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HIGHLIGHTS

Entropy of rainfall series exhibits a power law with aggregation time with exponent 0.5 before saturation.
Scaling exponents for rainfall do not depend on record length.

Entropy of streamflow series exhibits a power law with time with exponent marginally larger than zero.
Scaling of entropy differs for rainfall and streamflows due to zeros in rainfall series.

The time generalized g-entropy exhibits multi-scaling for rainfall and streamflows.
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We investigate the behavior of the Shannon entropy, S(T), and the time generalized
g-entropy, Sq(T), at increasing aggregation intervals, T, using series of 15-min and hourly
rainfall records in the tropical Andes of Colombia, spanning from 21 months to 40 years, as
well as average daily streamflows in Colombia, the Amazon River basin, and USA, spanning
from 34 to 69 years. Results for rainfall show that S(T) ~ T# with 8 = 0.5, valid up to a
timescale (Tygxene) = 83 h,and B = O for T > Tyeene. Scaling exponents (8 = 0.5) are
statistically independent of record length, although not so the values of Tygn, OWing to
the greater amount of zeros in rainfall series during El Nifio in Colombia. Maximum entropy
is reached through a dynamic Generalized Pareto distribution, whose parameters are not
statistically affected by record length. Entropy for daily streamflows behaves as S(T) ~ T#
with 8 > 0, consistently with the theoretical limit. The scaling behavior of entropy differs
between rainfall and streamflows due to the presence of zeros in rainfall series, and by
the rate at which they vanish upon temporal aggregation. The amount of zeros exhibit two
different scaling regimes with T, separated at (T,) = 24 h. Rainfall series get devoid of
zeros at (T,,) = 164 h, but later on for longer record lengths. A power law relates both
timescales: Tyaene ~ Toso2. Besides, Sq(T) consists of a continuous set of power laws with
respect to T, for increasing values of g, whose scaling exponents vary nonlinearly with g,
thus implying multi-scaling of the time generalized g-entropy, which in turn inherits all
the conclusions from the Shannon entropy, since it is recovered at S (T).

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

The three branches of the tropical Andes of Colombia constitute an adequate geographical setting to study the highly
intermittent dynamics of tropical mountain rainfall in space and time, owing to Ref. [1]: (i) strong topographic gradients,
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Fig. 1. Location of the Aburra Valley, the San Nicolds Plateau to the southeast, and the set of raingauges used in this study, at different spatial scales:
(a) continental, (b) regional, and (c) local.

slopes and aspects along the three branches of the Andes crossing from southwest to northeast, defining highly localized
wind circulations that focus and enhance convection, as well as complex temperature and specific humidity gradients
(Fig. 1); (ii) the influence from the hydro-climatic dynamics of the surrounding Amazon and Orinoco River basins, (iii) the
(thermo-)dynamics of atmospheric circulation patterns and low-level jets interacting with mesoscale convective systems
over the tropical Pacific and the Caribbean Sea [2], which contribute to explaining the existence of Llor6, one of the wettest
place on Earth [3], and (iv) strong land-atmosphere feedbacks.

Besides, the small horizontal extent of convective clouds associated with tropical mountain rainfall contributes to its
space-time intermittence, such that series of high resolution Andean rainfall records are mostly (approx. 90%) constituted
by zeros [4]. The presence of zeros in rainfall series constitutes a fundamental issue in hydrology nowadays [5-10]. A recent
study by Ref. [11] found that the continuous analysis of rainfall series, which contain zeros owing to the alternation of dry
and wet periods, produce spurious results in the multifractal characterization of rainfall, and concluded that analysis should
be restricted to within-storm intensities rather than continuous records.

On the other hand, river discharges result from the combined spatially-integrated dynamics of rainfall, evapotranspi-
ration, vegetation, soil moisture, and the interactions between groundwater and surface water throughout the entire river
basin and the embedded channel network, which in turn filter out the intermittence of rainfall. In particular, during dry
periods the base flow is maintained by groundwater flow from both sides of the channel network, and thus the highly im-
probable presence of zeros in streamflows records in perennial river flows [12].

At present geosciences have difficulties in understanding and modeling tropical mountain rainfall and streamflows due
to their geophysical complexity, added to the lack of detailed land-surface and atmospheric measurements [1]. There is
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still no unifying, coherent and satisfactory theory to explain the mechanisms of streamflow generation process [13], and
therefore it is necessary to improve our understanding of mountain rainfall and streamflows toward their modeling, beyond
the traditional descriptive statistics.

The information theoretic framework of entropy provides important elements to understand the complexity, nonlin-
earities, self-organizing and scaling properties of hydrological processes across a broad range of scales in space and time.
See Ref. [14], and the references listed in the URL http://www.stahy.org/Activities/ICSHReferences/ReferencesonEntropy
functioninhydrology/tabid/106/Default.aspx . In particular, diverse information theory metrics such as Shannon entropy,
mutual Information, Tsallis g-entropy and time generalized g-entropy, have been used to quantify dependence or invari-
ance of hydrological processes in time. Some of such relevant metrics are discussed next.

1.1. Shannon entropy

The classical Boltzmann-Gibbs-Shannon entropy measures the uncertainty and disorder of a random variable X, based
on its discrete n-bin probability mass function as [15],

S(X) = — Y p(xi) loge p(x;) (1

i=1

where p(x1), p(x2), ..., p(xx) represents the probability mass function, such that Z?:l p(x;) = 1, and p(x;) > 0, Vi. This
definition is valid for any logarithmic base, which in turn defines the units of entropy, e.g. a bit corresponds to base-2
logarithms, and a nat to natural logarithms.

The study of Ref. [1] investigated the behavior of the Shannon entropy of rainfall series upon aggregation increasing
time scales, using 21-month (04/01/2005-12/31/2006) long high-resolution (15 min) records from the tropical Andes of
Colombia. The said study found that entropy and aggregation interval are related through a power law, S(T) ~ T#, with
B = 0.5, and that the scaling regime holds up until some aggregation interval Tyqxgn¢, at Which entropy reaches a maximum
value, and tappers off thereafter (8 = 0 for T > Tyent). Furthermore, [1] showed that entropy reaches its maximum
value in the form of a Generalized Pareto distribution, thus making it a maximum dynamic entropy (MDE) in the sense of
Ref. [16], for tropical mountain rainfall in the Andes. In the present study, we aim to investigate the robustness of diverse
scaling properties of entropy, using longer rainfall records and a larger set of raingauges over the Colombian Andes.

1.2. Tsallis gq-entropy

The concept of nonadditive entropy, Sq, (q-entropy hereafter) was introduced by Ref. [17] within the framework of
nonextensive statistical mechanics as,

1=2 p9x)
i=1

— (Zp(xa =lige m>. (2)
q =

In the limit ¢ — 1, this expression recovers the usual Shannon entropy (Eq. (1)). Maximization of the g-entropy under a
prescribed mean leads to a Pareto probability distribution exhibiting power-law tail [ 18-20], which belongs to the family
of Lévy stable distributions [21], in particular to type Il generalized Pareto distributions.

Sq=

1.3. Time generalized g-entropy

Estimation of entropy (or any statistical parameter) for increasing values of T refers to the convergence of sums of random
variables (r.v.). The central limit theorem applies for independent identically distributed (i.i.d.) r.v. exhibiting finite variance,
whose sum converges to a Gaussian distribution, but no so for i.i.d. long-tailed r.v. The possible existence of g-versions of the
standard central limit theorem for long-tailed r.v. was conjectured by Ref. [22], and proved for 1 < q < 3[23]. The attractor
is given by distributions referred to as g-Gaussians [24, p. 295].

A dynamic time generalized g-entropy (Eq. (2)), was introduced as a function of order, g, and aggregation interval, T,
as[1]:

=YD,
81 = ——— (Zp(x,»>=1;qefn>. 3)
i=1

The study by Ref. [1] estimated the function S,(T) for a set of 16 raingauges in Colombia using the said common 21-month
record length. The present study aims to investigate whether the estimation of the time generalized g-entropy is sensitive
to record length. Our sensitivity analysis has two purposes: (i) To examine the spatial distribution of the behavior (scaling
exponents and time to maximum entropy) of the generalized Tsallis entropy and their relation with orography, owing to its
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role on the genesis, evolution and dynamics of rainfall, and given its relevance to focus and enhance (shallow and deep)
convection, and to constrain wind circulations along intra-Andean valleys. (ii) To quantify the sensitivity of the scaling
exponents, 3, with respect to record length, due to the almost complete lack of long-term rainfall records over the study
region, and its incidence on the estimation of multi-scale statistics in tropical mountain rainfall.

The purpose of this study is manifold:

1. To investigate whether the number of bins employed in the estimation of the probability mass function, p(x;) (Eq. (1)),
affect the estimation of entropy under aggregation of the process at increasing values of T.

2. To test whether the scaling exponents found for rainfall entropy (8 = 0.5), and the time to reach maximum entropy,
Thnaxene, are sensitive to record length.

3. To test whether the Generalized Pareto distribution keeps standing out as a maximum dynamic entropy using longer
rainfall records.

4. To study the relationship between entropy and aggregation interval using series of daily average streamflows in
Colombia, the Amazon River basin, and USA.

5. To study and explain the possible differences between the scaling characteristics of entropy upon temporal aggregation
for rainfall and streamflows, given the presence (absence) of zeros in rainfall (streamflows) records, in terms of the
possible existence and estimates of scaling exponents, time to reach maximum entropy, and saturation of the scaling
regimes at some T.

6. To compare the behavior of the time generalized g-entropy, Sq(T), for rainfall and daily streamflows.

Reaching the above stated objectives will contribute to shed light to a suite of practical issues including: (i) developing
synthetic models of high-resolution series of mountain rainfall, (ii) downscaling large-scale rainfall models, (iii) parameter-
izing surface hydrological processes, (iv) contributing to solve the PUB (Prediction in Ungaged Basins) problem, (v) quantify-
ing hydrologic perturbations of river flows in intervened basins, and (vi) designing hydrologic monitoring networks. Toward
those ends, Section 3 discuss methods and data, while results and discussions are presented in Section 4, and conclusions
are drawn in the final section.

2. Data

Two rainfall data sets will be used herein. One consists of 15-min intensity records at 24 raingauges, 16 of which are
located along the Aburra Valley, and 8 in the contiguous San Nicolas Plateau, both located in the north-western department
of Antioquia on the central range of the Colombian Andes, among the intra-Andean valleys of the Cauca and Magdalena
Rivers, 6.0°N-6.6°N, and 75.7°W-75.2°W (see Fig. 1). The Aburra Valley houses the city of Medellin and its metropolitan
area, with terrain elevations ranging from 1000 to 2600 m a.s.l. The valley exhibits two main directions, with a predominant
south-north orientation in the first half of the pathway, and southwest-northeast in the second half. The San Nicolas Plateau
is located southeast of the Aburra Valley, and exhibits hilly terrains with an average elevation of 2200 m a.s.l. (1900 m a.s.l.
to 2600 m a.s.l.). Rainfall data were provided by IDEAM and Empresas Publicas de Medellin (EPM). Table 1 summarizes
information of raingauges.

It is worth noting that the set of 16 raingauges located in the Aburra Valley is the same one studied by Ref. [1] using a
21-month common period for all raingauges (Apr 01/2005 to Dec 31/2006). The present study will use the longest series
available for each of those raingauges (columns 6-8 of Table 1), with the aim of quantifying the sensitivity of results to
record length.

The second rainfall data set consists of hourly records at 5 raingauges located on the Central Andes of Colombia, some
150 km south of the Aburra Valley, spanning from 8 years (Jan 01/1972 to Jun 23/1979) to 40 years (Apr 4/1960 to Feb
28/1999), without missing data, provided by the National Center for Coffee Research (Cenicafe), hereafter referred to as
Cenicafe No. 1 to Cenicafe No. 5.

Daily average streamflows records belong to rivers in Colombia, the Amazon River basin, and USA, with no missing
records, and having record lengths from 34 to 68 years. Details and data sources are shown in Table 2.

Entropy, S, will be estimated using Eq. (1) for increasing aggregation intervals from T = 15 min to 64 days, each 15 min.
Regarding the estimation of entropy, an important issue is the sensitivity to record length and to the number of bins used
to estimate the probability mass function, p(x;) (Eq. (1)). As a rule of thumb, using between 10 and 20 bins and more than
500-1000 data are suggested to estimate entropy, mutual information, and other information theory statistics in finite-
interval bin-counting probability mass function estimation schemes [25,26]. These issues will be studied and discussed as
well.

3. Results and discussions

3.1. Scaling of entropy for rainfall

3.1.1. Sensitivity to the number of bins

The sensitivity of rainfall entropy estimates to the number of bins is shown in Fig. 2 for raingauge Cenicafe No. 1. Results
indicate that the scaling exponent (8 = 0.5) is not significantly affected by the number of bins, although not so the prefactor
c. For estimation purposes, 100 bins will be used, as per the average obtained through the method introduced by Ref. [27].
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Table 2

Location of stream gauges and description of daily streamflow series used in this study.
Country River Gauging station Agency Code Period of record
Colombia Atrato Bellavista IDEAM 1107701 01/01/1965-12/01/2002
Colombia Cali Bocatoma cvC N.A. 01/01/1973-12/31/2006
Brazil Tijuco Ituiutaba ANA 60845 000 01/01/1942-12/01/2006
Brazil Correste Campo Alegre ANA 60940000 07/01/1972-04/01/2007
USA Little Sioux Turin, IA USGS 6607 500 07/05/1942-11/05/2010
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Fig. 2. Sensitivity of entropy estimates to the number of bins as a function of the time aggregation interval, for the 40-yr long series of hourly rainfall at
raingauge Cenicafe No. 1. Notice that for all bins, S ~ T#, with 8 & 0.5.

3.1.2. Sensitivity to record length

This section investigates the effect of record length on the scaling properties of both rainfall data sets. In particular, we
aim to investigate the sensitivity of scaling exponents, 8, the time to reach maximum entropy, Tyxent, and the validity of
the Generalized Pareto distribution as a maximum dynamic entropy (MDE) for rainfall in the Andes.

e Scaling Exponents. Fig. 3 shows the estimation of entropy as a function of aggregation interval, for raingauges located
on the Aburra Valley using the 21-month common period (left panels), and the entire record lengths (right panels) at
raingauges Astilleros and Ayura (numbered 1 and 2 in Fig. 1 and Table 1). Scaling exponents (column 9 of Table 1) are
statistically equal to 0.5 at the 95% confidence level, according a t-Student test [28].

For raingauges located along the San Nicolas Plateau, two common periods were considered. Raingauges No. 17, 18,
23, and 24 (Table 1) share a common period of 44 months (Dec 01/2003 to Jul 31/2006), whereas raingauges No. 19, 20,
21, and 22 share a common period of 24 months (Sep 01/2001 to Aug 31/2003). The mean value of scaling exponents
using the common periods is 8§ = 0.46 (standard deviation 0.01). For the entire record lengths (column 10 of Table 1),
the mean value is 8 = 0.46 (standard deviation 0.03). Likewise, all values of the scaling exponents are statistically equal
to B = 0.50, at the 95% confidence level. Fig. 4 summarizes all estimated values of g, for the common periods and the
entire record lengths.

A detailed analysis of the relation between entropy and T for the Cenicafe data set indicates that S ~ T# with 8 = 0.5,
as shown in both panels of Fig. 5 for the 40-yr long record at Cenicafe No. 1, and the 28-yr long record at Cenicafe No. 2.
Likewise, this result confirms that the scaling regime S ~ T#, with 8 = 0.5, is not significantly affected by record length,
which confirms the robustness and consistency of previous results [1].

e Time to Reach Maximum Entropy. Estimates of the timescales to reach maximum entropy using the common periods
are (Tyaxene) = 83 (66-96) h (column 11 of Table 1), while using the entire record lengths, (Tyaxene) = 100 (48-134) h
(column 12). An explanation for the higher (smaller) values of Tygn: for the entire (common) record lengths will be
provided in Section 3.3. Regarding the Cenicafe data set, Fig. 5 shows the same scaling regime, with Tyge,: = 64 h for
Cenicafe No. 1, while Tyaxene = 89 h for Cenicafe No. 2.

3.1.3. The generalized Pareto distribution as a maximum dynamic entropy

Regarding the PDF through which entropy reaches a maximum value, a set of 50 probability distribution functions (PDF)
were fitted to all rainfall data sets, for values of T = 15 min to T = Tyqaxgne. For fitting purposes, the EasyFit software
was used. It contains a large suite of PDFs including Generalized Pareto, Generalized Extreme Value, Wakeby, Weibull,
Frechet, Lognormal, etc., and diverse goodness-of-fit tests that include both the standard and maximum likelihood tests
of Kolmogorov-Smirnov, Anderson-Darling, x2, and Cramer-von Mises [29].
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Results obtained using the entire record lengths confirm that the Generalized Pareto PDF stands out as a maximum
dynamic entropy for most values of T and most raingauges. Fig. 6 shows the dynamics of the sample and fitted Generalized
Pareto PDFs for increasing values of T at raingauges Astilleros (top) and Ayura (bottom) on the Aburra Valley, with the sample
and fitted PDFs shown for values of T ranging from T = 1 hto T = 96 h. Columns 13-18 of Table 1 show the parameters k,
o, and u of the Generalized Pareto PDFs using the common periods and the entire record lengths.

A Monte Carlo experiment was performed using 10,000 simulated series with the parameters «, o, and u estimated at
each raingauge, with the aim of testing whether a Generalized Pareto r.v. with the parameters of the common periods are
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Fig. 6. Behavior of the sample and fitted Generalized Pareto cumulative distribution functions (CDF), for increasing values of T at raingauge Ayurd, using
the 21-month common period (panel (a)), and the entire record length 90 months panel (b). Values of T range fromT = 1htoT = 96 h.

statistically equal (Smirnov-Kolmogorov test) to a Generalized Pareto r.v. with «, o, and u of the entire record lengths.
Results indicate that, with very few exceptions, the parameters «, o, and u of both samples are statistically equal, at the 99%
significance level.

Similar analysis performed on Cenicafe’s hourly records confirm that the Generalized Pareto exhibits the best fit for all
raingauges and most values of T. All these results confirm that the Generalized Pareto constitutes a maximum dynamic
entropy (MDE) in the sense of Ref. [16], for high-resolution tropical mountain rainfall. This is a very remarkable result
insofar the Generalized Pareto distribution satisfies two fundamental conditions: (i) it is a maximum entropy probability
distribution function (PDF) under the constraint of heavy tails, and (ii) it is a stable PDF in the sense that it is preserved under

aggregation.

3.2. Scaling of entropy for daily streamflows

First, we explore the sensitivity of entropy to the number of bins. Fig. 7 shows the estimated values of S(T) for the Little
Sioux River, using 100, 300, 500, 800, and 1000 bins. The scaling exponent is not significantly affected by the number of
bins, although not so the prefactor. Using the algorithm of Ref. [27], an optimal number between 400 and 600 bins was
estimated for all streamflow series. Regarding the scaling exponent, the inset at Fig. 7 shows that entropy of the Little Sioux
River grows very slowly with time aggregation, or that S(T) ~ T#, with 8 > 0 (e.g., scaling exponent positive but slightly
greater than zero). This behavior is consistent and satisfies Shannon’s theoretical entropy inequality [30],

H(T) < log+/2meV(T), (4)

where V(T) is the variance of the process at T, an inequality that is saturated only for the Normal distribution. The thick
line in Fig. 7 denotes such theoretical limit. Results are similar for the remaining time series of daily streamflows in USA,

Colombia and Brazil.
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Fig. 7. Sensitivity of S(T) with respect to the number of bins (100, 300, 500, 800, and 1000) employed to estimate the probability mass function, p(x;) (Eq.
(1)), for the Little Sioux River daily streamflows. The thick line denotes the theoretical limit given by Eq. (4).

3.3. On the different scaling of entropy for rainfall and streamflows: the presence of zeros in rainfall

In light of our previous results, an explanation is in order for the difference between the scaling exponents of the power
law relating S with T, of rainfall (8 = 0.5), and streamflows (8 = 0). The most notable difference between high-resolution
time series of rainfall and river discharges is the presence of zeros in the former one. Even for tropical climates, hourly (let
alone 15-min) rainfall is a rare phenomenon, such that series are mostly (~90%) constituted by zeros [31,1,4]. Regarding the
measurements of rainfall, raingauges gather information from minutes to hours and beyond. For a daily time resolution, a
raingauge will record a positive rainfall value for a certain day (24-h) regardless of the duration of the event (1, 2, 3,...hours)
within the same day. For an hourly time resolution, if no rain is observed during one complete day, there will be 24 straight
zeros in the record.

Zeros constitute highly important information to understand, diagnose and forecast the dynamics of rainfall. We argue
that the presence of zeros (inter-storm periods) in rainfall is associated with the timescales required by nature to build-
up the dynamic and thermodynamic conditions of the next storm, as an atmospheric analog of the time of energy build-
up between earthquakes, avalanches and many other relaxational processes in nature [32]. This explanation connects the
dynamical nature of rainfall with the presence of zeros. Obviously, zeros of high-resolution rainfall series become rarer upon
aggregation at longer timescales. An important question arises at this point: at what aggregation interval do zeros vanish
from high-resolution rainfall series?

Meanwhile, as we pointed out at the Introduction, streamflows result from the basin-integrated dynamics of diverse
hydro-geo-biological processes filtering out the intermittence of rainfall, and thus the unlikely presence of zeros in records
of perennial rivers at all timescales.

This section studies the influence of zeros on estimates of entropy of rainfall under aggregation. In particular, we aim at
quantifying the probability of finding zeros, and how the amount of zeros vanish from rainfall series at increasing values
of T, using the common periods and the entire record lengths. Also, we aim at estimating the time aggregation interval at
which zeros vanish from the series, T,,,, and the relationship between T, and Tpaxen-

Fig. 8 shows both estimates of entropy and the probability of finding zeros, as a function of aggregation interval, T, for
the whole set of raingauges along the Aburrd Valley and the San Nicolas Plateau, using the common periods and the entire
record lengths. Besides the discussed direct power law relating entropy with T, Fig. 8 shows an inverse power law relating
the probability of finding zeros and T. In fact, there seems to be two scaling regimes separated at around T = 1000 min
(16 h). At any rate, entropy reaches its maximum at values of T corresponding to a probability equal to or less than
0.0001 of finding zeros in the series. The relationship between the amount of zeros ¢ (T) and T show two different scaling
regimes,

¢(M) =aT™, (3)
§(T) = c+a T, (6)

with scaling exponents («;) = 1.29 [1.16-1.80], and {«2) = 1.74 [1.51-2.10], as shown in columns 19-22 of Table 1. The
two distinctive scaling regimes are separated at T, = 17 h for the common periods, and at T, = 28 h for the entire record
lengths. The break in the scaling regime was identified using a t-Student test [33,34] of equality between scaling exponents,
a1, for the common periods (column 19 of Table 1), and the entire record lengths (column 20). The test confirms that the
scaling exponents o/ are statistically equal (P > 95%) using the common periods and the entire record lengths. Likewise,
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results indicate that the estimated values of «; using the common periods (column 21 of Table 1) are statistically equal to
those using the entire record lengths (column 22), as shown in Fig. 9. The timescales of scaling break for both record lengths
are summarized in columns 23 and 24 of Table 1.

3.3.1. Relation between Tyjgxgnt, and Tpo;,

Rainfall series get devoid of zeros at (T,,,,) = 164 [138-210] h for the common periods, while at (T,,,,) = 254[103-492]h
for the entire record lengths, as shown in columns 25 and 26 of Table 1. For all raingauges in the Aburra Valley and the San
Nicolas Plateau, the timescales to reach maximum entropy, Tyxene, are smaller than those at which zeros vanish from rainfall
series, Tno;, but both timescales are related through the power 1aw Tygeene ~ Toso? (R* = 0.57), as shown in Fig. 11.

The smaller entropy value belongs to the original 15-min series, since most of the mass is concentrated in the lower
bins of the histogram, and therefore very few bins contribute to entropy (Eq. (1)). Once rainfall is aggregated at increasing
values of T, the probability mass function undergoes an “erosion” process from the lower to the higher bins, owing to the
accumulation of more rain events and (likely) more intense ones, which in turn contribute to augment entropy until it
reaches its maximum value at Tygxen:. Such dynamics is illustrated in Fig. 10, for raingauge Mazo for values of T = 60 min
toT = 10,185 min.



H.D. Salas, G. Poveda / Physica A 423 (2015) 11-26 21

asis T= 60 min b o7 T= 720 min
08 0.6
oy 8~Z 9 0.5
S 05 g 04
g 0.4 gos3
L 03 L 0.2
0.2 0.1
84 0.0l
0 20 40 0 20 40
Rainfall Intensity (mm) Rainfall Intensity (mm)
c , d
0.4 ] T= 1440 min ] 0.3 T= 2880 min
3 3
5 0.3 S 0.2
3 3
g 0.2 g
L L 0.1
0.1 3 %
0.0 b 0.0 T
0 20 40 0 20 40 60 80
Rainfall Intensity (mm) Rainfall Intensity (mm)
e f 02
021 T= 4065 min i ’ T= 6105 min
PR >
[¢) [¢)
c c
o o
3 3
g 0.1 f g O
) L‘WM )
0.0 Cpiedl o ama o 0.0 FHHJLHLMMMHH M o o o
0 20 40 60 80 0 20 40 60 80 100 120
Rainfall Intensity (mm) Rainfall Intensity (mm)
g h
) T= 8145 min & 0.1 T=10185 min
$ 0.1 S T
> > maxEnt
o o
I I
w w
0.0 WMM%M i m 0.0 MHM% HMHWHMH%HHW il
0O 20 40 60 80 100 120 140 0 20 40 60 80 100 120
Rainfall Intensity (mm) Rainfall Intensity (mm)
Fig. 10. Evolution of the probability mass function at raingauge Mazo, for increasing values of the time aggregation interval, from T = 60 min to

T = 10,185 min > Tyaxene- Notice how the histogram gets eroded upon aggregation of rainfall at increasing values of T.

The previous analysis allow us to conclude that the difference between scaling exponents for rainfall (8 = 0.5) and
streamflows (8 = 0) can be attributed to the presence of zeros in rainfall.

3.3.2. Values of Tyaxent increase with record length owing to interannual (ENSO) variability

Section 3.1.2 showed that the time scales to reach maximum entropy, Tyaxent, are longer for the entire record lengths
than for the shorter common periods. This result can be explained by the presence of zeros, combined with the interannual
variability of rainfall, which is mostly driven by El Nifio/Southern Oscillation (ENSO). In general, Colombia experiences
negative anomalies in annual, seasonal, monthly, and hourly rainfall during El Nifio, and positive anomalies during La
Nifia [35,36,4,37,1]. Therefore, it is expected that entropy and the amount of zeros, at increasing aggregation intervals,
depend on the number and intensity of El Nifio and La Nifia events during the record length. In fact, zeros vanish at a lower
pace during El Nifio than during La Nifia, as a consequence of the longer El Nifio-driven dry spells. In other words, T;,, (El
Nifio) > Ty, (La Nifia). Fig. 12 for raingauge Ayura confirms that such is the case for El Nifio event of 06/2006-06/2007, and
La Nifia of 06/2007-06/2008. Panel (a) shows that Tyaxen: (El Nifio) > Tyexene (La Nifia), while panel (b) shows that T, (El
Nifio) > T, (La Nifia).
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3.4. Time generalized q-entropy for rainfall and streamflows

Fig. 13 shows the time generalized g-entropy corresponding to the 40-year long series of hourly rainfall at raingauge
Cenicafe No. 1. Panel (b) shows the projection of S(q, T) vs. q for different values of T. Panel (c) shows S(gq, T) vs. T, for
different values of g, or the time structure function for entropy. Panel (d) shows that the regression slopes of the time
structure function for entropy, 8(q), as a function of g, exhibit a non-linear growth such that 8 & 0.5 for ¢ > 1, while panel
(a)illustrates the function S(q, T) (Eq. (3)). Notice that values of S4(T), for ¢ = 1 correspond to those of the Shannon entropy
for raingauge Cenicafe No. 1, shown on the left panel of Fig. 5.

Several features of the S(g, T) function for rainfall are worth noticing:

. S¢(T) decreases monotonically with q for all values of T.

. For a given value of g, estimates are inversely related to T for g < 0, but directly related for g > 0.

. Estimates of S¢(T) |,—; recover the standard entropy for different values of T.

. Estimates of S4(T) increase with T for values of ¢ > 0, up to a certain saturation value (maximum g-entropy).

. The function S(T) vs. T in log - log space, for different values of g, can be considered a (time) entropy analog of the (space)
structure function in turbulence [38].

. The scaling exponents, 8(q), or the slope of the relation S(T) vs. T in log - log space, for different values of g, exhibit a
non-linear growth with q, such that 8 ~ 0.5 for ¢ > 1. Such non-linear behavior of the scaling exponents with respect
to g implies that the time generalized g-entropy exhibits multiscaling, analogous to the spatial multi-scaling behavior of
random fields [39,40].
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Fig. 13. Time generalized g-entropy for the 40-year long series of hourly rainfall at raingauge Cenicafe No. 1. (a) Surface S(q, T) (Eq. (3)). (b) Projection
of S(q, T) vs. q for different values of T. (c) Projection of S(q, T) vs. T, for different values of g, or time structure function for entropy. (d) Values of the
regression slopes of the time structure function for entropy, 8(q), as a function of g, exhibiting a non-linear growth up to 8 ~ 0.5 forq > 1.

Panel (a) of Fig. 14 shows the time generalized g-entropy, Sq(T) (Eq. (3)), for daily streamflows of the Atrato River in
Colombia, along with their bi-dimensional projections (panels b and c), and the values of the regression slopes of the time
structure function for entropy, 8(q) (panel d), as a function of q. Mathematically, the non-linear behavior of this function is
characterized by S¢(T) ~ TP@ with B(q) = kq for ¢ < 0, with k a positive constant, and 8(q) = 0 for g > 0. In turn, the
Shannon entropy (¢ = 1), behaves as S(T) ~ T#, with 8 > 0, as shown in Section 3.2. Similar results were obtained
for streamflows of the Atrato and Cali Rivers in Colombia, the Tijuco and Correste Rivers in Brazil, and the Little Sioux
River at Turin, IA, USA (Fig. 15). No major differences were found in the behavior of S;(T) for streamflows among the three
regions.

Beyond the differences in the scaling exponents relating entropy with aggregation interval, Sy—1 (T), there is a remarkable
difference between the behavior of S;(T) for rainfall and streamflow series, which has to do with the scaling exponents for
different values of g, shown in panels (d) of Figs. 13-15. For rainfall, the relationship between q and 3(q) saturates at 8 &~ 0.5
for ¢ > 1, whereas for streamflows it saturates at § = 0 for ¢ > 1. This is a topic of ongoing research.

4. Conclusions

We have studied the behavior of the Shannon entropy of rainfall when series are aggregated at increasing timescales,
S(T), using data from the tropical Andes of Colombia, as well as of average daily streamflows of rivers in Colombia, the
Amazon River basin, and USA. All rainfall series exhibit a power law S(T) ~ T# with 8 = 0.5, valid up to a certain timescale
at which entropy reaches an upper bound, Tyene, and tappers off thereafter such that 8 = 0 for T > Tpaxne. The scaling
exponents (8 = 0.5) are nearly insensitive to changes in the number of bins employed to estimate the probability mass
function, as well as to variations in record lengths from 21-24 months to 50-90 months and up to 40 years, although the
values of Tyuene tend to increase (~50%) when record lengths increase from 21-24 months to 50-90 months. This last
result can be explained by the presence of zeros in high-resolution rainfall records, in combination with the occurrence of
more frequent El Nifio events (in comparison to La El Nifia events), and the associated rainfall negative anomalies, and the
concomitant longer dry spells throughout most of Colombia.

Maximum rainfall entropy is reached through a dynamic Generalized Pareto distribution, thus making it a maximum
dynamic entropy (MDE), in the sense of Ref. [16], for rainfall in the tropical Andes. Furthermore, for most raingauges, the
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three parameters of the fitted Generalized Pareto distributions («, o, and w) estimated at T =~ Tyqxene, do not exhibit
significant statistical changes when record lengths are augmented from 21-24 months to 50-90 months.

Regarding daily streamflows, results show that S(T) ~ T# with 8 > 0, and satisfying the theoretical limit. The difference
between the scaling exponents of rainfall (8 = 0.5) and streamflows (8 > 0) is explained by the presence of zeros in
rainfall, and by the rate at which they vanish under aggregation at increasing intervals, in the form of two power laws:
(i) ¢(T) = aT~*1, with {(a;) = 1.24 for the common periods, while («;) = 1.34 for the entire record lengths, and (ii)
¢(T) = aT~*2 + c, with («y) = 1.67 for the common periods, whereas («;) = 1.80 for the entire record lengths. The two
scaling regimes are separated at T, = 17 h for the common periods, and at T, = 28 h for the entire record lengths.

Rainfall series get devoid of zeros at (T;,,;) = 164 h for the common periods, while (T;,,,) = 254 h for the entire record
lengths. In turn, the two timescales for maximum entropy and for the vanishing of zeros are related through a power-law,
Twviaxene ~ T%:52 (R? = 0.57). These results are explained by the presence of zeros, combined with the interannual variability
of rainfall, mostly driven in Colombia by El Nifio/Southern Oscillation (ENSO).

The time generalized g-entropy, S4(T), for rainfall and streamflows consists of a continuous set of power laws with respect
to T, for increasing values of g, whose scaling exponents vary nonlinearly with g, thus implying multiscaling of the time
generalized g-entropy. Also, S¢(T) exhibits a monotonic decrease with g for all values of T. Mathematically, S4(T) ~ TA@,
with 8(q) = kq for q < 0, k is a positive constant, and 8(q) = 0 for g > 0. It is also shown that 5(q, T) |,—; recovers the

standard entropy for all values of T. The standard Shannon entropy, Sq=1 ~ T, with 8 > 0 for daily streamflows, whereas
B = 0.5 for series of 15-min to weekly rainfall records. No major differences were found among the estimated S,(T) for
streamflows in Colombia, the Amazon basin, and USA.
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