Electrical Power and Energy Systems 130 (2021) 106874

o %

ELSEVIER

Contents lists available at ScienceDirect
International Journal of Electrical Power and Energy Systems

journal homepage: www.elsevier.com/locate/ijepes

POWER
AND ENERGY
SYSTEM

Check for

A population games transactive control for distributed energy resources e

Eder Baron-Prada?, Eduardo Mojica-Nava ™"

@ Computer, Electrical and Mathematical Sciences and Engineering Division, King Abdullah University of Science and Technology, Thuwal, Saudi Arabia

® Department of Electrical Engineering, Universidad Nacional de Colombia, Bogotd, Colombia

ARTICLE INFO ABSTRACT

Keywords:

Distributed energy resources
Transactive control
Population games

2020 MSC:

00-01

99-00

Distributed energy resources are considered as a cornerstone in the path to a smarter grid. However, this evo-
lution brings some important challenges for real-time implementation, especially those concerning control design
and its integration with distribution systems. We propose a distributed transactive control algorithm based on
population games to dynamically manage the distributed energy resources and smart loads in the system to reach
the optimum social welfare. Agents are considered non-cooperative and they are individually incentive-driven
preserving stability while guaranteeing some optimality conditions on the real-time operation. Smart loads

are modeled as a flexible load with a base-load. Potential population games concepts are used to analyze the
stability and Nash equilibrium of the proposed game. Simulation results of the proposed algorithm show the
stability and convergence of the proposed algorithm.

1. Introduction

The electric network has been evolving towards the smart grid
concept. This evolution includes developing technologies such as
renewable generation and distributed energy resources (DERs) inte-
gration into the distribution systems [1,2]. DERs include distributed
generators and smart loads, and its inclusion is pretended to improve
power quality and reliability of the distribution system. Smart loads are
able to self-regulation of the power consumption as a response to price
signals. Several challenges have emerged due to the intermittency of the
energy pattern of the renewable generation and the resilience require-
ment for robust operation [3]. Control theory and optimization algo-
rithms have become one of the main tools to deal with these challenges
[4]. Recent work has been focused on centralized algorithms for dy-
namic optimal dispatch in microgrids [5,6] where it is implemented an
algorithm based on game theoretical methods that can achieve the
system optimum state for all agents in the system. Many methods can be
used to solve this problem from a centralized manner. In general, iter-
ative methods such as projected gradient methods, Newton’s method,
and many others have been extensively used [7,8]. However, centralized
controllers often suffer from serious computation, communication, and
robustness issues in systems with many devices, since its coordination in
this large-scale network is a challenging task. In addition, when agents
change locally, the central system must be reconfigured to solve the new
problem. Finally, a centralized optimizer could be susceptible to a single
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point of failure.

In response to the limitations of centralized methods, in the last
decades there has been an increasing interest in the development of
decentralized optimization strategies [9-11]. One of the first algorithm
implemented in a distributed way was the center-free algorithm [12].
Since then, several distributed optimization algorithms have been pro-
posed for distributed resource allocation problems[10,13]. Most of these
algorithms are based on the seminal work in [14]. These algorithms are
based on reaching a consensus on their estimates of an optimal solution
based on local information. Despite the recent success of such algo-
rithms, some limitations arise when they have to be implemented in
real-time operation such as lack of robustness to environmental varia-
tions, dependency of the synchronization of information between
agents, or the requirements of a two-time scale solution.

In contrast, game-theoretical methods have emerged as a flexible
possibility to coordinate the operation of networked devices [15,16,4].
Several benefits can be exploited such as real-time adaptation and
robustness to dynamic variation in environmental conditions. However,
traditional game-theoretic approaches based on individuals that repet-
itively play a game with the other individuals seeking for an equilibrium
are computationally demanding as the number of individuals grow due
to the complex decision model [15,17]. In this context, population
games are better suitable to deal with large number of agents since it
considers the whole population interaction instead of agent-to-agent
interaction. Distributed population game-theoretical control is
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becoming a viable strategy to handle the coordinate operation of net-
worked devices [4]. In order to be a compelling solution, a distributed
control, understanding it as a set of controllers distributed throughout
the system with no central operator, has to satisfy several technical re-
quirements. The first issue is the coordination among different devices
used at low levels such as traditional generation units, renewable gen-
eration units, and controllable loads [18,19]. Then, the distributed
controller has to be able to provide stability and robustness margins for
the entire system in the presence of uncertainty and offering some
optimality guarantee on real-time response [20]. Finally, distributed
controllers rely on a communication infrastructure to work [2].

Recently, multiple demand response strategies have been proposed
to deal with generation and load variation balance. A scalable coordi-
nation approach to distribution systems operation could represent
several advantages over traditional control strategies. Few control
strategies have been proposed to include DERs into the distribution
system. On the one hand, price control methods send pricing signals to
the end-use loads to activate the demand response. For instance, real-
time pricing [21], or time of use [22] are based on this approach. On
the other hand, a new type of control technique to integrate DERs and
also microgrids by means of a market interaction has recently emerged,
the so-called transactive energy (TE) control, for the coordinated oper-
ation of a large number of devices [18,23,24]. The term transactive
energy, initially proposed in [25], is defined as a system integrating
agents that use control techniques, which can be centralized, distrib-
uted, or hierarchical, to exchange energy based on value information
under physical constraints [23,26,24,27,28]. In contrast with traditional
distributed control based on consensus, where agents have a local copy
of the variables and iteratively try to agree on the value of this variables.
Most of the results on transactive control have been focused on the
transmission system of the electrical infrastructure [23,26,29]. An
important result for transmission systems using a first approach of a
dynamic market mechanism is presented in [29]. In this work, the
objective is to reach the market equilibrium solving a centralized opti-
mization including the generation companies, consumer companies, and
the independent system operator to achieve an optimal economic
dispatch. TE control systems provide a scalable privacy-preserving
framework to ensure distributed optimal coordination of DERs. A
recent review of TE systems for microgrids is presented in [30], where
the main concepts, architectures, distributed technologies are revised in
general terms.

The main contribution of this work is a distributed dynamic trans-
active control algorithm to control DERs in a distribution system. We
propose a two-stage optimization scheme (see Fig. 1), where in the first
stage the distribution system operator (DSO) solves a static optimization
problem to obtain the optimal energy price for a market period dealing
with the issue of having a coordination mechanism between devices by
means of a bidirectional connected graph. The DSO obtains the MCP by
means of a feedback mechanism including the generated power and
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Fig. 1. Transactive Energy System in Distribution Networks.
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forecasts about the load. At the second stage, a dynamic distributed
optimization is proposed based on a population games approach for
solving a social welfare optimization problem between DERs using the
market clearing price information. The equilibrium of the social welfare
problem characterizes the outcomes of the interaction of agents with
conflicting objectives. However, sometimes a hierarchy conflict between
the utility of each individual and the system-level objective can arise. In
particular, we implement a distributed replicator dynamics algorithm.
The social welfare optimization problem considers generators as agents
able to sell energy to the distribution system, while several intelligent
responsive loads are connected in different points of the network. The
proposed population game approach dynamically obtains the socially
optimal equilibrium while resolving the hierarchical conflict between
the utility of each individual and the system-level objective. The two
level dynamic transactive control involves an iterative closed-loop sys-
tem solving a bi-level optimization problem. This bi-level optimization
problem resolve the conflict between the utility of each individual and
the system level objective. A well-known result in microeconomics states
that the competitive equilibrium maximizes the social welfare [31]. In
the proposed approach, agents are non-cooperative, and are individually
incentive-driven preserving stability while guaranteeing some opti-
mality conditions on real-time operation.

The rest of the paper is organized as follows. In Section 2, a two-stage
optimization problem is proposed to describe the distribution system
including DERs and network constraints. Section 3 describes the main
conceptual framework for the distributed transactive control algorithm
based on the distributed replicator dynamics. In Section 4, simulations
results are presented to illustrate the effectiveness of the proposed al-
gorithm. Finally, in Section V some conclusions and future work are
drawn.

1.1. Preliminaries and Notation

The graph is denoted as G = (V,£). Agents are represented as a set of
nodes V = {1,2, ..., V}. Any agent in the graph is denoted as i and j.
Besides, the communication network to interchange information be-
tween agents are represented as links in the graph [32]. Furthermore, £
is the set of communication links between agents, i.e., (i,j) € £ if there is
alink betweeni € Vandj € V. The neighborhood of i-th agent is denoted
as \V;, and is defined as the set of nodes that have communication links
to the i-th node. The graph G is connected if there is at least one path
between two different nodes.

2. Transactive energy system in distribution networks

In this section, we present a transactive energy system for the
distributed coordination of DERs. The TE system is defined as a system
integrating agents, DERs (generators and smart loads) and the DSO,
using control strategies to exchange energy while keeping the power
balance (generation = demand) dynamically based on a value signal. We
are assuming that the DSO has information exchange with all DERs. This
can be performed through a cloud service mechanism, where the DSO
upload the market clearing price (MCP) and only the DERs with granted
access can download this information during a market cycle. The MCP
works as a control signal from the upper level optimization to the lower
level. The DSO obtains the MCP by means of a feedback mechanism
including the generated power and forecasts about the load. In the
second stage, DERs solve dynamically and collectively the welfare
problem using the market clearing price information. The information
structure between DERs is a bidirectional connected graph. A general
scheme of the TE system is shown in Fig. 1. The proposed approach
includes a DSO coordinator in feedback with dynamic population games
solving dynamically an optimal social welfare problem. This dynamic
transactive control involves an iterative closed-loop system solving a bi-
level optimization problem. This bi-level optimization problem resolve
the conflict between the utility of each individual and the system level
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objective. A well-known result in microeconomics states that the
competitive equilibrium maximizes the social welfare [31].

For illustration purposes, we use an IEEE 30-bus test feeder system
shown in Fig. 2 and its corresponding communication graph between
loads and generators. In the next subsections, it is presented the models
for the different type of agents in the TE systems.

2.1. Smart load model

In a distribution system, we consider consumers as smart loads with
two profiles of energy consumption: Adjustable loads and base loads. In
this work, we consider the base load as a load that each consumer can
define depending on its necessities and it is the minimum load that each
user need to consume, and it is predefined by the consumer. Agents of
adjustable load are able to make decisions about the power consump-
tion. If the base load is small, the adjustable load increases its request to
the power network, while if the base load is high the adjustable load
decreases its request to the power system. The adjustable load seeks the
optimum point of consumption depending on the state of the power
system.

Let m be an adjustable load suchasm € M = {1,2,...,M}. The utility
function for an adjustable load can be defined as a quadratic convex
equation [23] as

Un(pa,) = @, (D)0, + B, (A)pa, + 7 ey
where a? € RM, g4 ¢ R and y? € RM are utility coefficients for adjust-

able loads. Moreover, pg € R is the vector of power consumed by
adjustable loads, ps = [p4, .Pd,, ---,Pa,)- Finally, 1 is the market clearing
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price obtained by the DSO. The adjustable loads have a consumption
limit expressed as

P, <pa, <Py, (2)

where P; and P,, denotes the minimum and maximum power that an
adjustable load m can consume including the base load. This means that
the minimum adjustable load is the base load needed for the consumer.

2.2. Generators model

The others agents that we are considering in this system are gener-
ators. Generators are modeled considering two possibilities that are
present in DERs. We are considering traditional distributed dispatchable
generator and distributed generators based on storage systems. Let n be
any traditional generator in the distribution system, besides let A" be a
vector in RN that contains all traditional generators, where N is the
number of traditional generators in the network i.e., ne N = {1,2,...,
N}. The cost function for traditional distributed generators is defined as
follows

G (Pgn) =a (/1>p§,, +5; (/1>pg” +7 ®3)

where pg, is the amount of power generated by each generator n, and
a8 € RV, g8 ¢ RN and & € RN are cost coefficients, and 1 is the MCP. The
distributed generators have a generation limit that is denoted as

P, <pe, <P, 4

—&n

Communication Link

Fig. 2. General scheme of a distribution system with DERs adopted from an IEEE 30-bus.
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where P, and Pg, denotes the minimum and maximum power that
traditional generator n can generate, respectively.

2.3. Distributed generators based on battery energy storage systems
(BESS)

On the other hand, we consider distributed generators based on
storage systems. Let s be any storage system in the distribution system,
besides let S be a vector in R® that contains all storage systems, where S
is the number of storage systems in the network i.e.,s € S = {1,2,...,S}.
Cost functions for distributed generation based on storage systems have
been widely studied [33]. Some cost functions are based on hourly
storage cost [34] or charging and discharging cost [35]. In this work, we
use the cost function proposed in [36,37]. This cost function is used to
penalize the fast power charges/discharges of the storage system.

C (pb\> =a (l)pﬁ\ +77, )

where p; is the amount of power generated by each battery storage
system s, and a® € RS and y® € RS are cost coefficients, and 4 is the MCP.
Considering the limits of the power storage in a storage system, the
following constraint is imposed

Py <pi, <Py, (6)

where P, and P, denotes the minimum and maximum power that a
storage system s can inject or remove from the power system,
respectively.

In the modeling of the DERs, we have included the most general case
of coefficients depending on the MCP. The utility and cost functions
should include the price of the energy to capture the variations of the
market. In this way, several possible method to obtain these coefficients
can be used. Available data from the response of the DERs under several
market variations might be employed in machine learning methods to
obtain or adjust these coefficients. In order to illustrate a particular se-
lection of these coefficient an example is presented.

Example 1. Consider for the cost functions in the generator model (3),
a traditional economic criteria is to choose coefficients as

@A) =a, pi(2) =54
then the cost function for each generator n is as follows

G, (Pgn) = aﬁp; + Bﬁpgu +75 =P,

which reflects the concept of the utility of the generator (—C,) as the
difference between the profit of generation and the cost of production.
Similarly, for the utility function of the smart loads we can choose co-
efficients as follows

— —d
@,() =@, B,(2) =F,—4
then the utility function for each smart load m is as follows
— —d
Un (pdm) = afipﬁ,,, +ﬂmpdm + J/rdn — P4,

where it is clear that the utility of the consumers would be the difference
between the utility of energy consumption and the cost of the energy.

2.4. Network losses model

Network losses in a distribution system are factors that can be
determinant to reach the optimum social welfare. Network losses could
be reduced making an optimal power flow, e.g., sometimes could be
better generate with a generator more expensive if the load is near to the
generator. Furthermore, losses varying through time depending on the
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load used by the consumers. It is not possible to solve the system in all
possible cases of demand and power generation needed to solve the
problem analytically [38]. However, there is a range of operation that
meets all operational requirements and it is where our social welfare
optimization constraints are stated. Then, we consider the network
losses as constant in the range of operation and estimated by the Kron’s
formula as follows

N N N

P = Z Zpngkng, + ZBkOng + Boo, )
=1 =1

k=1

where By;,Bi0, and By are the loss factors, N; is the number of generator
considered in the estimation algorithm. In order to calculate an esti-
mation of the network losses the algorithm in [39] is used. This algo-
rithm estimates loss factors to give a robust estimation of the losses. The
coefficients are considering different demand patterns using heuristic
optimization algorithms. Then a robust set of coefficients for all the
possible active power injections (Ij'g" <Pg, Sl_’gn) are obtained. As a result
of this estimation algorithm, it is obtained a constant power Pj; to be
included in the algorithm as part of the load to be dispatched.

2.5. Social welfare optimization problem

The social welfare problem in a power system scenario considers to
maximize the benefits of the consumers and to minimize the cost of the
generators, it is based on costs (3) and utilities functions obtained from
(1), the social welfare function is defined as

Sw(prpas2) = Ulpa, A) — Clps, 2), ©)

where the generation’s cost function is the sum of (3) and (5) as follows

N
c( /1> = EN:C,, (pg",/1> +>C <p,,\_,/1>.
n=1 s=1

where p, = [p, pp] is a stacked vector where it is aggregated the power
vector from traditional generators and distributed generators based on
BESS technology. The utility function for the demand is the sum of in-
dividual utility functions as

M
U <pd, A) => U, (pdﬂ, , A) :
m=1

The main goal is to maximize (8) as it is presented in the following
optimization problem

Problem 1.

maximizeSy (p,, Pa, /1) (9a)
Prpa

N S M
> Pt Y o= Y pa, =Py (9b)
n=1 s=1 m=1

Py >po, 2P, VneN ©0
Py 2pp2P,Vs€S °d)
Py, 2pa, 2P, Y me M, %6)

where p, = [p, pb]T, and losses are represented by a constant power
demand P, which represents the topology of the network as it is
explained in Section 2.4, and 1" is the solution of Problem 2. The social
welfare optimization problem (9a) can be related to a resource alloca-
tion problem, where the main objective is to allocate the requested re-
sources by the system in an optimal way. The optimization problem (9a)
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is convex, the local objective function and the local constraint set are
only known to the agent. Then, problem (9a) is strongly concave, and
the local constraints are closed convex sets. In this work, we are not
considering the transmission power flow limits or the voltage regulation
in each node. We assume, as it is well-justified fro transmission networks
[40], that the bus voltages magnitudes |V;| = |Vj| = 1 pu for i,j € \; for
all i. In addition, we assume that the bus voltage phase angles are not
affected by reactive power flows. Other interesting possibility is to
design a local controller on each DG to maintain the voltage within
stable limits. The inclusion of these variables into the transactive energy
scheme as dynamic constraints will lead to a more realistic and complete
model. These further analysis are left for future work.

2.6. Distribution system operator problem

The main objective of the DSO is to determine the market clearing
price (MCP) between energy producer and smart consumers. The DSO is
solving a static optimization problem that maximize the welfare of the
population over a market cycle (between 15 min (real-time) to hours,
depending on the particular market and available technologies). We are
considering a uniform optimal price 4 for all DERs in the distribution
system. The DSO is responsible for obtaining this optimal price antici-
pating the solution of the optimization problem and broadcast it to all
DERs in the distribution system. We assume that the DSO is able to es-
timate or to forecast a base load based on previous data for a market
period, which is assumed fixed during this period of time Py. It is
observed that the coordination scheme casts as a Stackelberg game, as it
has been noticed in [15] for demand response programs. In the objective
function (10a), it is assumed that the generators will have chosen the
optimal generation profile for a particular price A considering the pre-
dicted load. This is modeled as constraint (10b), where is obtained P,(1)
as the optimal generator profile for a given price 1. The optimal market
clearing price is then obtained by solving the following optimization
problem

Problem 2.

maximizeSy (FH P, /1) (10a)

7.i) - w5 7))

It is noticed that the DSO has as constraint another optimization
problem, which based on the utility functions of agents might have a
closed form. However, the proposed general method allows to consider
several scenarios, where data-driven prediction techniques and
advanced dynamic optimization methods could be used. In the next
example, it is presented a simple case to illustrate Problem 2.

(10b)

Example 2. Consider the utility and cost functions in Example 1 with
the additional simplification such as that the constant terms are zero, i.e,
7§ = y@ = 0, and there are no p,. After some arithmetic, the social
welfare function (8) is obtained as

Sw(pr,pa,4) = U(pa,4) — C(p:, 4)
=D @y, — Ay pa, — D &P, + Ay p,
assuming Py constant and differentiating Sy with respect to each p,, we

obtain for each r

- = - 2—g T /17
dp,, b

then we obtain the argminSy in closed form
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A
P = og¢-
We can now replace py, (1) in the welfare function Sy and optimize with
respect to A. As a result for this particular case, we obtain the optimal

price 2" = %. Several computational tools are available to solve

the optimization Problem 2, such as alternating method of multipliers
[41], or nonlinear programming [7]. In Fig. 3, it is shown the infor-
mation exchange between the DSO and DERs, where the MCP, 1°, is
obtained in Stage 1 and broadcasted to all DERs or that all DERs have
access to this information. Then, in Stage 2 DERs use the MCP and solve
dynamically Problem 1 considering the communication constraints be-
tween DERs. This process is repeated every market cycle when the total
demand or the generation capacity could have changed. The main
concern of this work is on the dynamic solution of Problem 1. In the next
section, it is presented the main contribution of this work. A distributed
transactive control algorithm to solve collectively the welfare optimi-
zation problem between DERs using the MCP previously solved by the
DSO.

3. Distributed transactive control algorithm

In this section, it is presented the main contribution of this paper. We
developed a distributed control algorithm considering distributed power
integration and flexible power demand using transactive control based
on population games. The transactive Control is responsible for the
determination of how much energy each user will consume and how
much power each generator have to generate in order to satisfy the
demand while operating the system in the most economical way. This
process is carried out dynamically, which means that supply and de-
mand are continuously changing and they needs to be balanced to avoid
any unstable equilibrium.

In this work, we use a distributed replicator dynamics equation to
solve the social welfare problem dynamically associated to a transactive
control problem between DERs using the optimal price broadcasted by

Stage 1 DsO

DG

n

DG,

Stage 2 O DSO

n

Fig. 3. Distribution system operator information exchange.
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the distribution system. This model is a dynamic resource allocation
problem among K DERs (generators and smart loads) given a finite
amount of power, where K = N + S + M. The constraints in Problem 1
could be represented in the form H' p = P;;, where the decision variables
are stacked in a vector as p' = [p,,pd]T = [p1,D2, ...,pK]T, and H is a
vector indicating the sign depending if the entry is a generator (+) or a
smart load (—).The feasible set, the simplex, is defined as the set of
possible trajectories of the system restricted by Problem 1 constraints as

A:{pGRK:HTp:PIS}.

Some assumptions have to be considered to assure optimality conditions
and the existence of solutions of Problem 1.

Assumption 1. It is assumed that the variables start inside the feasible
set A, i.e., p(0) € A.

Assumption 2. The communication graph connecting each agent of
the system, generators and smart loads, in the distribution system is
connected.

Assumption 3. Every social welfare function Sw;(p;) is assumed to be
differentiable everywhere and with Lipschitz continuous derivative.

Lemma 1. There exists p° = (p;) for all i with p* € A, which achieves
the minimum in Problem 1.

Proof. Sketch of the Proof: Given that the optimization problem is
strongly concave by Kunh-Tucker first order conditions [7], it is possible
to establish that the problem only has one maximum point inside the
feasible set.

In the next subsection, it is introduced the basic concepts of popu-
lation games, which are the cornerstone of the proposed algorithm.

3.1. Population games basics

Considering that the payoff functions of each DERs depends on the
decision variables of other DERs, hence the solution of the TE system is
an equilibrium. The solution concept of finding this equilibrium can be
complicated because the sequential scheme of the decision making when
a large set of agents is considered. Population games emerge as a
distributed solution to find the Nash equilibrium when we are dealing
with a large set of agents (population). One of the most well know
population games is the replicator dynamics. Replicator dynamics has
been used in several engineering application considering some benefits
in implementation such as real-time adaptation and robustness to dy-
namic environmental uncertainties [4]. Replicator dynamics describe
how a mass of players evolve in time while they choose a strategy. Those
agents follow a strategy selected from among a finite set of pure stra-
tegies V = {1,2,...,K}. Due to the size of the population, the analysis
focuses through a payoff function associated with the chosen strategy.
The dynamic population model describes how a pure population strat-
egy changes through time. The replicator dynamics consider a N+S
finite number of generators and M limited number of consumers in the
system, who adopt the i-th strategy from a finite set of pure strategies V.
Agents choosing the i-th strategy to play get a reward depending on the
population state. This reward is represented by a fitness function
F;: A » R. Therefore, F;(p) defines the reward associated with the
strategy i € V for a particular population state p. The replicator dy-
namics equation has been proposed to describe evolutionary games
capturing the evolutionary process where the size of the population of
agents playing the most successful strategy (higher payoff than the
average) tends to increase. This is represented by a simple first-order
differential equation, where the population of agents playing the i-th
strategy with fitness function F; compare its success with the population
of agents playing the other strategies through the average fitness func-
tion F = prij. This function is given by the weighted average of the
fitness of the K types in the population. Considering that we normalize
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the equation with the term %, each p; is equivalent to the proportion of

power in strategy i, and the function F can be interpreted as the expected
average payoff of the population. The traditional replicator dynamics
equations for each population of agents playing the i-th strategy is as
follows

1 _
b= (P_>,,,. (F,._F>, forall / € V. an
Is

The replicator dynamics Eq. (11) has been originally developed for well-
mixed populations, where all agents have access to the fitness functions
of all the others through the average fitness function. Since we are
interested in a distributed mechanism to solve the welfare optimization
problem, we have to use a constrained interaction environment.
Recently, the strategy-constrained interactions has been modeled using
an graph G (see Section L.A for details of the graphs concepts) to
represent which nodes are sharing information. The distributed repli-
cator dynamics (DRD) equations based only on information from its
neighbors N; to evolve can be represented as

1
pi= <[T>p[ <Fi (Pi) E Pj — ZP/FJ (Pj) >7 12)
Is JEN JeN;

where F; is the fitness function associated with each strategy, and N; is
the neighborhood of agent i sharing information through a communi-
cation network. In [4], we can find the simplex invariance for the
distributed replicator dynamics, which means that if p(0) € A, the dy-
namic variable p;(t) evolves inside A. This is an important characteristic
of (12), since it makes a correspondence with Lemma 1 in assuring that
pi(ty) will be in A guaranteeing the existence of a solution, where t is the
final execution time of the distributed replicator dynamics.

The fundamental concept in the design of the population games is the
appropriate selection of the fitness function such that the distributed
replicator dynamic Eq. (12) can be used as a constrained distributed
optimization algorithm. In order to obtain fitness functions to accom-
plish a stable and convergence solution, we use the following Lemma 2,
which characterizes an optimal solution to Problem 1 satisfying
Assumption 3 [42].

Lemma 2. A solution of Problem 1, p” belonging to the feasible set A, is
an optimal solution if and only if VSwi(p;) = VSw;(p;) for all i,j.

Notice that V stands for the Jacobian of a function. As it has been
mentioned, the solution concept of the TE system is an equilibrium, and
the Nash equilibrium is the preferred solution concept in population
games. Consider the following definition of the Nash Equilibrium for
population games. Let F be a population games, the Nash equilibrium set
is defined as follows

NE(F)={p €A: p; >0=>F,(p")2F(p"),Vij}.

All agents (players) obtain the same profit in a Nash equilibrium. In
order to associate the Problem 1 with population games, we focus on a
particular type of population games: Potential games. Potential games
are defined as follows.

Definition 1. LetF:RY — RXrepresenta fitness vector with positive
population game outcomes (payoffs) defined in the non-negative
orthant. Let V: R® R be a continuously differentiable function that
meets the condition VV(p) = F(p), Vp € RX, then F is a full potential
game.

One of the main attribute of potential games is the existence of a
single scalar-valued function, called potential function, which captures
all relevant information about payoffs of the agents. Assuming there
exists a continuously differentiable potential function V: RX — R, then
a potential game satisfies the following relationship for the fitness
function for each agent
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%

ﬁ =F (p) forall i. 13)
op;

Eq. (13) implies that the population game must satisfy the external
symmetry defined as

OF; _OF;
apj opi

for all i,j. 14)

In potential games, there is a property that relate the Nash equilibrium
to local maximizers of potential functions [43], it is stated in the
following proposition.

Proposition 1. A potential game with potential function V satisfies
that Nash equilibrium of the potential game is equal to the solution of
the Kuhn-Tucker conditions of the optimization problem maximize V(p)
subject to a feasible set A.

On the other hand, we are interested in the stability of the game. An
important result in population games about stability states that a pop-
ulation game satisfying (13) is a stable game if the potential function V'is
concave [43].

Having introduced the main concepts of potential population games,
it is possible to present a definition for the fitness function relating the
population game as a potential game guaranteeing optimality and sta-
bility conditions. We introduce the Lagrangian function associated with
optimization Problem 1 as

L(p,p) = Sw(p) —u" (H'p — Py), @s)

where u are the Lagrange multipliers, Sy is the social welfare function,
and Hp —Pj are the constraints in the system. Therefore, the fitness
functions can be defined as

Fi(pi)) = VL = V,Sw —Hy, (16)

which introduces an extended system including the Lagrange multipliers
dynamics with fitness function defined as

Fk(/"k) = V;UC = - (HTp 7PI:)7 (17)

Accordingly, to achieve an appropriate performance in steady state, the
demanded power load should be the sum of all power set points.
Finally the dynamic equation for Lagrange multipliers u is

e = My (Fk (ﬂk) Zﬂj - ZM/FJ (ﬂj)) 18
JEN: JEN

where k = {1,...,K+1} with K+1 as the number of constraints. In the
next subsection it is presented the optimality and stability analysis of the
extended dynamical system including p;(t) and y (t). In order to relate
the optimality condition in Lemma 2 with the distributed replicator
dynamics (12), we have observed that the optimal solution (p*, u),
which can be found by the Kuhn-Tucker first-order conditions for
maximization establishes that p” is a unique solution to (9a) if (p",u") is a
saddle point of L(p,u) as is shown in the next subsection.

3.2. Optimality analysis

In this subsection, we prove that our proposed game reaches an
equilibrium point, and this equilibrium point is an optimum in the
power system. First, consider the extended population game defined by
distributed replicator dynamics (12) and Lagrange multiplier dynamics
(18) with fitness functions (16) and (17), respectively. It is necessary to
show that the extended population game is a potential game to guar-
antee optimality through Lemma 2 and Proposition 1. Then, to show the
game is stable, we have to verify that the potential function V is concave
and twice continuously differentiable.

Since we have defined fitness functions as (16) and (17), by
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definition it is clear that a potential function for the population game
(12) is

V(p,u) = L(p,u) = Sw(p) —u' (Hp — Py),

considering the form of the social welfare function Sy defined in (8), it
can be shown that the game satisfies the externality symmetry (14).
When the optimality condition in Lemma 2 is reached then F;(p;) = Fj(p;)
for all i,j and it is noticed that in the distributed replicator dynamics (12)
we have the term

(o) 3000}

and considering that F;(p;) = F;(p;) at an equilibrium point then

= (F,- (p:-)j;ﬂ - g;p’ & <pi> >
(b))

which implies that (12) reaches an equilibrium point. The equilibrium
point is the unique equilibrium point in the system. Hence, it is the
optimal point.

3.3. Stability analysis

For the stability analysis, we need to verify that the potential func-
tion V(p, u) is concave to assure the stability of the algorithm. To prove
that the function is concave, we need to check that the Hessian matrix of
V(p, ) is semidefinite negative, i.e, V2V(p, 4)<0. The Jacobian is ob-
tained as

_ V,)V o VSW *ﬂTH
VV(p,u) B [va} a {_(Hﬂ‘i‘P/s) '

Hence, the Hessian is obtained as

VoVl v
2 _ P _ w
wr(es) =[] =[]
The problem to check the semi-definiteness of the Hessian of V reduces

to check the Hessian of V2Sy,. Recall that Sy is as in (8), and deriving
twice it is obtained the Hessian as

N S

M
2 _ d _ g _ b
VSy = E a, E as E .-
m=1 n=

1 s=1

As a result to guarantee that V2S,,<0, we obtain a relationship between
the coefficients of cost functions of the generators and utility functions
of the smart loads as follows

S

i(lfKZaﬁ—&- S a 19)

m=1 n=1 s=1

If condition (19) is satisfied then the algorithm based on the DRD is
stable. In this section, it has been analyzed the main features of the
proposed algorithm in terms of optimality and stability. In the next
section, several case studies are presented to illustrate the effectiveness
of the distributed replicator dynamics to solve the social welfare
problem.

4. Simulation results

In this section, a distribution system with DERs is simulated in



E. Baron-Prada and E. Mojica-Nava

Matlab to study the behavior of the proposed approach. The system is a
modified IEEE 30-bus system as it can be seen in Fig. 2. There are eight
distributed generators with limited power generation and a communi-
cation network between generators and consumers in this system.
Generator 8 is chosen as a renewable generator with a storage capacity
node, while the other generators are traditional generators. There are
five consumers able to apply changes in their loads depending on the
system state, all of them have a predetermined base load. Consumers
aim to optimize the load to obtain the best benefit. Consumers and
generators can communicate with some generators and consumers in
their neighborhood through a communication network. Two simulation
case studies are performed to validate the transactive model. First, it is
considered the case where the BESS is giving power to the network. At
this time, the BESS is considered as a generator. In the second case, the
BESS is considered a load, and the dynamic transactive control is used
under these conditions. The data for case studies is presented in Table 1.
Finally, our method is compared with a traditional economic dispatch
algorithm, where the algorithm is usually executed discretely. It means
that instead of having a dynamic economic dispatch, the algorithm is
executed every certain time frame.

4.1. Case Study I: transactive control with BESS as a generator

In this case, a BESS is acting as a generator in the system. The dis-
tribution system is composed of eight generators and four smart loads.
The proposed transactive control system allows the seven generators and
the BESS to generate power to meet the requirements of demand
imposed by the loads. These loads are assumed as responsive loads.

In both case study, the power load in the system is varying as it is
shown in Fig. 4. The power required to the network begins in 20 kW and
in 500 iterations a ramp is started until it reaches 1000 iterations. At this
point, the power required for the system is exactly 25 kW. The power
required must be optimally supplied for the generators. Furthermore,
smart loads will be sensitive to this change in the system and change
consumption. Fig. 5 shows how the BESS gives power to the system 1588
W before the iteration 500. Notice that the BESS as a generator is the
smallest contributor to the power system due to its highest cost reflected
in its cost function. It is possible to see that generator five, which has the
lowest cost, is the generator that delivers more power to the power
system. In 500 iterations, it is observed a clear tendency of rising the
power delivered to the power system until iteration 1500. The BESS
agent rises its power delivered to 2393 W in this period of time, which is
a rise considerably lower than the aforementioned generator five, which
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Fig. 5. Power delivered by the generators in the case study 1. BESS generator is
identified as P§.

Table 1 02 ' ' FFtness Generator‘s ' '
System Parameters Simulation —
Generators 0.1 —_— % |
ng( P, Pe, Pg, — f;’
0 e f,(’;: 1
1 10 [kW] 0 0.04 8 —
2 8 [kW] 0 0.02 7 o4 |
3 9 [kw] 0 0.03 6 ’
4 10 [kW] 0 0.035 5
5 9 [kw] 0 0.03 4 02 |
6 8 [kw] 0 0.035 3
7 8 [kW] 0 0.04 2 -0.3 5
Consumers
Py, Py, Pa, P, 04 1
1 6 [kW] 0 0.06 8 -05 q
2 5.5 [kW] 0 0.05 7
3 5.5 [kW] 0 0.04 6 06l i
4 6 [kwW] 0 0.03 5
5 7 [kW] 0 0.04 4 07 | | | | | 1 L L
Battery Energy System Storage 0 200 400 600 800 Ite: :tt?gns 1200 1400 1600 1800 2000
Py, Py, Do, Pb,
Fig. 6. Fitness function of the generators in the case study 1. BESS generator is
1 3.5 [kW] 1 [kwW] 0.09

identified as P§.
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rises from 4925 W to 7436 W in the same time frame. In addition, it is
shown that all fitness functions converge to the same value (see Fig. 6)

Fig. 7 shows the consumer behavior in the power system. The con-
sumers present an inverse behavior as the generators. As the fixed power
load increases, the smart loads ask for lower power. It also shows how
they converge to the same utility value, as it was predictable in the
stability analysis section.

It is possible to observe that the more power is delivered/consumed,
the more utility is perceived by the agents. Therefore, it is a natural
shape of the fitness functions, which are shown in Fig. 8 and Fig. 6.

4.2. Case Study II: transactive control with BESS as a smart consumer

In this case study, a BESS is acting as a consumer in the system, i.e., it
is storing energy. The distribution system is composed of seven gener-
ators and five smart loads. In this case, the proposed transactive control
system allows the seven generators to generate power to meet the re-
quirements of demand imposed by loads and the BESS. The test is the
same implemented in case study I, which is shown in Fig. 4.

Fig. 9 shows a similar pattern observed in case study I. However, it is
possible to distinguish that the generators are more stressed because
they have to produce more power given that the BESS agent is acting as a
consumer. As mentioned before, it is possible to observe that the gen-
erators fitness functions in Fig. 10 are bigger than in case I. This is also a
direct consequence of generating more power. Fig. 11 shows the con-
sumer behavior in the power system. Consumers present an inverse
behavior as the generators. It also shows how they converge to the same
utility value, as it was predictable in the stability section analysis (see
Fig. 12).

It is shown how the BESS is the third consumer implying that for this
BESS, the system maximizes its utilities consuming power at this time.
Furthermore, we can see that in both cases, when the BESS system is
acting as a generator or as a consumer, the fitness equilibrium point is
lower than if the BESS system is disconnected.

4.3. Comparison with traditional economic dispatch

In this section a comparison between our proposed scheme and a
traditional economic dispatch scheme is presented. The classical eco-
nomic dispatch scheme aims to solve the generators dispatch problem
each certain time frame. In our case, this time frame is defined as 400
iterations considering the load variations as external fixed input.

In Fig. 13 is shown that we overlap the traditional economic dispatch
method and our proposed algorithm. Remarkably, our method tracks the
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Fig. 7. Power Consumed by the smart loads in the case study 1.
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optimal points at each iteration, tracking the system optimal allocation
point. However, the traditional technique is only optimal in the points
where it is executed. This results in a clear advantage for the proposed
strategy in terms of costs and smoothness of the responses through
highly variable loads.

5. Conclusion and future work

A distributed replicator dynamics protocol has been proposed to
solve a social welfare optimization problem between distributed gen-
erators and smart loads in a transactive control framework. The pro-
posed algorithm considers utility functions of generator and consumers
in order to reach the optimum social welfare dynamically while main-
tain some system constraints. Distributed transactive controllers are
capable of handling problems with distributed information on distri-
bution systems. As a future work, this algorithm could include a
dynamical calculation of losses in the system and an algorithm running
in parallel to estimate the energy valuation of each consumer agent.
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