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Abstract—Distributed energy resources have become a key
element towards a smarter grid. However, several significant
challenges for real-time implementation have emerged, in par-
ticular control design and its integration with distribution
systems. In this work, a fully distributed dynamic transactive
control to coordinate distributed energy resources in a distri-
bution system considering physical network constraints based
on saddle-point dynamics with a predictive-sensitivity condi-
tioning term is proposed. An alternative interconnection of
dynamical systems in different timescale preserving stability
and optimality is introduced. A stability result for saddle-point
dynamics with predictive-sensitivity conditioning is presented.
Finally, simulation results for a distribution network with dis-
tributed energy resources adopted from an IEEE 37-bus test
feeder are implemented to validate numerically the proposed
approach.

Index Terms—Transactive control, network constraints, dis-
tributed optimization.

I. INTRODUCTION

ISTRIBUTED energy resources (DERs) have become a

key element towards a smarter grid. However, several
significant challenges for real-time implementation of con-
trol algorithms and its integration with distribution networks
have emerged. Traditional market-based techniques send pric-
ing signals to the end-user to manage the demand response,
such as real-time pricing [1] or time of use [2] approaches.
On the other hand, a new market-based control technique,
the so-called transactive energy systems (TES) [3], [4], [5],
to integrate DERs through a market interaction while pro-
viding a scalable privacy-preserving framework has been
gaining a great deal of attention for the coordination of
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numerous devices using value information under physical con-
straints [6], [7]. In [7], it is presented an important review of
the design and analysis based on this framework. Recently
in [8], a review of TES for microgrids is presented, and in [9]
the TES framework is used for the optimal energy management
of a multi-microgrid system. Traditional optimization meth-
ods have been proposed to model and solve the TES control
problem [4], [5], [10], [11], [12], mostly at the transmission
system level [4], [10], [13]. However, centralized solution in
systems with many devices often presents computational and
communication issues.

In the context of non-centralized solutions in TES, peer-
to-peer (P2P) energy trading concept is gaining attention as
a promising alternative [14], [15]. P2P energy trading can be
implemented in a centralized market with a central network
manager or decentralized based on agent’s interactions. P2P-
based methods allow DERs to trade energy in local energy
markets with their neighbors. However, in general a full con-
nected communication network is needed and the physical
network constraints and network losses are not considered.
Several P2P approaches have been discussed, from auction-
based energy sharing models for distribution systems to the
recent dynamic energy pricing dynamics strategies based on
game-theoretic two-stage models. In a two-stage approach,
DERs determine the amount of energy to share/consume in the
first stage and the energy price is found in the second stage.
A social welfare maximization is solved to set the market
clearing price (MCP) [16]. Recently in [15], a P2P transactive
market considering physical network constraints is proposed
based on a distributed alternate direction method of multipliers
with a central network manager. Network constraints such as
power flow and bus voltage [17], [18] has not been tradition-
ally included in energy trading in distribution networks. In the
few works where the network constraints are considered, a
centralized mechanism has been used.

In response to the centralized and hierarchical limita-
tions, there has been an increasing interest in applying dis-
tributed optimization strategies based on the consensus on
their estimates using local information in discrete-time. In
spite of the recent success of such algorithms, several limi-
tations arise in real-time operation: sensitivity to environmen-
tal variations, reliance on synchronized information between
agents, or a two-time scale allocation problem [19]. In con-
trast, in continuous-time optimization, saddle-point dynamics
have become an important strategy in the design of dis-
tributed optimal feedback controllers [20]. Since the seminal
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works [21] [22], the use of saddle-point dynamics, also known
as primal-dual dynamics, to obtain the saddle-points of the
Lagrangian in constrained optimization has been a fundamen-
tal algorithm. Nevertheless, the renovated emerging attention
on saddle-point dynamics is mainly motivated for network
optimization problems where the objective function is an
aggregation of local functions with local constraints, then
the saddle-point dynamics for such problems is essentially
compliant to distributed implementation [23], [24].

On the other, it has been shown that the TES framework
can be modeled as a bi-level optimization problem, where
the upper level is the determination stage where the produc-
tion and demand level of energy of each transactive agent is
obtained. The lower level is the pricing mechanism, usually
solved by a network manager or a distribution system operator.
An equilibrium problem of bi-level optimization resulting in
equilibrium problems with equality constraints (EPEC) are in
general intractable or difficult to solve due to its nested nature.
To deal with EPEC computational issues in [25] is proposed a
single-level electricity market equilibrium model, where three
different single-level optimization problems are proposed (con-
sumer, producer, and market operator) and solved jointly using
concepts of complementarity [26] in a centralized fashion.
Considering the exposed limitations and challenges in the
implementation of DERSs in the distribution systems, the main
contribution of this work is presented in the next section.

A. Statement of Contributions

The main contribution of this work is a fully distributed
dynamic transactive control to coordinate DERs in a dis-
tribution system considering physical network constraints.
We propose a fully distributed continuous-time optimization
scheme, interconnecting two levels of decision based on
two different timescales into a dynamical system in a sin-
gle timescale. This alternative interconnection keeps a single
timescale and preserves stability and optimality. Contrary to
traditional two timescales separation algorithms, the proposed
dynamics overcome the limitation of the slow convergence
rate due to the nested nature and its computational issues.
In addition, the physical network constraints are included in
the distribution system model. Fully distributed computations
imply that there is no a central coordinator, and instead the
DERs are interacting through a not fully connected communi-
cation network in real-time, responding to the computational,
cyber-secure, and communication issues of centralized or
hierarchical solutions. Finally, two simulation cases for a dis-
tribution network with distributed energy resources adopted
from an IEEE 37-bus test feeder are implemented to validate
numerically the proposed approach.

The proposed distributed interconnected system and its fun-
damental features are summarized as follows. In the first
decision level, the faster-time scale network, a distributed
optimization algorithm in continuous-time is proposed based
on a saddle-point dynamics [20] for solving a power allo-
cation optimization problem between DERs using the pricing
information. In the second decision level, the slower timescale
network, agents solve also a welfare optimization problem by
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Fig. 1. Distributed transactive energy system.
means of a distributed pricing dynamics using a saddle-point
dynamics, considering as a constraint the optimal solution of
the faster-level and the physical network constraints to obtain
the optimal energy prices for a market period. The inclusion
of the physical network constraints such as the power flow
and the bus voltage in a fully distributed energy trading is
an advantage in real-time integration of DERs in distribution
networks. Hence, we have a two-level dynamic transactive
control involving a feedback loop system solving a bi-level
optimization problem in continuous-time. In order to inte-
grate the dynamical systems in two timescales in a single
timescale dynamical system, we use a predictive-sensitivity
conditioning term. The proposed predictive-sensitivity condi-
tioning dynamics can be interpreted as a feed-forward term
in the faster system anticipating the dynamics of the slower
dynamics using a sensitivity conditioning matrix [27]. A gen-
eral scheme of the proposed distributed transactive energy
system is presented in Fig. 1. Finally, the proposed dynamics
are supposed to consider optimization algorithms as feed-
back dynamical systems, which opens up new possibilities to
bestow complex real-world systems in a robust feedback-based
optimization.

The rest of the paper is organized as follows. In Section II,
a bi-level optimization problem is described to represent the
distribution system with DERs and network constraints in
a transactive energy framework; a DER power allocation
problem is presented with the definition of the utility func-
tions. Section III describes a fully distributed feedback-based
optimization transactive control with predictive-sensitivity
conditioning transactive control algorithm based on saddle-
point dynamics. In Section IV, stability and convergence
results are presented. In Section V, simulation results are
presented to illustrate the effectiveness of the proposed algo-
rithm. Finally, in Section V some conclusions and future work
are drawn.

B. Preliminaries and Notation

A communication graph is denoted as G = (V, £). DERs are
represented as a set of nodes V = {1,2, ..., V}. £ is the set of
links between agents, i.e., (i,)) € £ if there is a link between
i€V andje V. N, is the neighborhood of i-th agent. If there
is at least one path between two different nodes, the graph G
is connected. Lg is the Laplacian of the communication graph
between DERs.
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II. PROBLEM STATEMENT

In this section, a DER power allocation problem with the
utility functions for each type of DER (generator or consumer)
is presented. A bidirectional connected graph is assumed as
the information structure between DERs. The dynamic trans-
active control is a feedback loop system solving a bi-level
optimization problem, with two levels of decision based on
two different time-scales. In the first level, the faster-time scale
network, a power allocation optimization problem is stated
between DERs using the pricing information. In the slower
timescale network, agents solve also a welfare optimization
problem, considering as a constraint the optimal solution of
the faster-level and the physical network constraints to obtain
the optimal energy prices for a market period.

A. DER Power Allocation Problem

The DERs consist of a set of adjustable loads (or smart
consumer) and a set of distributed generators. First, we intro-
duce smart consumers. Let k be an adjustable load such as
k={1,2,..., K}, with payoff function defined as

U (e ) = ViePr) — M (1)

where Vj are the valuation function for each consumer repre-
senting the monetary value that this consumer assigns to the
consumption of energy, and Ay is the energy price for con-
sumer k [1]. The adjustable loads have a consumption limit
as p, < pr < pi. It should be noticed that the minimum
adjustable load is the base load needed for the consumer. Some
conditions should be imposed on the valuation function such
as it has to be twice differentiable, concave, non-decreasing,
and V(0) = 0. For instance, consider a quadratic valuation
function as Vi(px) = akp,% + Bipk, where oy and By are utility
coefficients belonging to R..

Similar to the adjustable loads, consider a set of distributed
generators G = {1, 2, ..., M}, each distributed generator has
a payoff function:

U (% pj) = dipj = Cipj) )
where p; is the amount of power produced by each genera-
tor j, A; is the energy price for the generator j, and C;(p;)
is the cost function for producing energy for each generator.
The cost function is traditionally chosen as a convex quadratic
function such as C; = oszf + Bjpj, where «;, B; are positive
cost coefficients. The distributed generators have a minimum
and maximum generation limit P, <pji =< ﬁj.

The power of each DER is stacked in the vector p =
[p1, ... ,pN]T, where the total number of agents is N = K+M,
and the set of interacting agents is i € D = {1,2, ..., N}.

The previous described agents are located in a power dis-
tribution network with a set of buses including the distributed
energy resources m € I = {0, 1,...,I}, i.e., generators and
consumers.

These buses are interconnected between them, inducing a
set of line segments S = {(m,)m e I, € I} C I x 1. It is
assumed the bus 0 as the reference bus with 1 p.u. voltage.
v 1s the voltage of bus m. Let define r,; and x,,; as the
resistance and reactance of the line (m, [), respectively, and
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Ppmi as the real power flow through this line. The neighbors of
bus m are denoted as N,,. Assuming some standard conditions
as in [15] and a constant reactive power, we can obtain a
linearized DisFlow model as follows,
p=W'P (3)

where p is the vector of production/consumption of real power.
= {p12 p13 - -pm ---} is the vector of power flows
pmi- The matrix W is the graph incidence matrix with entries
[W]y, = 1 if a line [ is leaving the bus m and [W];, = —1 if
a line / enters the bus m. The bus voltage vector is as follows

V=Rp+V 4)

with v. = vgl + Xq, where q is a fixed reactive power
vector, and R and X are resistance and reactance matrices,
respectively.

Considering (3) and (4), and stacked the network constraint
variables v and P as 6 = [v P]7, it is possible to obtain in
compact form h(p, 0) as

h(p. ) = [” —R70 _V)}.
p

Furthermore, the upper and lower limits of the active power
p; <pi <p;, Yi € D, voltage at each node y,, < v, <
Vm, ¥ m € I, and power flows P, < Pm = Dt ‘v’ m, ) el
can be arranged in a vector of mequahty constraints g(p, 6) < 0.

For a given fixed energy price A, the DERs power allocation
problem is formulated to maximize the benefits of DERs under

constraints as follows

M
r;laox U(x ZUk ks A ZU (P, )
j=1
s.t. h(p,0) = 0
gp,0) <0. (6)

B. Pricing Optimization Problem

The main objective of the pricing problem is to determine
the market clearing price (MCP) between energy producer and
smart consumers. Traditionally, the distribution system opera-
tor (DSO) solves a static optimization problem that maximize
the welfare of the population over a market cycle. It is noticed
that the coordination architecture is a Stackelberg game, which
instead of simultaneous play, it exhibits a hierarchical order
of play conforming a hierarchical decision-making structure,
which is a challenging bi-level optimization problem. In this
case, the leader is the DSO and the DERSs in the distribution
network are the followers.

In the objective function, it is assumed that the DERs have
already chosen the optimal generation/consumption profile for
a specific price A, p*(1). The optimal market clearing price A*
is then obtained by solving the following bi-level optimization
problem

max U(x,p*)

s.t. p* —argmax{U(k p):h(p,0)=0gp,0 <0}, (7)
p.0
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where h(p, ) = 0 are the compact matrix form of the physical
network constraints in Problem (6) defined in (5). As a result,
the DSO has as constraint another optimization problem based
on the payoff functions of DERs. It should be noticed that not
only the structure of the optimization problem is hierarchical
in order of play, but also the leader and the followers are in
different time-scales.

III. DISTRIBUTED FEEDBACK-BASED OPTIMIZATION
TRANSACTIVE CONTROL

We introduce a distributed transactive control algorithm con-
sidering distributed power integration, flexible power demand,
physical network constraints, and power losses allocation
using a feedback-based distributed optimization algorithm in
continuous-time. A general scheme of the bi-level distributed
transactive energy system is presented in Fig. 1. In order to
solve the problem without a leader agent, i.e., without DSO,
we propose a two-level distributed problem where DERs have
to obtain the MCP first (slower problem) and then adjust
the consumption/generation profiles (faster problem). As it
has been mentioned, there is a hierarchical decision-making
structure, where DERs exchange information through a com-
munication network. Some assumptions have to be considered
to assure optimality and existence of solutions of Problem (7).
First, the feasibility of the initial solution have to be assumed
to guarantee the stability of the dynamics.

Assumption 1: The decision variables start inside the feasi-
ble set.

The connectivity of the communication graph is needed to
guarantee the information exchange between all DERs.

Assumption 2: The communication graph between DERs is
connected.

Finally, it is needed the regularity of the welfare functions
for numerical stability of the proposed dynamics.

Assumption 3: Every payoff function UZ(Ak, pk) and
Uf(Aj, pj) is assumed to be differentiable everywhere and
with Lipschitz continuous partial derivatives, and the Hessian
Vlfp U(X, p) is globally invertible.

We propose a continuous-time distributed optimization
scheme with two levels of decision based on two differ-
ent timescales. For uniformity in stating the Karush-Kuhn-
Tucker (KKT) conditions, we use minimization instead of
maximization by changing the payoff function as,

where we use the stacked vector of prices for each DER
as A = [A1,..., n]T. In the slower timescale network,
agents solve also an optimization problem (7) considering as
a constraint the optimal solution of the faster level with physi-
cal network constraints, and communication network between
agents to guarantee the price consensus to obtain the optimal
energy price for a market period as a distributed pricing
optimization problem:

min J(x,p%)
s.t. p* =argmin{J(A,p) : h(p,0) =0,g(p,0) <0},
p
Lok =0, (8)
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where Lg is the Laplacian of the communication graph
between DERs. The corresponding Lagrangian function for
the upper-level optimization problem is,

Li(A,p*A), y) =J(A,p* V) + " LgA, )

where y is the vector of Lagrange multipliers associated to the
consensus constraint. The corresponding Lagrangian function
for a lower-level optimization problem is defined by,

Ly(A*.p. 0. pn) =J(\*.p) + " h(p.0) + 7" log(—g(p.9)).
(10)

where p is the vector of Lagrange multipliers. We adopt the

log barrier, as in several interior point methods, whereby using

the log function we impose a barrier that increases if the vari-
able is in a close neighborhood. The sharpness of the barrier
can be tuned by the T parameter that is tuned in order to have

a stronger or relaxed condition over the inequality constraints.

Local solution concepts and first and second order neces-
sary and sufficient conditions for bi-level optimization prob-
lems [28] are needed to establish the saddle-point dynamics
with predictive-sensitivity conditioning.

Definition 1: A point (A*, p*, p*, 0, u*) is said to be a
local solution to the bi-level optimization problem (8) if
(a) p* is a local minimum of Ly(A*, y*, p*, 0%, u*);

(b) there exists a neighborhood € RN of
(A%, p*,p*, 0%, u*) such that JOA*, p*,p*, 0% n*) <
JAA*, y*,p, 0%, n*) for all local solutions
(l*, }’*,P*, 0*’ IL*) eQ

Note that (A*, y*, p*, 0%, u*) is said to be a solution if € is

all the subspace is defined by the box constraints.

Lemma 1 (First-Order  Optimality ~ Conditions):  1If
(A%, p*, 0%) is a local solution of Problem (8) with Lagrange
multipliers p* and p*, then it is a stationary point satisfying
the first-order KKT conditions

VPLZ(X*v V*,P*a 0*7 ”’

VoL (¥, y*.p*. 0%, u*

VuLa(A*, y*.p*. 0%, n* (11)

Lemma 2 (Second-Order Optimality Conditions): If a sta-

tionary point (A*, p*, 8*) with Lagrange multipliers u* and
y* and satisfies

ViLi (A, y*p* (V)

V}Z,},Ll (X*, y*,p* (l*)

Vo Lo (M, y*,p*, 0%, p*

V020L2()~*, )’*7P*7 0*1 ”’*

Vaulo(M . p*. 0%, 1n*) <

Then, (A*,p*,0*) is a local solution of the bi-level

optimization Problem (8).
We stack the variable asz=[p 6 ]’ for the faster sub-
system (lower-level). Assumption 3 guarantees that, for a given

A, the lower-level problem in (8) has at most a single optimal
solution z* satisfying the first-order optimality conditions of

)
)
)
)

, (12)
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the lower-level V.L,(X, z5) = 0. The implicit function theo-
rem [29] guarantees the local existence of the optimal solution
function z*(A), and its derivative is obtained as

-1
Vi) = (VL (b7 W)) VAL ().

In addition, this optimal solution function can be used to
give an expression for the directional derivative in points where
7 =2z*(A) and defined as,

DALi(A, y,25N) = VaLi (A, y,Z*(V))
+ Vi* W) VoL (A, 25 (V). (13)

Considering Assumption 3, the analytic expression of (13)
is well-defined at any point (A, z) so that we can define an
extended sensitivity for any point (X, z) as follows

L2 = —(VZ?ZLz(x, z))_lvngz(x, 2, (14)

while satisfying
S, Dlozan= Az Q).

The directional derivative using the sensitivity matrix is
extended to any point (X, z) as

DiLi(A,y.2) = VaLi(A, y,2)
+ 850, Vil (15)
In the next section, it is presented the main contribution
of this work, i.e., the saddle-point dynamics including pricing
and power allocation in a single timescale using the predictive-
sensitivity conditioning matrix.

A. Predictive-Sensitivity Conditioning Dynamics

In this section, we present the predictive-sensitivity con-
ditioning technique and saddle-point dynamics to solve the
bi-level optimization problem (8). The saddle-point dynam-
ics, gradient descent in some variables and gradient ascent in
the others, are obtained following traditional ideas of gradi-
ent dynamics for convex optimization problems with equality
constraints [30].

Considering the Lagrangian saddle function of the upper-
level (9), we obtain a distributed pricing dynamics (see the
upper-level in Fig. 1) that seek to minimize the price A (gra-
dient descent for consumers and gradient ascent for generators)
using saddle-point dynamics as follows

s [A=-DiLi(.y.p).
I y = LgA.

On the other hand, in the faster timescale network,
an optimization algorithm in continuous-time is proposed
based on saddle-point dynamics for solving the optimization
problem (8) between DERs using the price information from
the upper-level (see the lower-level in Fig. 1). In this case,
we seek to minimize in the power variable p considering
the network constraints k(p, @) = 0 to obtain a saddle-point

(16)
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(18) (15)

l( P/Q

Inner/Primary

Controllers

Fig. 2. Block diagram of the predictive-sensivity saddle-point dynamics (23)
interconnected to DER;, where (pj, Aj) € N; indicates signals from DERs in
the neighborhood.

dynamics as follows

ﬁ = _VpLZ()"P’ 0? ’L)

= —VpJ(A,p) + 1+ tVp log(—g(p, 0)),
EZ : 0= _VOLZ(AHP’ 0’ ”’)

= —n"Voh(p,0) — tVplog(—g(p. 0)),

r=Vulo(A,p,0,pn) =h(p,0).

In order to solve the two-level interconnected dynamical
system represented by X; and X, in a single timescale,
avoiding the inherent complications of the traditional nested
optimization, we introduce the predictive-sensitivity condi-
tioning method. The predictive-sensitivity conditioning adds a
feed-forward term based on the optimization sensitivity to the
saddle-point dynamics of the faster system X, (17) to predict
the dynamics of the slower saddle-point dynamics ¥ (16). To
present the theoretical results on predictive-sensitivity condi-
tioning in compact form, we use the stacked variables of each
timescale as (x, z), where x = [A y]T. The gradient flows
are represented by

7)

_ [-DaLi]
Gi(x,2) = | Lgh | (18)
and
[—V,L, ]
Ga(x,z) = | —Vala |, (19)
| Vula |

respectively. Based on a recent work [31], we use a predictive-
sensitivity conditioning interconnection between the two
timescale systems without the need of the timescale sepa-
ration. This interconnection preserves the optimal solution
A*, Z5(A%) = (A*, p*(A*), %) and its convergence proper-
ties. A sensitivity based conditioning matrix S is used as
the interconnection between both subsystems as shown in
Fig. 2, where it is shown a DER with the control loop and
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the information received from the DERSs in his neighborhood
N;. The proposed feedback optimization control level, i.e., the
predictive-sensitivity saddle-point dynamics, solve the MCP
(1*) and the active power reference p; dynamically, and these
signals are sent to primary/inner controllers of each DER.

Definition 2: Consider the extended sensitivity S";(X, 2)
defined in (14), the conditioning matrix is defined as

I 0
5= [—S’i(x,z) 1}

where [ is an identity matrix of the appropriate dimension.
Using Definition 2, we obtain the predictive-sensitivity
conditioning system:

S)'c _ 1 Oflx| __[Gi(x,2)
) T[S I)z] T [Galx D)
Notice that the extended sensitivity term modifies the

dynamics of the faster system as

1= G(x,2) + S (A, 2)Gi(x, 2),

(20)

21

where G drives z to the optimal solution, z*(A), and the
predictive-sensitivity feed-forward term SfGl anticipates the
variation of z*(A) due to the pricing dynamics A.

In the original variables, the predictive-sensitivity condition-
ing .S’;(X,z) (14) using the gradient of (18) and (19) is as
follows

-1
= ~(/ap)  (Vasap) 22)
Considering the payoff function J(X, p), it is observed that
the term VI%IJJ (A,p) is a diagonal matrix with factors of the
coefficients «; as its entries, and the term V;AJ (A,p) is also a
diagonal matrix with +/ — 1 depending on if it is a generator
or a consumer as its entries so that the sensitivity function is

a positive definite matrix of the form

201 0 - 0
0 2w 0
A= € : >
0 0 2an

where ¢ is a constant depending on the coefficients. We
have introduced all the fundamental ingredients to estab-
lish the main contribution of this work: a complete saddle-
point dynamics in compact matrix form with the predictive-
sensitivity conditioning term as follows

A=V + 8 (Vplo + VoLy — VL) — y ' Lg

y =Lgh

p=—Volo — SSVAJ + $52(VpLo + VoL — VuLo)
6 = 1" Voh(p.6) — tVylog(—g(p.6))
u="hp.6)

Saddle-point dynamics (23) solves the bi-level optimization
problem (8) in a single-level timescale and in continuous-
time. The inclusion of network limit constraints can also be
included using an additional set of multiplier variables y and

a projected dynamic equation y = [VyLz];fr instead of the bar-
rier function used in this work, obtaining then a projected

(23)
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saddle-point dynamics. The next section presents the stabil-
ity and convergence of this dynamics to the optimal solution
asymptotically.

IV. STABILITY AND CONVERGENCE ANALYSIS

In this section, it is presented the stability and convergence
result. First, we introduce the basic convexity conditions on the
Lagrangian to guarantee the convergence of the saddle-point
dynamics. As it is noticed in the second-order optimality con-
ditions, in this problem we are minimizing in the variables A
and p, and maximizing in the Lagrange multipliers p# and y.
In this sense, we can use the convexity and concavity proper-
ties of the Lagrangian functions with respect to each variable.
The first-order conditions of convexity for each Lagrangian
function considering the bi-level optimization problem are as
follows. For the Lagrangian function Lj (A, p*(X)) is

Li(x, y.p*(V) = Li(A*, y*, p*(1*))
+ (DAL (M, y*, p*(A%)) T (A =A%), (24)
and for the Lagrangian function Ly(A*, p, @, u) is
Ly(A*p, 0, 1) = Lry(A*,p*, 0, )
+ (VLo (A, p". 0. 1)) ' (p —p¥). (25)
and
Ly(A*,p.0, 1) = Ly(A*, p. 6%, )
+ (VoLa(M*,p, 6%, 1)) (6 — 6%). (26)
On the other hand, we have the concavity conditions as

LZ(X*vpv 07 I'L) < LZ()"*vpi IL*)
+ (Vulo(A.p. 0. 1%) " (r — p¥). @)

Considering Assumption 3, the second-order conditions of
convexity-concavity follow the second-order optimality con-
ditions in Lemma 2. From the basic notions of saddle-points,
a point (A%, p*,p*(A*), 0%, u*) is a local saddle-point of
continuously differentiable Lagrangian functions if

Li(A*, y*.p*(A*)) <Li(A, y*.p*V)) (28)
and
Ly(A*,p*, 0%, p) < Lo(A*, p*, 0%, ") < Lo(A*,p, 0, 1*).
(29)

Now, we have all the elements to establish a stability
result. The Local solution concepts introduced in Definition 1
and first and second order necessary and sufficient condi-
tions for bi-level optimization problems presented in Lemma 1
and Lemma 2 are the basis to establish the main stability
result for the saddle-point dynamics with predictive-sensitivity
conditioning term (23) in the following theorem.

Theorem 1: Consider a local solution (A*, y*, p*, 0%, u*)
satisfying the sufficient optimality conditions in Lemma 2 and
the convexity and concavity conditions. Then, it is a locally
asymptotically stable point of the predictive-sensitivity saddle-
point dynamics (23)
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Proof: Let (A*, y*,p*, 0%, n*) be a local solution of the
saddle-point dynamics (23), we need to prove that this
dynamical system is asymptotically stable. Consider the
Lyapunov function V : X — Rxg

wnymﬁJU:%Qu—xwﬁHw—yﬂF+w—pw2
116 = 071 + [l — w1%),

The Lie derivative £ of V along the dynamics (23) is as follows
LV p.p.0.0) = —(A —1*) DALi(A, p.p)

o
+ (¥ —»") VL y.p)
- @—p) VpLo(x.p.0. 1)
— (6 —6%) " VoLo(x,p, 0, 1)

+ (b — 1) VuLo(h,p. 0, ),

following the first-order condition for convexity and con-
cavity (24), (25), (26), and (27) and reordering terms, it is
obtained

LY, y,p.0, 1) <Li(A*, y,p* (X)) — Li(A, ¥.p*(V))
+ Li(X, y.p*N) — Li(A, »*.p* (V)
+ Loy(A*,p*, 0, 1) — Lo(A*,p, 0, )
+ Ly(A,p, 0%, 1) — Lo(A*,p, 0, )
+ Ly(A*,p. 0, 1) — Ly(A*,p. 0, p*),

and from the definition of saddle-point, we verify the semidef-
initeness of LV(A, y,p, 0, 1)

LV, y.p.0, 1) < Li(A,y.p* (M%) — Li(A, y*. p* (1))
+ LA p". 0, 1) — L2(A",p. 0, )
+ Ly(A*,p, 0%, ) — Ly(A*,p, 0, n*) < 0.
Finally, using the LaSalle invariance principle [32], we need
to verify that the only solution belonging to the subspace

defined by LV = 0 is the local solution (A*, y*, p*, 0%, u*).
Notice that £V = 0 implies that

Li(A",y.p* (A7) — Li(x. ¥".p"(17))
+Lo(A*,p*, 0. ) — La(A",p. 0, 1)
+Ly (A, p, 0%, 1) — Ly(A*,p, 0, n*) =0.

and then

Li(A", y.p*(x)) = Li(A, ¥".p*(1"))
Lz(x*,p*, 0, [,L) = Lz(l*,p, 0, [L)
Ly(A*.p. 0%, n) = L(A",p. 0, n¥)

In order to be satisfied for all + > 0, it is needed that the
trajectories A(r) = A*, p(t) = p*, y(@®) = p*, 0(H) = 6%,
and u(f) = p* in the invariance set, which is in fact the
local solution. Hence, we can conclude that the saddle-point
dynamics (23) is asymptotically stable. |

These stability results assure convergence of the dynamics
to the saddle-point and then the solution of the transactive
bi-level optimization problem. Another important concern in
distributed optimization when the number of DERs is large
is the convergence rate. The characterization of the time
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Distribution network with DERs adapted from an IEEE 37-bus test

required by the saddle-point dynamics with the predictive-
sensivity conditioning term to converge to the optimal solution
depends on the properties of the graph, such as the num-
ber of agents and its communication topology. Considering
that the proposed saddle-point dynamics is in continuous-
time, the solution is also related to the efficiency of the
numerical method used to solve the system of differential
equations. Hence, when the number of agents is large, accel-
eration in first-order optimization algorithms has recently
emerged as an important research topic [33], and it could
be useful to be included into the dynamical system. Some
results have analyzed acceleration algorithms as a continuous-
time interpretation, indicating that accelerated gradient descent
method can be obtained via discretization from a second-
order ordinary differential equation [34]. In this way, we could
extend the proposed saddle-point dynamics (23) to include a
second-order term to accelerate the convergence rate to handle
numerous DERs, this is the subject of current research.

In the next section, simulation results are presented to illus-
trate the capability of the proposed feedback optimization
strategy.

V. SIMULATION RESULTS

In this section, a distribution network with DERs is sim-
ulated in MATLAB to study the behavior of the proposed
approach. We use an adapted IEEE 37-bus test feeder system,
as it can be seen in Fig. 3. The systems consist of eight dis-
tributed generators with power generation limits and seven
consumers able to apply changes in their loads depending on
the system state, with a predetermined base load. Furthermore,
there is a communication graph network between consumers
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TABLE I
SYSTEM PARAMETERS SIMULATION

Generators

Pg; Pgy, Ben Agn
1 100 [MW] 0 2 4
2 150 [MW] 0 2.05 5.88
3 100 [MW] 0 2.1 5.88
4 150 [IMW] 0 2.2 5.88
5 100 [MW] 0 2.25 5.88
6 100 [MW] 0 2.3 5.88
7 100 [MW] 0 4 5.88
8 100 [MW] 0 32 5.88

Consumers

Pg,, Pa,, Bdm  Pdm
1 40 [MW] 0 19.2 10.4
2 35 [MW] 0 10 10.4
3 30 [MW] 0 15 10.4
4 25 [MW] 0 11 10.4
5 30 [MW] 0 13 10.4
6 35 [MW] 0 12 22
7 30 [MW] 0 12.15 104

Simulation Constants

Log barrier term (t) 0.001

c 0.0125

Simulated iterations 900

Stepsize 0.05

Change of power (iterations) 300 600

and generators, also shown in Fig. 3 as a dashed line. The
data for case studies is presented in Table I. As it is specified
in the IEEE 37-bus test feeder system, node 1 is taken as the
reference or slack node. Hence, this node will be the reference
for the voltage for all nodes, i.e., Vi =1 p.u.

In contrast to traditional distributed control algorithms,
where the focus is in single level problem to obtain the
price signal offline based on prediction of load consumption,
the proposed framework is able to handle responsive-to-price
loads and generators at the same time and in single timescale.
Several efficient numerical methods are available to solve the
system of differential equations (23). We have used a canonical
Runge-Kutta in MATLAB. In order to illustrate the advantages
of the proposed framework, we have proposed two simulation
case scenarios as follows. Case scenario 1 presents base load
variation. Initially, the system has to supply 200 MW from the
base load in the distribution network. The agents in the distri-
bution network dynamically interact between them to reach the
optimal point, which is a saddle point. Then, at 300 iterations
of simulation, an additional load is added to the grid, summing
up to 240 MW. Finally, the base load is decreased until 220
MW at 600 iterations. Case scenario 2 was extracted from a
real-life instance, where the Uruguayan load profile is consid-
ered as follows: the load profile corresponds to the February
Ist 2022 between 18.00 to 20.00 h, with set points every 10
minutes. In this range of time, there are several changes in
the profile load, where we can see a constant increasing until
19.00 h and decreasing from that time onwards. Therefore, we
are controlling the dispatch in one peak of consumption. For
this simulation, we assume that the reaction of generators and
smart loads can handle the new set points generated by the
algorithm.
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A. Case Scenario 1

In Fig. 4(a), it is possible to observe the eighth dispatchable
generators. They started at a generation set-point that matches
the base load, but it is not optimal. It is possible to recognize
at the beginning of the simulation how the cheapest generators
take most of the power to be generated, meanwhile the more
expensive the generator is, less load is assigned to it. This
behavior is repeated after the change of the load in iterations
300 and 600. Then, as it is expected, the gap between gen-
erators levels is increased proportionally given the need for
more power generation. Furthermore, the sum of the genera-
tors powers matches perfectly the base load in addition to the
load requested by the consumers agents. It is clear that the
consumption of the smart loads represents between the 8%
and 10% depending on the status of the system.

The consumers behave in a most rich way than generators,
and their behavior is shown in Fig. 4(b). They begin search-
ing for the optimal power consumption given the conditions
of the system, when they reach the saddle point, they con-
verge to that point. Then, the behavior of the loads can be
divided in two. The first stage comprises a base load rise,
and then they have to recalculate the optimal consumption.
It is predictable that after the load charged the system, the
controllable loads slowly decrease until reaching the optimal
consumption depending on the pricing and the utility func-
tion of each consumer. Furthermore, when the base load in
the system is reduced, the consumption of the smart loads
increases in a small proportion considering the new price in
the system. In addition, in Fig. 4(c) it is possible to see how the
price in the nodes behaves with respect to time. It is remark-
able that all of them are in a range of 2% of the total price.
The differences come from the fact that the price dynamics are
affected by the feedback from the power, however the nodal
prices are always in a range of 2%, in the worst case sce-
nario when the load is increased. The price dynamics affect
as well the smart loads dynamics presenting an inverse effect,
i.e., when the price increases, the load demanded by these con-
sumers decreases, and vice-versa. The simultaneous dynamic
response of the nodal prices, on one hand, and the genera-
tor and smart loads, on the other, shows how the proposed
predictive-sensivity conditioning term acting as a feedforward
term in the faster system anticipating the dynamics of the
slower dynamics improves the convergence rate in compari-
son with traditional bilevel optimization algorithms in different
timescales, which are difficult to solve due to its nested nature
and are usually solved by a centralized controller.

Finally, in Fig. 4(d) it is observed how the voltage reference
for the node and generator 1 is always maintained in 1 p.u.
However, the rest of the nodes present a slight difference with
respect to the nominal voltage. These voltages change when
it is needed more power flow between lines. In general, it is
observed that the difference between nodes is increased, allow-
ing a greater power flow between lines. In this simulation is
also illustrated the action of the predictive-sensivity term when
the network constraint model is considered in the proposed
dynamic algorithm, which leads the distribution system to have
small voltages variations while keeping the voltage stability.
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Fig. 4. Simulation results in IEEE 37 node system test case scenario 1 under the distributed transactive control algorithm. (a) Generators dynamic response.
(b) Consumers dynamic response. (c) Nodal price behavior. (d) Nodal voltage behavior.

Furthermore, after 600 iterations, it goes back closely to the
initial state, when the load is increased again.

B. Case Scenario 2

We evaluate that the proposed algorithm can perform dis-
patching a real load profile. As in the previous case, we
see that the generators agents in modified the power gen-
erated proportionally as the grid is demanding power, see
Fig. 5(a). It is shown that the most expensive generation unit
is the one which has less assigned power, around half the
one which is cheaper. Furthermore, we can as well observe
the power of the consumer agents vary inversely as the gen-
erator power rises or decreases. For instance, it is observed
how the smart consumers increase the consumption after the
peak has passed, see Fig. 5(b). Basically, this kind of behav-
ior improve the behavior of the load profile and try to flatter
the load curve. With respect to the prices, it is shown that
when the prices are decreasing, the consumer agents increase
the consumption, as it is shown in Fig. 5(c). After every

variation of the generation/consumption profile, the price is
achieving the optimal stable point, the clearing price. Finally,
in Fig. 5(d), a dynamic response similar to the case scenario
1 is observed. The voltage reference for the node and gen-
erator 1 is always maintained in 1 p.u. However, the rest of
the nodes present a slight difference with respect to the nom-
inal voltage. These voltages change when it is needed more
power flow between lines. Nevertheless, the voltage stability
is guaranteed since we are considering the network constraints
and the dynamic response is fast enough and converge to the
optimal equilibrium point.

VI. CONCLUSION

We have introduced a fully distributed dynamic transac-
tive control to coordinate DERs in a distribution system
considering physical network constraints based on saddle-
point dynamics with a predictive-sensitivity conditioning term.
Theoretical stability result for the asymptotic stability of the
saddle-point dynamics with predictive-sensitivity conditioning
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Simulation results in IEEE 37 node system test case scenario 2 under the proposed distributed transactive control algorithm. (a) Generators dynamic

response. (b) Consumers dynamic response. (c) Nodal price behavior. (d) Nodal voltage behavior.

is presented. Simulation results for a distribution network with
DERs adopted from an IEEE 37-bus test feeder is imple-
mented and shows that the distributed saddle-point dynamics
converges to the optimal solution of the bi-level optimization
problem, while keeping the voltage level. As a future work,
it would be interesting to include DERs of different nature
such as batteries and to analyze the dynamical response of
the saddle-point dynamics under communications constraints
such as delays or packet losses. On the other hand, it could
be important to extend the proposed saddle-point dynamics to
include a second-order term to accelerate the convergence rate
to handle numerous DERs.
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