and space, necessary to achieve a high-fidelity description of the physics in the problems [32–34].

The numerical approximation of dominant convective flows, isothermal or thermally coupled, requires stabilization techniques 
to control spurious oscillations. These usually add some numerical dissipation to the solution. In the context of finite volumes and 
finite differences, the Upwind, Power-Law, QUICK, and TVD schemes, among others, are widely known [35,36]. Stabilized methods 
such as SUPG, GLS, and VMS, to name a few, are used to ensure the stability of the convective terms when the finite element method 
is used [37,38]. Additionally, compatibility constraints between velocity and pressure interpolation can be overcome with similar 
approaches.

One of the main barriers when carrying out simulations of practical applications is the long calculation time needed when using 
standard discretization methodologies, either the finite element method, the finite volume method, or the finite difference method, 
to name a few. That is especially true when solving nonlinear and time-dependent problems. In addition, for the conjugate heat 
transfer problem, large amounts of information are stored due to the multiple unknowns involved. In this context, reduced-order 
modeling (ROM) techniques are an efficient alternative that significantly reduces calculation times while preserving the quality of 
the full-order solutions [39–42]. Similar to full-order approximations, the stability of ROM schemes is challenging. In this regard, 
stabilization methods or closure models are decisive, as can be found in [43–47] and the references mentioned in those works.

Reduced-order modeling uses information from a full-order approximation, either from a finite element solution, finite volumes, 
or another discretization methodology. That information constructs the reduced basis through mathematical techniques such as 
proper orthogonal decomposition (POD), calculating the eigenvectors from singular vector decomposition (SVD) during the online

stage. Later, in an offline stage, the basis generated by the POD technique is used to calculate new solutions using the same mesh 
from the FOM problem, known as reduced order modeling (ROM), or using a coarser mesh, known as mesh-based Hyperreduced 
Order Modeling or Hyper-ROM.

Hyperreduction encompasses approximating a projection-based reduced-order operator on a coarse mesh using a numerical algo-
rithm to exploit the accuracy and stability of the projection-based reduced-order model. In computational mechanics, two primary 
approaches have emerged for achieving hyperreduction. The first approach revolves around utilizing the empirical interpolation 
method (EIM) [48,49], which has demonstrated success in computational fluid dynamics. EIM and its kindred techniques aim to ap-
proximate high-dimensional nonlinear functions by expanding them within a suitably reduced basis. Therefore, these techniques can 
be interpreted as analogous to high-dimensional interpolation schemes [50]. Hyperreduction involves a project-then-approximate 
paradigm, primarily developed within the finite element (FE) context. Within this framework, methods such as the reduced integra-
tion domain (RID) [51], generalized cubature [52], energy-conserving sampling and weighting (ECSW) [53], as well as mesh-based 
hyper-reduction methods [45], have been developed, and are examples of the second approach. Notably, these methods emphasize a 
sequential projection process, leading to the reduced model approximation. A comprehensive comparison between POD-Galerkin and 
POD-DEIM approaches for the incompressible Navier-Stokes equations is elaborated upon in [54]. The benefit of employing Hyper-
ROM lies in the reduced computation time and the minimization of disk memory required to solve the problem and post-processing 
the solutions. However, it’s worth noting that Hyper-ROM can result in a trade-off: while it accelerates computations, it might entail 
a loss in approximation resolution, consequently imposing a lower limit on the feasible mesh size needed to represent the physical 
problem with the desired level of accuracy.

Reduced-order methods are less often found in thermally coupled problems than in isothermal problems. In [55], the combining 
of direct numerical simulation databases and a closure model was proposed and verified to improve the evolution process of POD-
ROM computations for the Rayleigh-Benard square cavity up to (Ra= 107). In [56], the classic natural convection reference problem 
on a differentially heated square cavity for stationary solutions up to a Grashof number (Gr= 105) has been considered with a Prandtl 
number equal to one and performed parametric calculations. The reduced approximations accelerate or Speed-Up the computation by 
three orders of magnitude compared to the full-order approximation. In [57], a VMS-Smagorinsky model for natural convection on 
the square cavity problem in the range 103 ≤Ra≤ 106 included geometric parameterization based on the cavity height. In [43], search 
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Fig. 1. Schematics of the natural convection cases in a single domain and multiple domains.

techniques and reduced-order models that include Lyapunov’s control theory solved the parametric calculation of natural convection. 
In [58], using the finite element method, a hyperreduction technique based on mesh coarsening is proposed for the thermally coupled 
low-Mach problem. In [59], a VMS-FOM/ROM formulation allows Hyper-ROM and adaptive meshes for Newtonian incompressible 
flows, including natural convection through the Boussinesq approximation. The results of that work show that using stabilization is 
vital for reduced approximations, unifying the idea of VMS stabilization for FOM and ROM.

The novelty of this work is the application of the VMS-ROM formulation in thermally coupled problems involving conjugate heat 
transfer. The solved problems consider two different fluids: one of them a generalized Newtonian and the other a Newtonian, as 
well as a solid that separates them apart. Regarding the numerical methodology, a unified FOM, ROM, and Hyper-ROM stabilized 
approach is detailed. The work includes numerical tests that evaluate the accuracy and performance of the ROM and Hyper-ROM 
approximations applied to only the velocity and pressure fields concerning the application of reduction methodologies for all the 
unknowns.

The structure of this paper is indicated next. The physical description of the problem is presented in Section 2. The governing 
equations and numerical strategy are provided in Section 3. The stabilization method used for FOM and ROM is described in Section 4. 
The description of the ROM method used is provided in Section 5. The numerical results are presented, analyzed, and discussed in 
Section 6. Finally, the conclusions of the work are drawn in Section 7.

2. Definition of the problem

In this work, we solve two problems involving heat transfer by natural convection.

1. The first one, outlined in Fig. 1-a), is the differentially heated square cavity benchmark. The cavity has Dirichlet vertical walls 
for temperature (one hot and one cold) and adiabatic horizontal walls. The fluid flow is with Rayleigh numbers in the range 
104 ≤Ra≤ 108 and a Prandtl number of Pr= 0.71.

2. The second problem, outlined in Fig. 1-b), is a conjugate heat transfer problem composed of two different fluids separated by 
a solid container. This problem is a simplified case of canned food sterilization. The boundary conditions at the outer domain 
of this problem are temperature imposed on the horizontal walls, hot in the lower and cold in the upper zones, and adiabatic 
vertical walls. In this problem, the outer fluid is water, while the inner fluid is a water-based food with shear-thinning rheological 
properties. The solid container has thick conductive walls made of aluminum for all cases. Two Rayleigh numbers of Ra= 104
and Ra= 105 are investigated for this problem case.

In Fig. 1, dimensions based on the size of the outer domain 𝐻 = 1, and boundary conditions of the two problems are detailed with 
𝑇𝐻 as the hot temperature, and 𝑇𝐶 being the cold temperature. Non-slip boundary conditions are imposed at all walls. The problem 
is composed of three subdomains: the outer fluid (Ω1), the inner fluid (Ω2), and the solid (Ω3). The properties of each of the materials 
are detailed in Table 1, written in a dimensionless form, with water considered as the baseline material. That is, 𝜌 = 2.76 indicates 
that the density of the solid is 2.76 times that of water, following the same logic for the other properties. Here, 𝑐𝑝 is the specific heat, 
and 𝑘 is the thermal conductivity. The parameters 𝑚 and 𝑛 are the consistency and power indices of the fluids.
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Table 1

Thermophysical properties of fluids and solids.

𝜌 𝑐𝑝 𝑘 𝑚 𝑛

Fluid 1 (Ω1), 1 1 1 6.9 1
Fluid 2 (Ω2), 1 1 1 6.9 0.75
Solid (Ω3), 2.76 0.22 337.9 - -

3. Governing equations and models

Because the problems involve more than one material, the properties in the governing equations carry a subindex 𝑖. The subindex 
𝑖 = 1 is the outer fluid, 𝑖 = 2 represents the inner fluid, and 𝑖 = 3 is the solid, with the subindices being consistent with the definition 
of properties in Table 1. The case for a single fluid is without the index 𝑖. Considering this nomenclature, the equations to be solved 
are the Navier-Stokes equations coupled with the energy equation, which are defined below.

Let Ω ∈2 be a two-dimensional domain bounded by the boundary 𝜕Ω, through which a fluid flows in a time interval (0, 𝑡𝑓 ). Ad-
ditionally, the problem includes multiple materials. We can define Ω =Ω1 ∪Ω2 ∪Ω3. Each domain is delimited by its boundaries 𝜕Ω𝑖, 
some belonging to more than one material. Additionally, for all fluids, temperature is a common coupling variable. The convective 
term of the energy equation is neglected in the solid wall of the inner container, neither solving the Navier-Stokes equations. The 
system of coupled equations that governs the problem is:

𝜌𝑖
𝜕𝒖𝑖

𝜕𝑡
+ 𝜌𝑖𝒖𝑖 ⋅∇𝒖𝑖 −∇ ⋅ (2𝜂(𝒖𝑖)∇𝑠𝒖𝑖) + ∇𝑝𝑖 = 𝒇 𝑖, in Ω𝑖, 𝑡 ∈ (0, 𝑡𝑓 ), (1)

∇ ⋅ 𝒖𝑖 = 0, in Ω𝑖, 𝑡 ∈ (0, 𝑡𝑓 ), (2)

𝜌𝑖𝑐𝑝𝑖
𝜕𝑇𝑖

𝜕𝑡
+ 𝛾𝑓 𝜌𝑖𝑐𝑝𝑖𝒖𝑖 ⋅∇𝑇𝑖 − 𝑘𝑖Δ𝑇𝑖 =𝑄𝑖, in Ω𝑖, 𝑡 ∈ (0, 𝑡𝑓 ), (3)

where 𝒖𝑖 represents the velocity, 𝑝𝑖 is the pressure, and 𝑇𝑖 is the temperature. Note that the energy equation includes the parameter 
𝛾𝑓 of value 1 when the domain corresponds to that of a fluid and of value 0 in the solid. The properties of materials are the density 
𝜌𝑖, the specific heat 𝑐𝑝𝑖, the thermal conductivity 𝑘𝑖, and the apparent viscosity 𝜂(𝒖𝑖). The volumetric force terms 𝒇 𝑖 and 𝑄𝑖 are 
included on the right-hand side of the momentum and energy equations, respectively. Using the Boussinesq approximation, we can 
calculate the buoyancy forces as, 𝒇 𝑖 = 𝜌𝑖𝒈𝛽𝑖(𝑇𝑖 −𝑇𝑟𝑒𝑓 ), where 𝒈 is the acceleration of gravity, 𝛽𝑖 is the coefficient of thermal expansion 
of fluids and 𝑇𝑟𝑒𝑓 is a reference temperature, used as the average between the 𝑇𝐻 and 𝑇𝐶 temperatures. Note that the bold notation 
corresponds to vectors and tensors.

The rheological model for the Newtonian and power-law fluids with shear-thinning characteristics is through the apparent vis-
cosity defined as

𝜂(𝒖) =𝑚𝑖𝛾̇
𝑛𝑖−1, (4)

where 𝛾̇ =
√

1
2 (𝜸̇ ∶ 𝜸̇) represents the magnitude of the strain-rate tensor 𝜸̇ = ∇𝒖 + (∇𝒖)𝑇 . As constitutive parameters of the model, 𝑚

represents the consistency coefficient of the fluid with units [𝑃𝑎 ⋅ 𝑠𝑛] and 𝑛 is the power index of the fluid. For 𝑛 > 1, the fluid is called 
dilatant or shear-thickening; when 𝑛 < 1, the fluid is known as pseudoplastic or shear-thinning; for 𝑛 = 1 the Newtonian behavior is 
recovered. When using the power-law model, the appearance of apparent viscosity values may tend to zero or infinity when 𝛾̇ is closer 
to zero or take high values, respectively. A solution to that problem is implementing an upper and lower cut-off parameter so that the 
apparent viscosity is always limited. This work limits the apparent viscosity modulus to the interval |𝑚|∕10, 000 ≤ |𝜂(𝒖)| ≤ 10, 000 |𝑚|.

This work studies thermally coupled flows of power-law fluids. The dimensionless numbers that characterize the flow cases are 
defined in a general way, recovering the Newtonian definitions when 𝑛 = 1 and 𝑚 = 𝜇, where 𝜇 is the kinematic viscosity of the fluid. 
The Reynolds, Prandtl, and Rayleigh numbers are defined as follows:

Re = 𝜌𝑈2−𝑛𝐻𝑛

𝑚
, Pr = 𝑚𝑘𝑛−2𝐻2−2𝑛

𝑐𝑛−2
𝑝

𝜌𝑛−1
, Ra =

𝛽𝑔𝜌𝑛+1𝑐𝑛
𝑝
𝐻2𝑛+1Δ𝑇

𝑚𝑘𝑛
, (5)

where 𝐻 and Δ𝑇 represent a characteristic length and a characteristic temperature difference of the problem, respectively.
In the differentially heated cavity, the scaling velocity and temperature are 𝑢∗ = 𝑢∕

√
𝑔𝛽Δ𝑇𝐻 and 𝑇 ∗ = (𝑇 − 𝑇𝐶 )∕(𝑇𝐻 − 𝑇𝐶 ), 

respectively, allowing to compare different dimensionless solutions related to Rayleigh numbers.
The mean Nusselt number on a wall is defined as

Nu = − 1
𝑇𝐻 − 𝑇𝐶

𝐿𝑐

∫
0

𝜕𝑇

𝜕n
𝑑𝑠, (6)

where 𝐿𝑐 represents the length of the wall, 𝑑𝑠 the differential length surface, and n is the normal unit vector.
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3.1. Variational formulation and Galerkin’s problem

Using a standard notation helps to define the weak form of the problem. The space of bounded and integrable square functions 
on a domain Ω is defined by 𝐿2(Ω). The space of functions whose distributional derivative of the first order belongs to the 𝐿2(Ω)
space is denoted by 1(Ω). The space 1

0 (Ω) is composed of functions belonging to 1(Ω) that vanish at the boundaries. The inner 
product of two functions is ⟨⋅, ⋅⟩. When the functions belong to the 𝐿2(Ω) space, then ⟨⋅, ⋅⟩ = (⋅, ⋅).

Using this notation, the spaces for the velocity, pressure, and temperature vector are defined as  =1
0 (Ω)

2,  = 𝐿2(Ω)∕ℝ, and 
Θ =1

0 (Ω), respectively. If we define 𝓨 ∶=  × ×Θ, the weak form of the problem consists of finding 𝒚 = [𝒖, 𝑝, 𝑇 ] ∶ (0, 𝑡𝑓 ) →𝓨 such 
that (

𝜌
𝜕𝒖

𝜕𝑡
,𝒗
)
+ ⟨𝜌𝒖 ⋅∇𝒖,𝒗⟩+ 2𝜂(𝒖)(∇𝑠𝒖,∇𝑠𝒗) − (𝑝,∇ ⋅ 𝒗) = ⟨𝒇 ,𝒗⟩, (7)

(∇ ⋅ 𝒖, 𝑞) = 0, (8)(
𝜌𝑐𝑝

𝜕𝑇

𝜕𝑡
, 𝜃

)
+ 𝜌𝑐𝑝⟨𝒖 ⋅∇𝑇 , 𝜃⟩+ 𝑘(∇𝑇 ,∇𝜃) = ⟨𝑄,𝜃⟩, (9)

for all [𝒗, 𝑞, 𝜃] ∈𝓨, assuming that 𝒇 and 𝑄 are well defined. The previous equations are written without the material subindex or the 
parameter 𝛾𝑓 to avoid over-notation.

The previously defined problem can be written compactly as(
𝜌
𝜕𝒖

𝜕𝑡
,𝒗
)
+
(
𝜌𝑐𝑝

𝜕𝑇

𝜕𝑡
, 𝜃

)
+𝐵(𝒖̂;𝒚,𝝍) = ⟨𝒇 ,𝒗⟩+ ⟨𝑄,𝜃⟩, ∀𝝍 = [𝒗, 𝑞, 𝜃] ∈𝓨, (10)

where

𝐵(𝒖̂;𝒚,𝝍) = ⟨𝜌𝒖̂ ⋅∇𝒖,𝒗⟩+ 2𝜂(𝒖̂)(∇𝑠𝒖,∇𝑠𝒗) − (𝑝,∇ ⋅ 𝒗) + (∇ ⋅ 𝒖, 𝑞) + 𝜌𝑐𝑝⟨𝒖̂ ⋅∇𝑇 , 𝜃⟩+ 𝑘(∇𝑇 ,∇𝜃). (11)

In the definition of the 𝐵(𝒖̂; 𝒚, 𝝍) operator, the variable 𝒖̂ is used to denote the advection velocity, which in the Navier-Stokes problem 
is the same velocity 𝒖. However, when using finite elements and linear solvers, this velocity corresponds to the previous iteration 
employing fixed-point linearization.

Using conforming finite element spaces, ℎ ⊂  , ℎ ⊂, Θℎ ⊂Θ. If 𝓨ℎ ∶= ℎ ×ℎ ×Θℎ and 𝒚ℎ = [𝒖ℎ, 𝑝ℎ, 𝑇ℎ], the Galerkin problem 
consists of finding 𝒚ℎ = [𝒖ℎ, 𝑝ℎ, 𝑇ℎ] ∶ (0, 𝑡𝑓 ) →𝓨ℎ, such that(

𝜌
𝜕𝒖ℎ

𝜕𝑡
,𝒗ℎ

)
+
(
𝜌𝑐𝑝

𝜕𝑇ℎ

𝜕𝑡
, 𝜃ℎ

)
+𝐵(𝒖̂ℎ;𝒚ℎ,𝝍ℎ) = ⟨𝒇 ,𝒗ℎ⟩+ ⟨𝑄,𝜃ℎ⟩, ∀𝝍ℎ = [𝒗ℎ, 𝑞ℎ, 𝜃ℎ] ∈𝓨ℎ, (12)

satisfying the initial and boundary conditions of the problem.
For the time derivative of the equations of linear momentum and energy, a second-order backward differentiation scheme is used

𝜕𝜙
𝑗+1
ℎ

𝜕𝑡
=

3𝜙𝑗+1
ℎ

− 4𝜙𝑗

ℎ
+𝜙

𝑗−1
ℎ

2𝛿𝑡
+(𝛿𝑡2), (13)

where 𝜙ℎ represents either velocity or temperature, 𝛿𝑡 corresponds to the time step in the interval (0, 𝑡𝑓 ), considered as uniform, and 
(⋅) represents the order of approximation. The superscripts indicate the discrete time. Therefore, 𝜙𝑗

ℎ
represents the approximation 

of the unknown function 𝜙ℎ at the time step 𝑡𝑗 = 𝑗𝛿𝑡.

4. Stabilized finite element method

The numerical approximation of dominant convective flows requires some numerical dissipation that ensures stability when the 
local Reynolds or Peclet numbers exceed two. Additionally, equal interpolation between velocity and pressure does not produce 
physically correct approximations without some stabilization mechanism.

In the VMS method, the space of approximation of the unknowns is broken down into two parts: a finite-dimensional space 𝒴ℎ

and its complement, called Subscales 𝒴̃ so that 𝒴 =𝒴ℎ ⊕ 𝒴̃. The basic idea of this type of method consists of modeling the subscale 
as a function of the resolved scale. Thus, additional stabilizing terms in the Galerkin problem arising from the VMS formulation 
ensure stability in dominant convection and preserve the optimal convergence properties of the numerical method.

This work uses the term-by-term nonresidual VMS formulation proposed in [60] and verified numerically in [8,61,62] for isother-
mal and thermally coupled incompressible fluid flows. The notation for the stabilizing terms is similar to the one in these articles 
without referring to the design of the method. The stabilized problem consists of finding 𝒚ℎ = [𝒖ℎ, 𝑝ℎ, 𝑇ℎ] ∶ (0, 𝑡𝑓 ) →𝓨ℎ such that(

𝜌
𝜕𝒖ℎ

𝜕𝑡
,𝒗ℎ

)
+
(
𝜌𝑐𝑝

𝜕𝑇ℎ

𝜕𝑡
, 𝜃ℎ

)
+𝐵(𝒖̂ℎ;𝒚ℎ,𝝍ℎ) −

∑
𝐾

𝜏2(𝒖̂ℎ)
(
∇ ⋅ 𝒗ℎ,⊥

ℎ
(∇ ⋅ 𝒖ℎ)

)
𝐾

+
∑
𝐾

𝝉1(𝒖̂ℎ)
(
∇𝑞ℎ,⊥

ℎ
(∇𝑝ℎ)

)
𝐾
+
∑
𝐾

𝝉1(𝒖̂ℎ)
(
𝒖̂ℎ ⋅∇𝒗ℎ,⊥

ℎ
(𝒖̂ℎ ⋅∇𝒖ℎ)

)
𝐾

+
∑
𝐾

𝜏3(𝒖̂ℎ)
(
𝜌𝑐𝑝𝒖̂ℎ ⋅∇𝜃ℎ,⊥

ℎ
(𝜌𝑐𝑝𝒖̂ℎ ⋅∇𝑇ℎ)

)
𝐾
= ⟨𝒇 ,𝒗ℎ⟩+ ⟨𝑄,𝜃ℎ⟩,
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