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a b s t r a c t

Structural instabilities are often considered a failure state and therefore engineers are trained to avoid
them. Recently, flexible buckled structures have gone frommerely describing a phenomenon (e.g., twist-
ing of vines, DNA mechanics), to being exploited for novel functionalities (e.g., stretchable electronics,
energy harvesting). Herein we present results from a study of the static deformation of a periodically-
constrained plate proposed by Muriel et al. (2016) as a hydrokinetic energy harvester. Experimentally, a
polycarbonate sheet is placed under longitudinal compression with external forcing provided by equally
spaced tension lines anchored in a frame, inducing a second mode wave-like deformation. No additional
constraints are placed on the material. To predict this deformation, we proposed a model based on
the two-dimensional heavy elastica, where the dependence of the distributed weight to the curvature
prevents a closed form solution. Therefore, we solve numerically the nonlinear system of equations of
an elemental strip, with the assumptions of uniform cross-section, elasticity, and density, and consider
only cylindrical bending and the plate to be thin enough such that the Euler assumption holds. Tension
lines are treated with a constitutive equation consistent with Hook’s law, and contact points between
lines and the plate are considered as passive (i.e., no friction, no moment, and no elastic singularity).
The system is discretized using a second-order centered difference scheme, and solved using trust-
region and Levenberg–Marquardt algorithms. The numerical solutions predict the deformation well and
confirm the experimental finding of elastic bifurcation (solutions of secondmode deformations), buckling
instability, and points towards the possibility of deformations resembling higher order modes not seen
in the experiments. The sensitivity of the constitutive relation to small strain variations poses questions
about convergence of such higher order modes. This structural model is the first step towards a fully
coupled fluid–structure model of a deformation that shows promise on reducing the external forcing
needed to start structural oscillations.

© 2018 Elsevier Ltd. All rights reserved.

1. On the functionality of buckled structures

Buckling of slender structures is a phenomenon with
widespread applications. Its study has evolved from Euler [1] and
the double-pinned elastica, to more complex applications such
as buckling of metabeams [2], folding of sheet-like tissues [3],
coiled tubing in industry [4–6], folding of sheets over fluids [7,8],
mechanics of DNA [9], and nanoribbons and nanowires [10,11].
A common theme among these studies, is the fact that the ge-
ometry is the main factor contributing to nonlinearities (material,
force/displacement boundary conditions are also possible sources).

Despite buckling instabilities being traditionally considered a
failure state, there are multiple studies exploiting such struc-
tural instabilities for new applications [12]. Some examples are
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stretchable electronics [13,14], adaptive flow control [15], drag
control [16], and energy harvesting [17–24]. Closed form solu-
tions to these problems are restricted to simple problems [25],
and therefore, analysis often turn to Hamiltonian formulations to
obtain equilibrium equations.

In the context of energy harvesting, one class of devices ex-
ploit the oscillatory behavior of slender flexible structures excited
by ambient vibrations or fluid forcing. On the latter, a structure
transitions from an equilibrium state to an oscillatory behavior
together with the onset of flow instabilities. This so called flapping
instability relies on the ability of the flow to reach a critical velocity
at which structural oscillatory behavior starts. In short, it is a phe-
nomenon that involves the interaction of a fluid’s hydrodynamic
pressure and drag forces, and the structure’s elastic, inertial, and
damping forces [26,27].

Muriel et al. [30], Muriel and Cowen [31] presented a struc-
ture that did not relay on both flow instabilities and structural
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Fig. 1. (a) Experimental realization of a second mode deformation on a translucent
polycarbonate sheet: separation between side-frame lines, Br , and between side-
frame lines at l/2, Brc . (b) Top view: plate’s width, B, separation between inner
tension lines in the device, δp , and in the frame, δf ; (b) Side view: plate’s length,
Lp; (c) Isometric projection.
Source: (b) to (c) are adapted from [28,29].

oscillations growing together. They introduced a structural insta-
bility created by uniformly distributed external compression that
appears to enhance flow instabilities, therefore reducing the flow
velocity required to start structural oscillatorymotions (see [32,33]
for instability analysis of plates under axial forces). Muriel et
al. [30] was limited to a proof of concept for energy harvesting,
mainly focusing, experimentally, on the optimization of consistent
oscillatory behavior and reduction of three-dimensional effects,
and Muriel and Cowen [31] experimentally studied the onset
of oscillatory behavior of such a structure. Here we report on a
reduced model of [30] (i.e., [31]), a single plate under periodic
external forcing (Fig. 1 and details in Section 2.1). We study the
device experimentally to obtain a second mode deformation, and
solve the Newtonian equilibrium equations numerically to predict
deformations caused by the nonlinearities induced by kinematic
(i.e., geometry) and dynamic (i.e., forces) boundary conditions.
Here, the vanishing nature of the later present challenges for
commercial finite element codes, as the stiffness matrix becomes
singular as a second mode deformation develops. Our experimen-
tal results show an elastic bifurcation and buckling instability via
periodic external forcing, with locally stabilized first and second
mode deformations (the action of a small force causes branch
switching when in the second mode). The numerical results show
that themodel is capable of predicting suchmodes of deformation,
as well as active and inactive constraints as part of the solution to
the non-linear problem.

2. Numericalmodel of the periodically-constrained heavy elas-
tica

In this letter, we limit our discussion to the study of static
buckling of a periodically constraint heavy elastica in two dimen-
sions (Fig. 2a). It will serve as a model for our plate by restricting
the deflection to only cylindrical bending of the elemental strip,
where the flexural rigidity, D, of the unit-width strip (b = 1) is
D = EI/(1 − ν2), with E being the Young’s modulus, I the area
moment of inertia, and ν Poisson’s ratio [34].

We consider the elastica to be inextensible of length Lp (non-
dimensional l = 1), of uniform cross-section, elasticity, density,

Fig. 2. Buckled plate projections onto a two-dimensional plate: a periodically
constrained elastica under a progressive increase of external forces.

and thin enough such that the Euler assumptionholds (i.e., the total
curvature is proportional only to the local moment [35]). Under
these assumptions, we look for a strong form formulation.

The conception of such model follows from a straight plate of
length Lp, with tension lines of length Ls, δp apart, andwith connec-
tion coordinates

(
xp, yp

)
(Fig. 2b). The other end of the tension lines

are attached to an infinitely rigid frame, with connections spaced
δf apart at coordinates (xo, yo). Originally, the plate hangs straight
from the tension lines, which are being strained only by the action
of the plate’s weight. As we progressively decrease δf and keep δp
constant, different tension lines activate or deactivate (Fig. 2c). On
active lines, tension forces H appear, forces which induce a series
of deformations as

(
δp − δf

)
/δp increases. The tension lines have a

net compressive effect on the plate.

2.1. Experimental realization of a second mode buckled plate

We induce a deformation presented in Fig. 1 with a series of
tension lines that buckle a plate into a two-dimensional wavelike
shape. The plate is made of a single translucent polycarbonate
sheet with thickness δ = 0.400±0.007mm, length Lp = 60±0.05
cm, width B = 30± 0.05 cm, density ρp = 1.14± 0.03 g/cm3, and
Poisson ratio ν = 0.37. External tension is created using a series
of inner tension lines mounted to parallel side-frame lines as seen
in Fig. 1. The side-frame lines are made of micro-filament braided
line (Spectra R⃝), 0.4 mm in diameter. Similarly, the lines providing
the tension are composed of micro-filament with length Lss =

7.62± 0.05 cm, separation along the plate of δp = 2.90± 0.05 cm,
and separation on the side-frame of δf = 2.45 ± 0.05 cm (Fig. 2a).
This difference between the two separations (δp and δf ) provides
the external tension necessary to induce the plate’s deformation
(Fig. 2c). Ls = 2.9 ± 0.05 cm on Fig. 2a is the projection of Lss onto
a 2-dimensional plane.

External tension is not modified experimentally. A first way to
do this is to change Lss, which proves useful on enhancing oscilla-
torymotions of two coupled plateswith an internalmembrane [for
details, see 30]. However, such an approach provides inconsistent
oscillatorymotions of decoupled plates (i.e., the plate under study).
A second option is to modify δf as it is done numerically, however,
as it will be shown in Section 3, varying δf to obtain a secondmode
deformation is within the experimental uncertainty.

Reasons for the preference of a second mode deformation are
threefold, mainly related to the possibility of energy harvesting.
First, mass transport was demonstrated leveraging over a second
mode deformation by Muriel et al. [30]. Second, such mode is
chosen to resemble a hypothesized onset of flapping over flexible
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Fig. 3. An elemental segment of the heavy elastica.

plates with high angles of attack (i.e., the order of the deformation
is greater than the plate’s thickness) as a traveling sinusoidal
wave. And third, the higher potential energy compared to first
mode, which, after physically realized, transitions into oscillatory
motions at low flow velocities as natural oscillatory frequency is
reduced [31].

2.2. Equilibrium equations

FromFig. 3, the dimensional equilibriumequations are [35–42]:

dX/dS = cosψ, dY/dS = sinψ,
dψ/dS = M/D, dM/dS = Q cosψ − Psinψ,
dP/dS = 0, dQ/dS = −W ,

(1)

where P and Q are the internal forces parallel to the X and Y axis,
M is the internal moment, S is the arc measured from a convenient
origin,ψ the angle between the tangent and the horizontal, andW
is the weight per unit length.

We define the following non-dimensional parameters:

x = X/Lp, y = Y/Lp,

p = PL2p/D, q = QL2p/D
s = S/Lp, m = MLp/D,

w = WL3p/D,

(2)

and we express Eq. (1) in non-dimensional form (Appendix A in-
cludes inertial and damping forces for completeness of themodel),
with ′ indicating ∂/∂s:

x′
− cosψ = 0, y′

− sinψ = 0,
ψ ′

− m = 0, m′
− qcosψ + psinψ = 0,

p′
= 0, q′

+ w = 0.
(3)

2.3. Contact modeling

The heavy elastica is periodically-constrained by a series of
tension lines of unstrained length, Ls (Fig. 2a). The area of possible
locations of the constrained support is defined by a circle of radius
Ls. As not all the supportswill be under tension at the same time,we
define an active constraint as a support located at the circumfer-
ence of such circle, and beyond. Active and inactive constraintswill
be determined as part of the equilibrium solutions of the nonlinear
problem.

A tension force, H , appears at the location of active constraints.
This force is transmitted to an infinitely rigid support by the
tension lines connected to the elemental strip. This connection
is considered as passive (i.e., contacts generate no friction, no

moment, and no elastic singularity [43]). This implies continuity
of angles and moments. We propose the following constitutive
relation,mathematically consistentwithHook’s law, tomodel such
forces:

H = −EsAse, (4)

where Es is the tension lines’ Young’s modulus, As is the area of the
unstrained tension line, and e is the engineering strain defined by
e = (le − Ls) /Ls, where le is the deformed length of the tension
lines. For any e < 0, the lines are considered slack, and therefore,
no tension is transmitted. This solves the major challenge found
with commercial packages, for which the stiffness matrix becomes
singular for this condition. The signs give the directionality de-
picted in Fig. 2b.

H can be decomposed into Cartesian components as follows:

Hx = −EsAse
△x
le
, Hy = −EsAse

△y
le
, (5)

and by knowing that △x = xp − xo, △y = yp − yo, and le =√(
xp − xo

)2
+
(
yp − yo

)2, H can be expanded and presented in its
nondimensional form as:

hx = −

(
EsAsL2p

D

) (√(xp − xo
)2

+
(
yp − yo

)2
− Ls

)
Ls(

xp − xo
)√(

xp − xo
)2

+
(
yp − yo

)2 ,

hy = −

(
EsAsL2p

D

) (√(xp − xo
)2

+
(
yp − yo

)2
− Ls

)
Ls(

yp − yo
)√(

xp − xo
)2

+
(
yp − yo

)2 .

(6)

2.4. Boundary conditions

The proposed periodically-constrained heavy elastica is subject
to the following boundary conditions:

m (0) = 0, m (1) = 0,
p (0) = 0, p (1) = 0,
q (0) = 0, q (1) = 0.

(7)

2.5. Solutions to the equilibrium equations

We approach the nonlinear problem posed by Eq. (3) and Eq. (6)
as a minimization problem of the form:

min f (a) (8)

where the objective function f (a) is the error function (Eq. SA.11,
Eq. SA.17, and Eq. SA.22)1 formed by discretizing the strong form
equations with a second order centered difference scheme Suppl.
Mat. A. To solve the minimization problem in Eq. (8), we use
the trust-region-dogleg [44] and Levenberg–Marquardt [45–47]
algorithms fromMatlab R⃝ Optimization ToolboxTM. A convergence
study is presented in Suppl. Mat. C.

To obtain first mode deformations, the initial solution is the
trivial plate state (i.e., straight). To obtain second mode deforma-
tions, the initial solution is a combination of the experimental

1 See Supplemental Material at https://doi.org/10.1016/j.eml.2018.03.006 for
details on uncertainty analysis, discretization of equations, and convergence study.
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Fig. 4. Results of equilibrium states: (a) Experimental vs numerical second mode
deformations. (b) Examples of deformations with their respective (c) angles (ψ),
(d) moments (m), and (e) internal forces (p and q). ∥f (x)∥2

= 0 within machine
precision for depicted modes (∥ ∥ represents the Euclidean norm).

deformation and theoretical moments, angles and shear forces
of a double pinned elastica Suppl. Mat. C. To obtain additional
deformations, δf is reduced progressively and the initial solution
is the previous obtained deformation.

3. Results and discussion

Experimental results (Figs. 1 and 4a) show that the present
configuration represents an elastic bifurcation and buckling insta-
bility [48]. It is elastic because the plate immediately returns to the
initially straight configurationwhen external forcing is removed. It
is a bifurcation because the equilibrium path bifurcates when the
solution looses its uniqueness, showing at least two equilibrium
positions. It is an instability because the plate departs from its
straight configuration at a critical load value and buckles, expe-
riencing large deformations. Additionally, the two-second mode
equilibriumdeformations defined by the black lines on Fig. 4a, rep-
resent a state of local stability, where small external forces (other
than those induced by the tension lines) cause mode branching
(snap-through and snap-back). The aforementioned is a similar
behavior to that of a double well restoring force potential [49].
Furthermore, first mode equilibrium positions also exist but are
not shown, and deformations similar in shape to modes higher
than one or two exist but are only momentarily present. Such
ephemeral behavior is due to changes in the necessary conditions
to realize such higher ordermodes, specifically, the elongation and
tension of the side frames, which relaxes inevitably with time.

The model equations show that compressive forces and the
plate’s weight always have a destabilizing effect (Eq. (3)). This has
important implications on fluid–structure interaction applications,
as greater compressive forces will mean lower flow velocities
required to initiate structural oscillatory motions. Furthermore,
Eqs. (3) and (6) show that the sources of nonlinearities are the
geometry, as changes in shape are taken into account to set up
the equilibrium equations, and force boundary conditions, as the
applied forces by tension lines depend on the plate’s deforma-
tion. Additionally, special care must be taken with force boundary
conditions, as a small strain variation will cause large changes
in tension forces (Eq. (4), where H grows rapidly with e). Taking
this into consideration when analyzing solutions is important,

Fig. 5. Bifurcation diagram. ∥f (x)∥2
= 9.7e−07 for first mode deformations, and

∥f (x)∥2
= 4.1e−08 for second mode deformations.

as infinitesimal variations in displacement (within experimental
uncertainty, Suppl. Mat. B) will cause poor convergence.

The results show that the model predicts well the first and
second mode deformations (Fig. 4), with ∥f (x)∥2

= 0 within
machine precision (∥ ∥ represents the Euclidean norm). A com-
parison of second mode deformations in Fig. 4a, reveals a close
agreement between experimental and numerical results. The in-
flection points are correctly predicted, and active tension lines
(gray circular markers on Fig. 4a) are the result of the numerical
analysis. However, a discrepancy in the equilibrium shape is noted,
specifically on the first lobe from left to right. This difference can be
attributed to experimental uncertainty, where the load parameter(
δp − δf

)
/δp = 0.155 ± 0.023 corresponds to the experimental

configuration, and where the respective plotted deformations for
comparison are the numerical results of

(
δp − δf

)
/δp = 0.124,

selected to match the location of the boundaries (i.e., l = 0 and
l = 1).

Moreover, Fig. 5 numerically confirms the bifurcation of the
solution found experimentally. First mode deformations extend
from the trivial equilibrium solution to

(
δp − δf

)
/δp = 0.1234. The

mode with opposite curvature to that of the first mode presented
was not found numerically, which is attributed to convergence
of the model rather than a statement of non-existence of such a
deformation. Additionally, second mode deformations start from(
δp − δf

)
/δp = 0.1224 and extends to

(
δp − δf

)
/δp = 0.1348.

On one hand, this range shows an area where first and second
mode deformations are possible, confirming the non-uniqueness
of the solution. On the other, the range defines the bifurcation
region found experimentally, where solutions for second mode
deformations coexist. Here, small external forcing other than that
provided by tension lines can cause mode branching.

Similarly, the mechanisms available experimentally to tran-
sition from first to second mode deformations are infinitesimal
perturbations at the bi-stability range or the exceedance of the load
parameter at the limit of said range. Infinitesimal perturbations
can be provided by intrinsic material non-uniformity, temporally
available external forces, or experimental uncertainty of config-
uration measurements. Independent of the source, perturbations
force the plate into a second mode, where the reconfiguration
of tension lines provides the local stability necessary to realize
such mode. Exceedance of the load parameter causes a similar
reconfiguration of active and inactive tension lines, but in this case,
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the restoring action of bending stiffness is exceeded by no external
force other than that of the tension lines. In such deformations,
potential energy is a function of strain energy and work done by
external forces, and therefore different for different deformation
modes. If an external, temporally dependent forcing is considered,
the oscillatorymodewill depend on themagnitude of such forcing.

Finally, discretization of the model as a strong form, in addition
to the algorithms implemented, may be affecting the converge
of other modes (e.g., see third deformation from top to bottom
on Fig. 2c, or higher order modes), and the completeness of the
equilibriumpath shown in Fig. 5.While ∥f (x \ h)∥2

= 0 (with \ in-
dicating relative complement) within machine precision, ∥f (h)∥2

presents unacceptable errors in terms of convergence. This is
closely related to the rapid change of tension forces as a function of
strain. For example, a discrepancy of 10µmaccounts for a changes
in h of the same magnitude as that of internal forces presented in
Fig. 4. While this error is unacceptable numerically, 10 µm is far
bellow experimental uncertainty.

4. Final remarks

We presented the study of a periodically constrained plate,
induced into a secondmodedeformation. Experimentally, buckling
instability and elastic bifurcation of second mode deformations
with snap-through and snap-back are self-evident. Numerical re-
sults based on a two-dimensional periodically constrained heavy
elastica corroborate experimental findings, and point towards the
possibility of multiple equilibrium solutions, where first and sec-
ond mode deformations are solutions for a single control param-
eter

(
δp − δf

)
/δp. Results show good convergence, but sensitivity

of tension force components, hx and hy, represents difficulties in
finding the full equilibrium path and other possible equilibrium
positions with shapes resembling higher order modes. To resolve
this, the implementation of the slack condition presented in Sec-
tion 2.3 could be implemented based on a Hamiltonian derivation.

Work remains on stability analysis, large and small vibra-
tions, and coupling with fluids as part of the larger scope of the
problem, for which the deformation was originally conceived. On
these topics, extensive studies have been conducted on plates
(see [50,32,51,52] and references therein). The use of external
forcing, first to induce a departure from trivial stability into a
buckling instability, and at the same time to locally stabilize second
mode deformations, has larger implications on fluid–structure in-
teraction problems: the use of such deformations can prove useful
in reducing critical flow velocities to start structural oscillations,
and increasing operational range of such applications [32,33].
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Fig. B.6. Polycarbonate and Spectra R⃝ fiber tensile modulus.

Appendix A. Equilibrium equations with inertial and damping
terms

By including inertial and damping terms, Eq. (1) becomes [53]:

∂X/∂S = cosψ,
∂Y/∂S = sinψ,
∂ψ/∂S = M/D,
∂M/∂S = Q cosψ − Psinψ,

∂P/∂S = − (W/g) ∂2X/∂T 2
− C∂X/∂T ,

∂Q/∂S = −W − (W/g) ∂2Y/∂T 2
− C∂Y/∂T ,

(A.1)

where T is the dimensional time, and C is the damping coefficient.
We define the additional non-dimensional parameters:

t = T/L2p
√
(Dg/W ), c = CL2p

√
(g/WD). (A.2)

We express Eq. (A.1) in non-dimensional form:

∂x/∂s = cosψ,
∂y/∂s = sinψ,
∂ψ/∂s = m,
∂m/∂s = qcosψ − psinψ,

∂p/∂s = −∂2x/∂t2 − c∂x/∂t,

∂q/∂s = −w − ∂2y/∂t2 − c∂y/∂t,

(A.3)

which can be used to extract the non-dimensional equilibrium
equations, or explore small and large vibrations.

Appendix B. Elastic modulus for polycarbonate and microfila-
ment braided line

Fig. B.6 reports the tensile modulus for the polycarbonate
plate and Spectra R⃝ fiber (polyethylene) used for the experimental
model presented in Fig. 1, with details in 2.1. The experimental
procedure for polycarbonate and fibers followed [54] and [55]
respectively. Modulus for the plate and the fiber are E = 1.97 ±

0.04 GPa and Es = 88.9 ± 2.43 GPa, respectively (see Suppl. Mat.
B for uncertainty analysis details).

Appendix C. Supplementary data

Supplementary material related to this article can be found
online at https://10.1016/j.eml.2018.03.006.
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