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ARTICLE INFO ABSTRACT
Keywords: Debris flows are among the most catastrophic natural phenomena, attracting the interest of researchers, engi-
Debris flows neers and government agencies. The complexity of the physical process has led to the development of numerous

Mathematical modelling
Model classification
Selection strategy

mathematical models to simulate and deeper understand the propagation of debris flows. Nevertheless, the
intrinsic characteristics of models are not all suitable for every process observed in nature. Hence, this review
identifies the main features of the different modelling approaches for debris flows and proposes recommenda-
tions for a more rigorous selection of models. The classification of the models is based on the following features:
(1) phases of the flow; (2) entrainment of materials into the flow; (3) constitutive relationships; (4) spatial
dimensionality; and (5) the solution methods. We discuss the advantages and limitations of the most remarkable
contributions by comparing the available mathematical models for debris flows based on each feature. A se-
lection strategy is proposed to be supported by the main assumptions of the models, the classification features
and some dimensionless numbers evoked in debris flow research. As a result of this review, the principal con-
siderations can be summarised as follows. First, the complexity of the models has been increasing with the
enhanced understanding of debris flows and advances in technology. Thus, the multiphase approach, more so-
phisticated constitutive relationships, three-dimensional representations and numerical methods requiring
higher computational cost are becoming noteworthy. Secondly, three-dimensional representations are better
suited for the study of specific and small-scale debris-flow processes, while the two-dimensional depth-averaged
approach is still the most appropriate for field applications. Finally, the most recognised and recent models are
highlighted and concisely compiled in a table to provide an overview of the options.

Mergili (2019) demonstrated the distinct behaviour among several
mixture compositions through simulations based on their multiphase
multi-mechanical mass flow model in which three phases are included,
namely coarse grains, fines, and fluid.

Debris flows are driven by gravity under the influence of terrain
morphology combined with certain unfavourable conditions classifiable
as internal variations and external forcing. The internal variations ac-
count for the ground’s mechanical state, defined through several vari-
ables and parameters (e.g., stresses, strains, pore fluid pressure, friction
angle and cohesion). In turn, external forcing such as weather, earth-
quakes, volcanic activity, melting glaciers and anthropic influences/
actions can alter the ground’s mechanical state, triggering the flow
(Fig. 1). The main characteristics identified in debris flows once the
propagation stage has started are summarised in the following

1. Introduction

Debris flows belong to a type of mass movement recognised by its
high damage potential, as it can travel long distances, causing partial or
complete destruction on its path (Iverson, 1997; Hilker et al., 2009;
Chen et al., 2014; Thouret et al., 2020). Debris flows are composed of
several materials, including fluids (e.g., water and air) and solids (e.g.,
clastic sediments and logs, for instance) (Pudasaini, 2012; Pudasaini and
Mergili, 2019; Harada et al., 2021). In turn, these sediments have a
broad spectrum due to their characteristics such as mineral composition,
and particle shape and size. Thus, flow behaviour can vary according to
whether the mass is mainly made up of fine particles, coarse-grained
soils, or boulders (Hungr et al., 2005; Takahashi, 2014). Pudasaini and
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Nomenclature

Operator symbols

Derivative

Partial derivative

Lagrangian or material derivative
Divergence operator

Gradient operator

Laplacian operator

Discrete derivative

Integral

Summation

4449 A

N

Overdot denoting time derivative
Dot product

Double tensorial contraction
Dyadic or tensorial product

{{m] Euclidean norm

Or Transpose

tr([J) Trace

o000 M— >
50

Greek symbols

O Tilde denoting weighted average variable by the fraction
volume

Ok Subscript denoting a variable for each phase

ax Volumetric fraction of a phase

Pra) Momentum correction factor

7 Shear strain-rate

é Kronecker delta

€ Aspect ratio of debris flows
e Strain tensor

3 Total strain-rate tensor

&P Plastic strain-rate tensor

e”r Viscoplastic strain-rate tensor

& Interfacial strain-rate tensor

¢ Free surface of the flow

n Dynamic fluid viscosity

n(€) Generalised Newtonian fluid viscosity

b Erosion drift factor

p Density

o Reference density

pr Density of the fluid

Ps Density of the soil

b Density of the basal surface

pm Density of the main flowing mass

c Total stress tensor

[ Total stress tensor for soil

oy Total stress tensor for fluid

o, Effective stress tensor of the soil

6, Effective stress-rate tensor of the soil

o Jaumann stress-rate tensor of soil

On Normal stress to the bed

T Shear or deviatoric stress tensor of the flow

Ty Shear stress tensor applied from the bed to the flowing
materials

Ts Shear stress tensor of the soil

7l Quasi-static shear stress tensor of the soil

T Viscous shear stress tensor of the soil

(7 Viscous, shear or deviatoric stress tensor for fluid
T5 Shear stress of the soil

70 Failure criterion or yield stress

Y Constant adiabatic exponent

¢ Friction angle

Q Computational domain

Latin symbols

a Permeability coefficient depending on fluid properties

A Mobility parameter of the fluid at the interface

b Basal topography

b Permeability coefficient depending on the porous media
properties

c Cohesion

c Inertial or virtual mass coefficient

4 Speed of sound

c* Rank-four tensor of elastic moduli

e Deviatoric strain-rate tensor

E Entrainment of materials

E Young’s modulus

EN Erosion Number

Er Entrainment Ratio

d Particle characteristic diameter

Fy Interaction force between phases

T Fluid-like contribution in generalised drag coefficient

g Solid-like contribution in generalised drag coefficient

g Gravitational acceleration

e, Enhanced gravity

h Flow depth

H Maximum flow depth

I Second invariant of the strain-rate tensor

I Inertial dimensionless number

J Viscous dimensionless number

j Exponent for linear or quadratic drag

K Bulk modulus

k Intrinsic permeability

ki Inertial permeability

kp Darcy hydraulic conductivity

l Flow path length along its course

Lym Parameter of the Virtual Mass Number

L Maximum longitudinal straight travelling distance of a
debris flow

L Linear part of the hypoplastic model

Zi,C O’Brien-Julian empirical rheological coefficients

< Smoothing function of Pudasaini generalised drag
coefficient

M Net driving force of the moving mass

n Power-law index

no Exponent of the Virtual Mass Number

N Non-linear part of the hypoplastic model

Np Bagnold Number

Nr Friction Number

N; Inertial Number

N Mass Number

Ng Savage Number

Nge Grain Reynolds Number

Nym Virtual Mass Number

NO, Parameter of the Virtual Mass Number

P Confining pressure exerted on the soil

P Total fluid pressure

Dn Hydrostatic pressure

pi Imposed pore fluid pressure

De Excess of pore fluid pressure

Py Mobility Parameter

K Parameter combining solid-like and fluid-like drag
contributions

Re, Particle Reynolds Number

SI Sinuosity Index

Sy, Sy Source terms that contain gravitational acceleration,
rheological relationships, and interaction forces

S m Mobility Scaling
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u Velocity vector

u, Relative velocity between two phases
u® Erosion velocity vector

u,v Depth-averaged velocity

Unax Maximum superficial velocity

Ur Terminal velocity of a particle

Vg Volume of entrained material

Vi Volume of material at the initial source
t Time

tny Time of macro-viscous fluid settlement
tyi Time of grain-inertia fluid settlement
X,Y,2 Longitudinal, transversal and vertical coordinates
Abbreviations

D Dimensions

DEM Discrete Element Method

DG Discontinuous Galerkin
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FDM Finite Difference Method

FEM Finite Element Method

FVM Finite Volume Method

LBM Lattice Boltzmann Method

LieS Lie Symmetry

LWLSM Local Weighted Least-Squares Method
MoC Method of Characteristics

MPM Material Point Method

PPE Pressure Poisson Equation

SM Spectral Method

SMPM  Spectral Multidomain Penalty Method
SoV Separation of Variables

SPH Smooth Particle Hydrodynamics

SS Similarity Solution

WC-EOS Weak-Compressible Equation of State

ot

]
“ Volcanic
activity

Anthropic

Aqueous
Bedrock tail

(2
Earthquake

Boulders

Coarse-grained
front

Fig. 1. Debris flow scheme with most common characteristics and triggering
factors. ¢,c and p are the friction angle, cohesion, and pore fluid pressure,
respectively.

paragraphs. Discussions about the mathematical models that seek to
represent such phenomenological aspects of debris flows are presented
throughout this paper.

Once the debris flow is triggered, which may initiate even with a
single landslide (Iverson, 1997; Cuomo et al., 2014), it propagates due to
the gravitational acceleration in conjunction with the topographic
gradient and pore fluid pressure gradient (Davies, 1986; Iverson, 1997;
Major and Iverson, 1999).

The flow behaviour is dominated by solid, fluid, and solid-fluid
interaction forces (e.g., particle shearing, collision, adhesion, viscous

shear, turbulence and drag) (Campbell, 1990; Pouliquen et al., 2006;
MiDi, 2004; Pudasaini, 2012; Pudasaini and Mergili, 2019; Pudasaini
and Fischer, 2020), represented through constitutive relationships. Also,
based on the estimation of the debris flow regime using these force
definitions is possible to classify debris flows, as shown in Jan and Shen
(1997); Iverson (1997) and Ancey (2007).

Segregation and recirculation of sediments appear to be correlated
effects caused by particle size, density, roughness, base roughness and
material composition (Johnson et al., 2012; Iverson, 2014; Takahashi,
2014; De Haas et al., 2015). Several authors have focused their research
on modelling these effects based on continuum and discrete mechanics
(Thornton et al., 2006; Gray and Thornton, 2005; Gray and Chugunov,
2006; Zhou and Ng, 2010; Gray and Ancey, 2011; Johnson et al., 2012;
Leonardi et al., 2015; Zhou et al., 2016).

Debris flows develop a coarse-grained front and an aqueous tail
(Fig. 1) (Iverson, 1997; Parsons et al., 2001; Johnson et al., 2012;
Turnbull et al., 2015; Wang et al., 2019). This effect, termed phase
separation, was hardly distinguishable in simulations performed using
two-phase depth-averaged models (Pudasaini, 2012; Tai et al., 2019).
Pudasaini and Fischer (2020) developed the first phase separation model
that mechanically detaches solid particles from the fluid. Based on their
multiphase model, Pudasaini and Mergili (2019) simulated the separa-
tion among the coarse solid, fine solid and fluid phases in debris mixture.
This phenomenon was also reproduced by a two-phase three-dimen-
sional model using both continuum and discrete mechanics (Leonardi
et al., 2015).

Debris flows contain large boulders transported by a finer-grained
matrix (Rodine and Johnson, 1976; Hampton, 1979; Davies, 1986;
Iverson, 2014; Takahashi, 2014; Trujillo-Vela, 2021). Large boulders
move towards the flow front, apparently ‘floating’, likely caused by in-
verse segregation and velocity profile in the flow depth direction while
being pushed by the rear part of the flow (Takahashi, 2014; Gray and
Thornton, 2005). Large boulders might be supported by the cohesive
strength of fines, structural support of solids, buoyancy and dispersive
pressure (Bagnold, 1954; Costa, 1984; Davies, 1986). However, few
studies have shown interest in analysing and simulating debris flows
carrying large boulders (Costa and Fleisher, 1984; Davies, 1986; Beaty,
1989; Hutter et al., 1994; Martinez, 2009; Zhao et al., 2020; Trujillo-
Vela et al., 2020; Trujillo-Vela, 2021).

The volume increases during the entrainment of materials into the
flowing mass caused by ground and bank erosion (Egashira et al., 2001;
Hungr and Evans, 2004; Hungr et al., 2005; Berger et al., 2011; Kaitna
et al., 2013; Prada-Sarmiento et al., 2019; De Haas et al., 2020). The first
attempts to include mass entrainment were performed using empirical
formulations (Hungr et al., 1984; Cannon and Savage, 1988; Takahashi
and Nakagawa, 1994; McDougall and Hungr, 2005; Stock and Dietrich,



M.G. Trujillo-Vela et al.

2006; Chen et al., 2006). Mechanically based erosion models are
preferred as only physical parameters are needed for such models
(Fraccarollo and Capart, 2002; Medina et al., 2008; Pudasaini and
Fischer, 2020; Pudasaini and Krautblatter, 2021). The most important
aspect is the mobility of the erosive mass transport. Pudasaini and
Krautblatter (2021) presented the first explicit mechanical model for the
mobility of the erosive landslide based on the excess energy controlling
the mobility.

Lateral levees are part of the deposition stage due to the ‘attempt’ of
the main flow to escape lateral confinement (Hooke, 1967; Mangold
et al., 2003; Johnson et al., 2012; Iverson, 2014; Turnbull et al., 2015;
De Haas et al., 2015; De Haas et al., 2020; De Haas et al., 2020). Man-
geney et al. (2007) and Rocha et al. (2019) made the first efforts to
simulate lateral levee formation by parametrising a friction coefficient
and establishing specific boundary conditions, respectively. With their
seminal mechanical phase separation model for debris flows, Pudasaini
and Fischer (2020) for the first time adequately reproduced lateral levee
formation as well as the phase separation of fluid and soil, solid-rich
frontal surge and fluid-rich centre and back.

Colluvium fan or ‘lobe’ is the zone where the most significant part of
the flow is deposited, as a result of the resisting forces of the mass (Fig. 1)
(Jakob, 2005; Regmi et al., 2015; De Haas et al., 2015; De Haas et al.,
2016; De Haas et al., 2018; Zhou et al., 2019). Deposit morphology
seems to depend on the volumetric fraction of solids and basal rough-
ness, while particle size has a marginal effect (Baselt et al., 2021; Baselt
et al., 2022).

Natural phenomena, such as debris flows, can be conceptualised and
expressed using mathematical formalisms or concatenating mathemat-
ical expressions with physical laws. Thus, mathematical modelling
based on the physical principles, supported by field observations and
experiments, is essential in building knowledge about debris flow
behaviour. Conventionally, physical laws are used to model the material
propagation stage, such as mass and momentum balances. For example,
the first attempt at describing fast flows was made by Voellmy (1955) in
representing snow avalanches using a simple version of the momentum
equation with a proposed rheological relationship. This model was later
implemented to simulate debris flows (Rickenmann et al., 2006; Pirulli
and Sorbino, 2008; Medina et al., 2008; Mergili et al., 2017). Model
complexity has since been increasing with our increasing understanding
of these phenomena and advances in technology. Thus, the latest pro-
posals are the three-dimensional and multiphase versions, as found in
Leonardi et al. (2015); Pudasaini and Mergili (2019); Trujillo-Vela et al.
(2020); van den Bout et al. (2021) and Liu et al. (2021). The importance
of advances in modelling lies in the fact that accurate' prediction of
debris-flow propagation using such models is crucial for effective risk
management and land-use planning.

The literature includes many mathematical models that may differ
from one author to another, with many applications ranging from lab-
oratory-scale2 experiments to basin-scale’ events (Sections 6 and 5). The
existence of so many alternatives induces the need to propose a classi-
fication strategy for debris-flow models. Furthermore, the availability of
many options hinders the systematic selection of a debris flow model
based on the case to be simulated, which might be supported by a
literature review, a model classification methodology, and a selection

1 Accuracy consists of trueness and precision (ISO Central Secretary, 1994).

2 Laboratory-scale experiment of granular and debris flows can be from ~1 to
~100 m length, e.g., in Denlinger and Iverson (2001); Iverson et al. (2004);
Iverson et al. (2010) and Turnbull et al. (2015). Also, a scaling and design
analysis of debris flow experiments is presented by Iverson (2015).

3 Abounding basin- or catchment-scale events with a characteristic length
from ~1 to 10 km have been simulated; some examples are available in
Armanini et al. (2009); Coérdoba et al. (2015); Iverson et al. (2015); Kafle et al.
(2019); Medina et al. (2008); Mergili et al. (2017), (2020a,a,b,b) and Shugar
et al. (2021).
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strategy.

Hutter et al. (1994) presented one of the broadest and most detailed
literature reviews on models used for debris flows, emphasising the
relevant aspects for modelling such phenomena and discussing the ad-
vantages of those multiple choices. Nevertheless, a restructuring of the
methodology used is required as well as an update. In contrast, some
literature review papers on debris flows focus on one or two specific
aspects. For example, Jan and Shen (1997) provided a literature review
of rheological relationships used for debris flow, classifying them
qualitatively in six regimes: friction, collision, friction-collision, macro-
viscous, visco-plastic and visco-plastic-collisional. VanDine and Bovis
(2002) suggest a series of future studies to investigate specific problems
in debris flow that are still ongoing two decades later despite recent
advances. However, the authors do not provide an in-depth discussion of
such issues.

Also, Ancey (2007) performed a detailed analysis of the two most
commonly implemented constitutive relationships in geophysical flows,
Coulomb and Bingham, from a shared concept: plasticity. Plasticity is
also explained in detail from the depth-averaged approach. Besides this,
Ancey (2007) provided a quantitative description of the flow regimes
using dimensionless numbers, while Khattri (2014) briefly explained
many rheological models usually evoked in the debris flow research.
Finally, Cuomo (2020) offered a review of fluid-like landslide modelling,
emphasising the mechanisms that govern each of the three stages of
debris flows, such as triggering, slide-flow transition, and propagation.
The author also included a discussion of the solution methods to simu-
late the stages separately.

The literature review appears to point to a bias toward one charac-
teristic of the models in most papers, i.e., the rheological relationships
disclosed in the cases mentioned above. The literature review also ap-
pears to be lacking a selection pattern of models depending on their
essential characteristics and the case to be simulated. We highlight the
importance of a suitable choice since a successful modelling process
largely relies on an appropriate selection of the propagation model.
Finally, the literature needs to be updated to include the contributions of
the last two decades.

The purpose of this paper is therefore to present a broad and critical
overview of the mathematical models and solution methods for repre-
senting debris-flow propagation, addressing the latest contributions.
Guidelines for model classification and selection are supplied, simpli-
fying the task of including new models. Five main characteristics to
classify debris-flow models are identified and described in a generalised
way without losing essential details, giving them the same importance.
These are discussed in each section, avoiding bias in presenting each
feature as observed in other works. Fig. 2 sketches and ranks these
relevant aspects that include: (1) phases of the flow; (2) entrainment of
materials; (3) constitutive relationships; (4) spatial dimensionality; and
(5) the solution methods. In addition, a concise catalogue of the most
common debris-flow models with their most relevant characteristics is
presented as supplementary information, which might support re-
searchers, practitioners, and governmental entities in performing more
rigorous model selection to simulate these phenomena, based on the
comments presented throughout our paper and recent advances.

This paper is organised as follows: Section 2 presents the models
segregated by their possibility of representing each phase. Section 3
emphasises the importance of implementing mass entrainment in the
balance equations and topographic variation. Section 4 shows general
aspects of constitutive relationships to represent debris flows. Section 5
introduces the reduction of spatial dimensionality and its importance in
facilitating the obtaining of results. Section 6 offers an insight into the
methods that have been implemented over time to solve the equations
that describe debris-flow propagation. Section 7 provides a discussion
about the guidelines for selecting mathematical models and presents a
table containing the most frequently featured and recent models,
including hyperlinks to the websites where the software can be found.
Finally, Section 8 summarises the most relevant findings of this review.
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Fig. 2. Crucial aspects to classifying debris-flow models. D-A: depth-averaged. The branches of constitutive relationships and solution methods have sub-branches

that will be presented later in this work.
2. Phases of the flow

Debris flows are naturally multiphase, as they are composed of a vast
set of discrete solid particles, whose interstitial spaces are filled with
fluids, either water or air (Bear, 1988; Brennen, 2005). Therefore, an
ideal model will be obtained if all phases are considered (i.e., solids and
fluids), which seems to be the course followed by the latest research on
debris flows as they include more components (e.g., Pitman and Le,
2005; Pudasaini, 2012; Leonardi et al., 2015; Pudasaini and Mergili,
2019; Trujillo-Vela et al., 2020; Kattel et al., 2021; Peng et al., 2021; Liu
et al.,, 2021 and van den Bout et al. 2021). The model proposed by
Pudasaini and Mergili (2019) is being widely used in practice for solving
catchment-scale complex problems of multiphase mass flows (Baggio
et al., 2021; Kafle et al., 2019; Mergili et al., 2017, 2020a,a,b,b; Pajola
et al., 2022; Shugar et al., 2021). However, considering the phase that
dissipates the most significant amount of momentum is a typical way to
deal with this concern (see Savage and Hutter, 1989; Pouliquen and
Forterre, 2002; Denlinger and Iverson, 2004; Patra et al., 2005 and
Baker et al. 2016).

Indeed, the phases and how to take them into account is an aspect
that helps to classify the different mathematical models as it influences
the set of equations to be implemented. Most of the models that can be
found in the literature are based on continuum mechanics. The
abstraction of natural phenomena through a model implies the fact of
starting to set up assumptions. The primary most commonly used pos-
tulates in modelling debris flows are concisely summarised below:

First, the media are assumed as a continuum, regardless of the phase;
thus, the principle of mass conservation is used (O’Brien and Julien,
1988; Savage and Hutter, 1989; Takahashi and Nakagawa, 1994; Iver-
son, 1997; Iverson and Denlinger, 2001; Denlinger and Iverson, 2004;
Pitman and Le, 2005; Pudasaini, 2012; Pudasaini and Mergili, 2019).
Nevertheless, there has recently been an increasing implementation of
discrete elements to represent soils, where mass conservation is trivially
satisfied (Zhou and Ng, 2010; Teufelsbauer et al., 2009; Teufelsbauer
et al., 2011; Leonardi et al., 2015; Leonardi et al., 2016; Shen et al.,
2018). Second, there are no chemical reactions so that each constituent
preserves its integrity (Passman et al., 1984). Third, there is no physical
abrasion among the solid particles. Fourth, the heat production of debris
flows is considered insignificant in most models; thus, there is no bal-
ance of thermodynamic energy since the system is assumed to be
isothermal (Iverson, 1997; Hef et al., 2019). Nonetheless, exceptions
can be found in the literature, such as Vardoulakis (2000) and Goren and
Aharonov (2007), where the thermal energy inside the shear band is
considered relevant. Fifth, the flow is assumed to be isochoric or
incompressible in most cases (O’Brien and Julien, 1988; Savage and
Hutter, 1989; Takahashi and Nakagawa, 1994; Iverson, 1997; Iverson
and Denlinger, 2001; Denlinger and Iverson, 2004; Pitman and Le, 2005;
Pudasaini and Mergili, 2019). However, it is sometimes assumed as
barotropic -allowing weak compressibility— where the pressure is
computed as a function of density only (Cascini et al., 2016; Canelas
etal.,, 2017; Dai et al., 2017; Trujillo-Vela et al., 2020; Peng et al., 2021).

2.1. Single-phase models

Based on the previous statements, the balance of mass and mo-
mentum is used to model debris-flow propagation. It is possible to write
the set of equations in the widely used form if they are applied to an
infinitesimal control volume as follows (Kundu and Cohen, 2004):

dp

- pou=F 1
at+Vpu (@)
dpu b

7+Vpu®u:/)g+V~0'+2/l uk 2

where p is the mass density, u = (u,v,w) is the velocity vector of the
moving mass, V- is the divergence operator, ® is the dyadic or tensorial
product, g = (g,,g,,g,) is the gravitational acceleration, and ¢ is the
stress tensor further described in Section 4. E represents the sinks and
sources of mass occurring on the banks and bottom due to erosion or
localised deposition (Kundu and Cohen, 2004; Iverson, 2005; Concha,
2014), which will be further described in Section 3. A° is the erosion drift
factor. The last term in Eq. (2) represents the erosion-induced net mo-
mentum production, recently redefined and mechanically derived by
Pudasaini and Fischer (2020) and Pudasaini and Krautblatter (2021).
The factor of 2 in the last term on the right-hand side of Eq. (2) originates
from the correct handling of the erosion-induced change in inertia and
the momentum production emerging from the effectively reduced fric-
tion, as demonstrated by Pudasaini and Krautblatter (2021) through
their mechanical model for landslide mobility with erosion.

Egs. (1) and (2) are written in the conservative form, representing
the mass displacement in three dimensions for any material that might
change the volume. This model is labelled single-phase since the flow is
assumed to have one phase or material. It is also noteworthy that Egs.
(1) and (2) are written in partial derivatives on the left-hand side,
indicating that they are based on the Eulerian approach. These models
are more suitable when one component, either fluid or soil, dominates
the mass propagation, especially when the flows are dry granular or
hyperconcentrated homogeneous mixtures. Therefore, the mass and
momentum contribution of one of the phases is considered insignificant.

Single-phase models were initially developed to analyse dry granular
and fluid flows separately, laying the foundation for studying debris
flows. Some of the single-phase models proposed to represent dry
granular flows can be consulted in Savage and Hutter (1989); Savage
and Hutter (1991); Pouliquen and Forterre (2002); Denlinger and Iver-
son (2004); Iverson et al. (2004); Patra et al. (2005); Baker et al. (2016)
and Fan and Wu (2022). Other models were developed to simulate
debris flows as hyperconcentrated masses using one phase (see Laigle
and Coussot, 1997; Takebayashi and Fujita, 2020). The models
mentioned above usually are implemented after depth-averaging the
balance equations that will be further explained in Section 5.
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2.2. Mixture models

Let us define a kind of model that takes into account two phases. The
parameters and variables to compute will be the weighted average of the
fraction of volume that occupies each phase. Thus, the weighted average
density, velocity, and stresses are defined as 7) = (asps + agpy), ;J; =

(aspsus + agppuy), and 6 = (a;04 +agoy) where a; and of are the volu-
metric fraction of solids and fluid, respectively, satisfying Y o = 1
(Iverson, 1997; Iverson and Denlinger, 2001; Iverson, 2005; Pudasaini
et al., 2005; Baumgarten and Kamrin, 2019). Thus, the set of equations
with the weighted average variables can be written as follows,

op ~
@& ou=E
0t+qu &)
6E+Vpu®u:/)g+vv6+2}»u[E (©)]

where the term 2?5@ in Eq. (4) represents the erosion-induced net
momentum production, which includes the correct handling of the
erosion-induced change in the inertia and the momentum production
emerging from the effectively reduced friction. Most authors suppress

the tilde (ﬁ) or other accent marks to simplify the notation, and the
expressions are kept the same as Egs. (1) and (2). However, the variables
are defined through the weighted average concept as shown above. Also,
the material is assumed to be homogeneous as if the mass were a
colloidal mixture (O’Brien and Julien, 1988; Iverson and Denlinger,
2001; Imran et al., 2001; Baumgarten and Kamrin, 2019). It will be
called mixture models as described by Hutter et al. (1994); Concha (2014)
and Takahashi (2014).

The first description of mixture models for soil can be found in Biot
(1956). A more general form of conservation equations for mixtures
regardless of their components can be found in Truesdell (1969) and
earlier works. Similarly, Zuber (1964) has proposed a version for
dispersed two-phase flows. The essential characteristic of these kinds of
models is that the volumetric fraction weighs the total stress tensor. No
terms represent the interaction between phases, so there is only one
momentum equation. Therefore, it is assumed that there is no relative
motion between soil and fluid, as described by Biot (1956). Iverson
(1997); Iverson and Denlinger (2001); Iverson (2005) and Pudasaini
et al. (2005) developed this homogenised mixture model to represent
debris flows, assuming a constant solids concentration.

Similarly, a series of models can also be classified as mixture types
because a single momentum equation is implemented for the whole
mass. Nonetheless, there are two mass conservation equations instead of
only one. The first represents the mass balance of the whole mixture, and
the second describes the variation of solids concentration, a; (Takahashi
and Nakagawa, 1994; Armanini et al., 2009; Iverson and George, 2014).
The most typical representation of this set of equations is given by using
the shallowness approach (see Section 5), either for constant or variable
solids concentration.

In general, mixture models are more suitable in circumstances in
which both fluid and solid components are assumed to be homogeneous,
and there is no interaction between the solid and fluid phases. Conse-
quently, the modeller must be aware that these representations are far
from the complex reality of nature due to all the simplifications, espe-
cially regarding the neglect of the relative motion between phases,
likewise single-phase versions. Despite their shortcomings, many simu-
lations of field-scale debris- and mud-flows have been performed using
mixture models (O’Brien et al., 1993; Hiibl and Steinwendtner, 2001;
McDougall, 2006; Hungr and McDougall, 2009; Lee and Widjaja, 2013;
Iverson et al., 2015; Iverson and George, 2016; Xu et al., 2021; Barnhart
et al., 2021).
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2.3. Multiphase models

A more appropriate way to account for more than one phase is by
defining one set of equations for each phase, increasing the modelling
complexity and the computational cost considerably. If the model is
based on continuum mechanics, the phases will, in contrast to when
discrete mechanics is used, overlap conceptually (Baumgarten and
Kamrin, 2019). On the other hand, there is relative motion among the
phases, unlike the mixture models. Thus, the multiple set of equations
must be linked through additional force terms, representing the inter-
action among phases (Anderson and Jackson, 1967; Drew, 1983). It is
possible to write the multiphase set of equations, as written in Pudasaini
and Mergili (2019):

0

a(akﬂk) + V- (apw) = & (5)
U b

E (akpkuk) + V'(C(kpkllk ® uk) = P g+ V~(ak0'k) +F+ 2/1kuk =% (6)

where the subscript k represents each phase of the flow and qy is the
volumetric fraction of each phase. Therefore, it is necessary to have a set
of mass and momentum equations for each phase. The sum of the partial
volumes corresponds to the total volume, satisfying > ,ax = 1, identical
to mixture models (Concha, 2014; Pitman and Le, 2005; Pudasaini,
2012). Typically, the interaction force term between the phases, Fy, is
assumed to satisfy the Newton’s third law (Anderson and Jackson, 1967;
Drew, 1983). Fy encloses the linear and non-linear drag forces and the
virtual mass force, further explained in Section 4.4 (e.g., Sulem and
Vardoulakis, 1995; Pitman and Le, 2005; Pudasaini, 2012; Pudasaini
and Mergili, 2019). E is the sink or source of mass of each phase
considered in the model, as proposed by Pudasaini and Fischer (2020).
The term 2l£uk Ex on the right-hand side of Egs. (2), (4) and (6) repre-
sents the erosion-induced net momentum source or sink caused by the
entrainment or localised deposition of mass that occurs through the
right-hand side term of Egs. (1), (3) and (5) (Pudasaini and Fischer,
2020; Pudasaini and Krautblatter, 2021). A unity of/lZuk[Ek emerges from
the momentum production derived from the effectively reduced friction,

while the other unity of A2u.[F; originates from the correct understand-
ing of the inertia of the entrained mass (Pudasaini and Krautblatter,
2021).

Two-phase models can be found in the literature, as proposed by
Pitman and Le (2005); Pudasaini (2012); Pudasaini and Krautblatter
(2014); Cordoba et al. (2015); Cérdoba et al. (2018); Meng and Wang
(2016); Li et al. (2018); Pudasaini and Fischer (2020) and van den Bout
et al. (2021). The main difference between these models is the way ki-
netic energy dissipation is defined. Nonetheless, Pudasaini and Fischer
(2020) developed a mechanical model that is capable of separating the
solid particles from the fluid in debris mixtures, which enhances the
appearance of the coarse-grained front and the aqueous tail observed in
debris-flow experiments and natural events. This is called the phase
separation model. Furthermore, Pudasaini and Fischer (2020) presented
a mechanical erosion model for the two-phase debris flow. A two-phase
rock-ice avalanche model by Pudasaini and Krautblatter (2014) de-
scribes the internal mass and momentum exchanges between the ice and
rock phases, including the internal and basal strength weakening of the
material and the associated frontal surge development, often observed
phenomena. Other models represent the fluid phase by a continuum
approach while the solid particles are modelled via discrete mechanics
(see Egs. (7) and (8)) (Leonardi et al., 2016; Li and Zhao, 2018; Li et al.,
2018; Li et al., 2020; Peng et al., 2021), which do not consider erosion,
entrainment and induced mobility.

Then, a three-phase model to study debris flows was developed by
Pudasaini and Mergili (2019) to account for coarse grains, fines, and
fluid based on a continuum mechanics approach. A three-phase model
was also proposed by Trujillo-Vela et al. (2020) using a continuum
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mechanics approach to represent the fluid and soil phases, while a
discrete mechanics perspective was implemented to include large
boulders. In general, multiphase models are regarded as more realistic
because each component is represented separately, accounting for the
interfacial momentum exchanges. Thus, multiphase models are appro-
priate when the interactions between the different phases and the
relationship between the variables must be studied to observe the
changes in the phenomenon dynamics on a macroscopic scale (e.g.,
GhoshHajra et al., 2017, 2018). This enables us to study additional
phenomenological aspects observed in debris flows.

Also, a multiphase approach is essential when modelling a landslide
entering a water body (e.g., creek, dam and lake), which is a common
source of debris flows. The multiphase models developed by Pudasaini
(2012) and Pudasaini and Mergili (2019) are leading and have been
applied to catchment-scale cases by Mergili et al. (2017, 2018a, 2018b,
2020a, 2020b); Kafle et al. (2019); Baggio et al. (2021); Shugar et al.
(2021) and Pajola et al. (2022). The multiphase model proposed by
Pudasaini and Mergili (2019) is being increasingly implemented in
simulating complex cascading natural events due to its versatility and
mechanical foundation. On the other hand, Cordoba et al. (2015);
Cordoba et al., 2018 also proposed a multiphase model that was applied
to simulate a catchment-scale lahar case by Cordoba et al. (2015).

In this manuscript, the set of conservation equations has been
expressed using the Eulerian approach (i.e., Eqs. (1)-(6)). Nonetheless,
the balance of mass and momentum can also be written using the
Lagrangian derivative after applying the chain rule, resulting in:

D

D (@) = = @ Vwy @
Du,

akpk?[k = QP8 + V~(ako‘k) + F}; (8)

where D()/Dt = d() /ot +u-V() is the material or Lagrangian derivative,
among many other names it has received in the literature (Bird et al.,
2007; Batchelor, 2000; Kundu and Cohen, 2004). Egs. (7) and (8)
describe the movement of points that can nevertheless be deformed. Eq.
(7) is trivially satisfied when the body is assumed to be rigid because
mass deformation is absent; consequently, the intra-particle or intra-
point gradient of the stress tensor is inexistent. This reduced version
of Eq. (8) constitutes the basis of discrete mechanics. Mass entrainment
is not considered in this set of equations because there is no mass flux
among points. The difference between Eulerian and Lagrangian ap-
proaches will be clarified in Section 6.2.

3. Entrainment of materials

The entrainment of materials into the flow caused by fast erosion is
such an influential feature in debris flow that the morphology of the
natural drainage channels (i.e., mountain rivers and creeks) and the
initial volume of the flow might change dramatically. Flow volume can
vary by several orders of magnitude (Hungr et al., 2005; Berger et al.,
2011). For instance, the lahar that occurred at the Nevado del Ruiz
volcano in Colombia on November 13™, 1985, increased the initial
volume by a factor of 2 to 4 (Pierson et al., 1990). Hungr and Evans
(2004) reported several cases of rock avalanches, where the initial
volume increased by 2.5 or 10 times. Kaitna et al. (2013) documented
increments in volume from 3 to 53 times in many debris-flow field
events. Cascini et al. (2014) listed a series of landslides whose volume
increased by up to 6.25. A more recent debris flow case occurred on
March 31%, 2017, in Mocoa (Colombia), with an approximate volume
increment of 7.5 times the initial mass (Prada-Sarmiento et al., 2019). It
has been found through field observations that the primary two sources
of mass entrainment are bed destabilisation and instability of the stream
banks undercut by bed erosion (Hungr et al., 2005).

Cuomo et al. (2014) observed through numerical simulations that
landslide propagation is dependent on the combined action of rheology
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and bed entrainment. The erosion rate may thus affect the travel dis-
tance, velocities, flow depth, pore fluid pressure at the ground surface
and even the rheology, depending on the particular circumstances of
each site and flow (Cuomo et al., 2014; Cuomo et al., 2016; Pudasaini
and Fischer, 2020; Pudasaini and Krautblatter, 2021).

The field and numerical observations mentioned above demonstrate
the crucial importance of implementing models that account for the
entrainment of materials emerging from fast erosion caused by dense
debris flows impacting the lateral banks and bottom. If ground erosion is
allowed in the model, an evolution equation for the basal morphology is
required, as follows (Takahashi and Nakagawa, 1994; Egashira et al.,
2001; Armanini et al., 2009; Pudasaini and Fischer, 2020):

ob
== E (©)]
where b = b(x,y, t) is the basal topography as a function of space and
time, F is the total erosion/entrainment rate of one phase, the mixture,
or each phase if a multiphase model is implemented. Eq. (9) is an
alternative formulation of the generalised Exner expression that de-
scribes the sediment conservation between the bed and the flowing mass
by using the divergence of the sediment flux (i.e., 0b/dt = —V-E) (Paola
and Voller, 2005). Thus, Eq. (9) accounts for the entrainment rate per
unit time per unit of bed area, as pointed out by Parker (2008), so that no
divergence is considered. This simplified version typically used in
debris-flow modelling facilitates the calculation and reduces the
computational cost. Many authors agree that the total erosion rate, E, is
mainly a function of the subtraction between two shearing resistance
forces,

E=f(t—1), (10)

(1) the sliding mass applies the shear stress on the erodible bed, 7; (2) the
bed applies the shear stress against the flowing material, 7, (opposite
direction to the flow) (Takahashi and Nakagawa, 1994; Fraccarollo and
Capart, 2002; Medina et al., 2008; Iverson, 2012; Li et al., 2018;
Pudasaini and Fischer, 2020; Pudasaini and Krautblatter, 2021). Eq.
(10) reaches closure when rheological models are associated with these
two shearing resistance forces using either physically or empirically
acquired equations (e.g., Mohr-Coulomb or Chezy resistance).

Merely empirical expressions that establish mass entrainment using
yield or erosion rates were proposed by Hungr et al. (1984); Rickenmann
et al., 2003; McDougall and Hungr, 2005; Stock and Dietrich, 2006 and
Chen et al. (2006). Other authors developed empirical formulations that
are functions of flow depth, velocity, friction angle, bed slope angle and
empirical parameters (Takahashi and Nakagawa, 1994; Egashira et al.,
2001; Cao et al., 2004). In contrast, the mechanics-based models for the
mass erosion and entrainment rate as a function of the flow depth, ve-
locity and physical parameters have been developed (see Fraccarollo
and Capart, 2002; Medina et al., 2008; Iverson, 2012; Pudasaini and
Fischer, 2020 and Pudasaini and Krautblatter, 2021). Iverson (2012)
derived a mechanical-based entrainment formulation that produces
singularities. In light of the previous shortcoming, Pudasaini and Fischer
(2020) proposed a two-phase, mechanically-based, mathematically
consistent erosion/deposition formulation that avoids the singularities
in existing models. The reader is referred to Pirulli and Pastor (2012)
and Iverson and Ouyang (2015) for detailed discussions about the dif-
ferences between many total erosion rate formulations (Eq. (10)).

Essentially, the total erosion rate E must be on the right-hand side of
the mass balance equation with the opposite sign (see Egs. (1), (3) and
(5)). It is also fundamental to include momentum production caused by
mass entrainment in the momentum equations to ensure that the model
is physically correct and mathematically consistent (viz., last term in
Egs. (2), (4) and (6)). This fact was first proven and explicitly demon-
strated by Pudasaini and Fischer (2020). Furthermore, it is possible to
establish the mass and momentum production by defining the kinematic
boundary conditions when depth-averaging the balance equations
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(Iverson, 2005; Pudasaini and Hutter, 2007).

Pudasaini and Krautblatter (2021) proved that an additional mo-
mentum production term can be derived from the inertial part of the
momentum equations, which has been ignored in all models. Despite
these new findings in the physics of debris flows, it is still pertinent to
distinguish the different traditional ways to account for mass entrain-
ment. Some models assume the ground surface is rigid and do not
consider mass entrainment (Savage and Hutter, 1989; Iverson and
Denlinger, 2001; Iverson et al., 2004; Pudasaini et al., 2005). Others
only consider it through the mass balance equation while neglecting the
momentum production term (Takahashi and Nakagawa, 1994; Christen
et al., 2010). Finally, some models include both mass and momentum
production terms, as proposed by Gray (2001); McDougall and Hungr
(2004); Iverson (2005); Pudasaini and Hutter (2007); Le and Pitman
(2009); Pudasaini and Krautblatter (2014); Pudasaini and Fischer
(2020). However, all those models and modelling frameworks for the
erosive mass transports are incomplete, physically incorrect and math-
ematically inconsistent, and could not explain the important aspect of
mobility of erosive mass flows. By eliminating all those problems,
Pudasaini and Krautblatter (2021) made a breakthrough in correctly
determining the state of kinetic energy and consequently the mobility
associated with an erosive landslide. They addressed the long-standing
question of why many erosive landslides generate higher mobility,
while others reduce their mobility.

The net momentum production term was appropriately written
throughout this paper in the last term on the right-hand side of mo-
mentum equations (see Egs. (2), (4), (6), (33), (34) and (37)) following
Pudasaini and Krautblatter (2021):

220w E = 2ulE, @1

where the subscript k represents each phase of the flow and the super-
script b represents the basal surface. “2 = lﬁuk is the erosion velocity
that equals the erosion drift factor, 42, times the velocity of the flowing
mass, ug. The erosion drift factor can be defined via different formula-
tions, as pointed out by Pudasaini and Krautblatter (2021). However, a
physical-based formulation was provided by Pudasaini and Fischer
(2020) as follows:
m LA b
A= (1+——)/1k 12)

i o

where the superscript m represent the main flowing mass. Eq. (12)
connects 22 with A through the ratio of densities and the volume frac-
tions on either side of the interface between the flowing mass and the
basal surface. l,b( may take any value between O and 1. In the case
22 < 1/2, the mobility of the flowing mass is reduced even in erosion; if
2 =1/2 there is no influence on the mobility, and if A2 > 1/2, the
mobility is enhanced (Pudasaini and Krautblatter, 2021). Eq. (12) con-
tains, in turn, the Inertial Number N; = piaz /ppa (Pudasaini and
Krautblatter, 2021), which controls the mass mobility and can be used as
a decision criterion whether consider or not an entrainment rate model,
further discussed in Section 7.

It is important to recall that when the total erosion rate is assumed as
zero, E = 0, there is no mass flux from the bottom into the main flow nor
is it deposited to become part of the topographic base. Nonetheless, the
deposition process will also be observed in the simulation even if E = 0
because the terms on the right-hand side of the momentum equations are
in charge of dissipating the kinetic energy so that the mass will stop once
the viscous or frictional forces overpass the gravitational acceleration as
a consequence of the topographic gradient. The erosion drift factor and
the entrainment rate can be set up using different definitions as exposed
above. However, it is imperative to preserve the form of the definition of
the net momentum production as given in (11) and include it in the
momentum equation for erosive debris flows.
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4. Constitutive relationships

Once the phases to be considered have been selected and the
entrainment problem defined, the next step is to establish the behaviour
of the material through the constitutive models. A constitutive equation is
a relationship between two variables (e.g., stresses to strain, diffusive
flux to concentration gradient, and voltage to resistance) that de-
termines the behaviour of a specific material. Some examples are the
Newtonian and non-Newtonian law of viscosity, Hooke’s law, Fick’s
law, Fourier’s law of thermal conduction, Ohm’s law, and others (Landel
and Peng, 1986; Reddy, 2013). Newtonian and non-Newtonian law of
viscosity, the elastoplastic and hypoplastic models belong to a subset of
constitutive equations that specifically relate stresses to strain or strain-
rate known as rheological models (Fig. 3). Rheology studies the behaviour
of matter undergoing deformation (Rao, 2010; Osswald and Rudolph,
2014). Then, the stress tensor introduced in Egs. (2), (4) and (6) must be
replaced by an expression describing the behaviour of the material,
either fluid or soil. Rheology is likely the most studied aspect of debris
flows. This has led to the development and implementation of many
rheological models, depending on the material behaviour, perspective
and requirements of the modeller. Thus, the principal families of rheo-
logical models are briefly described in this section, covering soils, fluids
and their interaction relationships (see Fig. 3).

4.1. Soil

The generalities of rheological models implemented to represent the
solid phase of debris flows are presented in this section. The most basic
way to express a rheological model for soils is as follows:

o, =f(e,0) 13

The effective stress tensor of the soil, 6;, equals a function of the
strain tensor, &, and the history of stresses, but such a rheological model
can also be a function of the strain-rate tensor and the failure criterion.
Elastoplasticity and hypoplasticity are the two leading families of rheo-
logical models used to represent soils (de Souza Neto et al., 2011;
Kolymbas, 2012). Three concepts are connected in the formulation of
elastoplasticity, with elasticity being represented by Hooke’s law, plas-
ticity being defined by a plastic flow rule, and the failure or yield criterion
that delimits the elastic range of the soil, f(7y) (Fig. 4) (Simo and
Hughes, 2006; de Souza Neto et al., 2011; Anandarajah, 2011). The
general representation of an elastoplastic model is as follows:

’

6 =c i (6—#) (14)

. . .
where 6, is the effective stress-rate tensor, ¢¢ is the rank-four tensor of

elastic moduli, ¢ = [Vu +(Vu)"]/2 is the total strain-rate tensor and & is
the plastic strain-rate component (Chen and Baladi, 1985; Borja, 2013;
Bui et al., 2014). Colon ([]J : []) denotes a double tensorial contraction
and the overdot ([]) denotes a time derivative. Similarly to fluid
rheology, the stress tensor for soils can also be split into a volumetric and
a deviatoric component when elastoplastic models are used (see Eq.
(20)) (Chen and Baladi, 1985; Bui et al., 2007; de Souza Neto et al.,
2011; Borja, 2013). Mohr-Coulomb and Drucker-Prager are two of the
most common failure criterion used in elastoplastic models for
describing the granular component of debris flows (see Denlinger and
Iverson, 2004; Domnik et al., 2013; Savage et al., 2014; Crosta et al.,
2016; Zhao et al., 2020; Trujillo-Vela et al., 2020; van den Bout et al.,
2021). There is also another family of models that can be classified as
elastic-viscoplastic (Fig. 4). It is possible to write an elastic-viscoplastic
model as follows,

6, =c: (£ —£7) 15)

where €'? is the viscoplastic strain-rate tensor (Perzyna, 1963; Pastor
et al., 2015; Pastor et al., 2015). Eq. (15) describes rate-sensitive plastic
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Fig. 3. Diagram of the main constitutive relationships used to define debris-flow behaviour. PPE: Pressure Poisson Equation, WC-EOS: Weak-Compressible Equation

of State, C-Hydrostatic: Corrected Hydrostatic Pressure.
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Fig. 4. Fundamental relationships between stress and strain to represent soils.
E is the Young’s modulus.

materials. For instance, Perzyna’s elastic-viscoplastic model with Mohr-
Coulomb failure criterion was implemented by Pastor et al. (2015) to
simulate debris flows.

If only the failure criterion is used (e.g., Mohr-Coulomb and Drucker-
Prager), the model is classified as perfectly plastic and delimits the ad-
missible stress state of the soil (Fig. 4), which is widely used in granular
and debris flows, as shown in Savage and Hutter (1989); Hutter et al.
(1993); Iverson (1997); Tai and Gray (1998); Iverson and Denlinger
(2001); Denlinger and Iverson (2001); Patra et al. (2005); Pitman and Le
(2005); Pudasaini et al. (2005); Pudasaini (2012); Iverson and George
(2014); Cordoba et al. (2018); Li et al. (2018); Pudasaini and Mergili
(2019) and Pudasaini and Fischer (2020). Mohr-Coulomb one-dimen-
sional yield criterion is defined as follows:

T, = ¢+ o tang ae)

where 7 is the shear stress of the soil, 5, is the normal stress to the basal
surface, ¢ is the friction angle, and c is the cohesion considered zero in
most debris-flow models. However, cohesion cannot be neglected in
studying the initial stage of debris flows and can therefore be defined as
a parameter or variable (Bui and Nguyen, 2017; van den Bout et al.,
2021). This model is implemented to define both the internal condition
of the flowing mass and the boundary conditions. However, using a
perfectly plastic model implies that it is not possible to study stress and
strain states in the pre-failure, failure and deposition stages, but just to
determine whether a material can be distorted or not.

Furthermore, debris-flow models are typically one- or two-
dimensional, leaving a lack in the computation of the entire stress
tensor. Hence, lateral earth pressure theory is implemented to estimate
such terms by relating the horizontal stress to the vertical, which com-
pensates for the missing components in the stress tensor (Savage and
Hutter, 1989; Hutter et al., 1993; Iverson and Denlinger, 2001; Puda-
saini et al., 2005). Nevertheless, it is possible to find the solution of the
whole stress tensor on a two-dimensional depth-averaging model as
proposed by Denlinger and Iverson (2004), which is a non-conventional
version for debris-flow simulation.

Alternatively, hypoplasticity represents soil behaviour through a
single tensorial expression —avoiding the use of the traditional failure
criteria— giving an equation with a more continuous nature (Fig. 4). A
hypoplastic model can be defined as follows:

6 =L(c,,é) +N(c,.€) a7)

where 6 ; is the Jaumann stress rate tensor that comprises a linear and
non-linear part, L and N, respectively (Wu et al., 1996; Hel et al., 2019).
A hypoplastic model was implemented by Guo et al. (2016); Peng et al.
(2016); HeB and Wang (2019) and HeB et al. (2019) to study debris
flows.

Another more recent family of rheological models has been devel-
oped to represent granular flows, generally termed u(.%)-rheology
(Pouliquen and Forterre, 2002; MiDi, 2004; Pouliquen et al., 2006;
Schaeffer et al., 2019). These models state a friction coefficient, y, that is
a function of an inertial (/) or viscous (/) dimensionless numbers. For
example, a y(-7)-rtheology model can be established as (Pouliquen et al.,
2006; Chauchat and Médale, 2010; Schaeffer et al., 2019; Cheng et al.,
2021):

N e
z — P ("/)M (18)
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where 7; is the shear stress tensor of the solids, P confining pressure
exerted on the granular media, ¢ = € —tr(¢)6/3 is the deviatoric strain-

rate tensor, § is the Kronecker delta and ||é|| = \/é : ¢/2 is the second
invariant of the deviatoric strain-rate tensor. Eq. (18) implies that there
must also be a volumetric component, as shown in Eq. (20). The inertial
and viscous number are defined as follows:

s dlell

VPl P

where d is the particle characteristic diameter, p is the density of the
solid particles and # is the dynamic fluid viscosity (Pouliquen et al.,
2006; Boyer et al., 2011; Guazzelli and Pouliquen, 2018; Schaeffer et al.,
2019; Rauter, 2021). The definition of the friction functional x(.#) and
u(/) can be found in Pouliquen and Forterre (2002); MiDi (2004);
Pouliquen et al. (2006) and Schaeffer et al. (2019).

The first attempt at implementing this type of frictional coefficient
rheology was performed by Pouliquen and Forterre (2002) based on a
depth-averaged single-phase model. Pailha and Pouliquen (2009) pro-
posed the use of y(.7)-rheology to represent the shearing and dilatant
behaviour of granular materials based on a two-phase depth-averaged
model to simulate the initiation of submerged granular flows. [verson
and George (2014) used a dimensionless parameter similar to the
viscous number to define the dilatancy angle of the volumetric fraction
of solids to represent debris flows. Then, Rauter (2021) implemented the
definition given by Egs. (18) and (19) to simulate a submerged granular
collapse. Cheng et al. (2021) proposed to split the shear stress tensor for
granular flows into a quasi-static and viscous part (i.e., 7, = 7¢ + 7y),
where the quasi-static component is a function of a non-linear shear
modulus and the deviatoric strain tensor, and the viscous part was
defined using Eq. (18).

The inclusion of an elastic component in the rheology or the use of
hypoplastic models allows us to analyse of stress and strain field at the
pre-failure, failure, propagation and deposition stages of a debris flow.
Conversely, an in-deep study of the different stages of debris flows,
except for the propagation, is not possible if perfectly plastic or
u(-7)-rheology are implemented. Nonetheless, an exception can be
found with the enhanced y(.7)-rheology model proposed by Cheng et al.
(2021), where an analysis of the deviatoric stress and strain relationship
is shown.

_ nlle]]
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4.2. Fluid

The stresses generated when an element of fluid suffers deformation
can be split into two parts: pressure and shear stress (Kundu and Cohen,
2004; White and Corfield, 2006). The shear stress equals the total stress
minus the equilibrium stress (pressure) so that when the expression is
cleared, one obtains:

o; = —p(p)s+1(€) (20)
where o5 is the total stress tensor of the fluid, p is the thermodynamic
pressure, isotropic or volumetric stress that describes the fluid behaviour
at static conditions (Kundu and Cohen, 2004). The minus sign is due to
the convention in fluid mechanics where compression is taken as
negative and tension as positive. 7y is the viscous, shear or deviatoric
stress tensor that accounts for the tangential stresses generated by the
fluid viscosity occurring when it flows. The shear stress tensor can be
derived by applying tensorial calculus, as shown in Bourne and Kendall
(2014) and Aris (2012).

A rheological expression for fluids relates the shear-stress tensor to
the strain-rate tensor, which can be linear (i.e., Newtonian law of vis-
cosity) or non-linear (e.g., Power-law equation proposed by Ostwald,
1929 and Bagnold, 1954) (see Figs. 5a and 5b). Also, such a relationship
may have a threshold from which the fluid will start to flow or not,
known as yield stress, 7o, for example, Bingham, Herschel and Bulkley
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(1926) and O’Brien and Julien (1988). Models with a threshold can be
classified as viscous-perfectly plastic. For instance, a general rheological
expression for the deviatoric component of fluids can be written using
the generalised Newtonian fluid equation in addition to the yield stress
as

7 =19 +2n(€)¢" 21
where 5(¢) = n(I2) is the generalised Newtonian fluid viscosity that is
found to depend on the strain-rate tensor, I, is the second invariant of
the strain-rate tensor” and n is termed the power-law index (Rao, 2010;
Ostwald, 1929). Fluids with an index n < 1, are termed shear thinning or
pseudoplastic. Very few materials can be denominated shear-thickening
fluids, having an index n > 1 (Fig. 5a and b). Eq. (21) has the form of a
model proposed by Herschel and Bulkley (1926). Other models can also
be derived from this equation by defining the parameters, as shown in
Table 1. Regularised versions of Eq. (21) can be found in the literature
developed to avoid numerical instabilities (Papanastasiou, 1987; Shao
and Lo, 2003; Wang et al., 2016).

Fig. 5a and b present a concise description of the behaviour of
rheological models commonly implemented in fluid and debris flows.
The above-mentioned viscous-perfectly plastic models are appropriated
when the fluid phase dominates the flow and behaves like a colloid.
Nonetheless, they can make the material stop when there is equilibrium
in the momentum equation due to a low topographic gradient and the
yield stress.

The Newtonian rheology —classifiable simply as viscous— is the most
basic model implemented to represent the fluid phase of debris flows
when using a mixture or multiphase model (Hunt, 1994; Iverson and
Denlinger, 2001; Pudasaini et al., 2005; Meng and Wang, 2016; Trujillo-
Vela et al., 2020). Nonetheless, rheological experiments developed by
Coussot (1994) and Coussot et al. (1998) demonstrated that soil-fluid
mixtures fit Herschel-Bulkley model. Therefore, Laigle and Coussot
(1997); Imran et al. (2001); Malet et al. (2005); Ancey and Cochard
(2009) and Jeon and Hodges (2018) implemented this expression to
represent debris- and mud-flows. Bingham rheology has also been
widely used to simulate debris flows when the laboratory results
matched this behaviour (Imran et al., 2001; Chen and Lee, 2002; Pastor
et al., 2002; Pastor et al., 2004; Pastor et al., 2009; Leonardi et al., 2015;
Leonardi, 2015; Leonardi et al., 2016; Dai et al., 2017). Naef et al.
(2006) found the influence on the run-out distance of these commonly
applied rheological models in debris flows through the simulation of a
laboratory-scale dam-break case.

It is a manifest combination of concepts from soil and fluid rheology
when the Mohr-Coulomb model Eq. (16) is used to define the yield stress
of Bingham-type rheology Eq. (21). For example, [verson (1997); Iver-
son and Denlinger (2001) and Pudasaini et al. (2005) used a mixture
model where the total stress tensor is the addition of the soil and fluid
stresses (Section 2.2), represented by a non-cohesive Mohr-Coulomb
yield criterion and Newtonian rheology, respectively. Pastor et al.
(2004) implemented a Bingham model for which the yield stress was
defined as a pressure-dependent function with no cohesion (viz., 7o =
psing). This yield stress forms a Drucker-Prager criterion that depends
on the first invariant of the stress tensor only. Domnik et al. (2013) used
such a pressure-dependent yield stress definition for a Bingham-
Papanastasiou model (see Fig. 5) to compute the effective viscosity of
dry granular flows. The pressure- and rate-dependent viscous-perfectly
plastic relationship proposed by Domnik et al. (2013) has been used by

# The invariant is necessary because the strain-rate tensor must be in the same
rank of the equation that represents the viscosity, which is a scalar (Tesch,
2013). Under the incompressibility constraint, the first and third invariants are
zero and unity, respectively. Also, the third invariant is zero for shearing flows;
thus, only the second invariant is used (Bird et al., 1987; Owens and Phillips,
2002).
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Fig. 5. Rheological models for fluids. (a) Relationships between shear stress and strain rate to describe fluids. (b) Viscosity behaviour as a function of the strain rate.

Table 1

Rheological models obtained by establishing the parameters of Eq. (21).
Type of fluid 70 n(€) n

>0 I 1

Herschel and Bulkley (1926) n(L2) #
Ostwald (1929) 0 n(L2) 71
Bingham (1919) >0 n 1
Newton (1687) 0 n 1

von Boetticher et al. (2016, 2017) and extended to a three-phase debris-
flow model by Pudasaini and Mergili (2019), consisting of coarse grains,
fine particles and viscous fluid. Savage et al. (2014) also implemented a
regularised version of the model proposed by Pastor et al. (2004) to
simulate dry granular flows.

Another type of rheological model used to represent the fluid phase
of debris flows considers the solids concentration gradient, Va;. It will
be called a-rheology in this paper. Accordingly, Ishii (1975) and Ishii and
Hibiki (2010) proposed the following rheological relationship:

7 =2l +€)] (22)
EAC)) [(w) w+u, (va\.)} (23)
2af

where ¢; is the interfacial extra strain-rate tensor, .%/(ay) is a phenome-
nological parameter that represents the mobility of the fluid at the
interface with solids and u, = uy —u; is the relative velocity of the solids
with respect to the fluid. Thus, the second term on the right-hand side of
Eq. (22) is a non-Newtonian viscous stress that depends on the gradient
of the volumetric fraction of solids. The solid volume fraction gradient
induced non-Newtonian fluid rheology (Eq. (23)) was initially intro-
duced into a two-phase debris-flow model by Pudasaini (2012). Then,
such non-Newtonian rheology has been utilised in several papers to
represent the fluid phase of debris flows (Pudasaini and Fischer, 2020;
Pudasaini and Fischer, 2020; van den Bout et al., 2021). Later, Pudasaini
and Mergili (2019) extended this rheological expression for a three-
phase debris-flow model.

11

A different way to consider the solid concentration in a rheological
model is through its parameters. O’Brien et al. (1993) found that the
viscosity and the yield stress increase exponentially with the volumetric
concentration of fine sediments. Thus, the parameters for a Bingham-
type (see Eq. (21)) model are defined as 7o = Z1exp(/1a;) and =
Zaexp(f205), where 1,01, %> and ¢ are empirical coefficients
(O’Brien and Julien, 1988; O’Brien et al., 1993).

Regardless of the rheological relationship chosen, experiments must
be conducted to obtain each parameter of the model to fit the study case.
Obtaining some parameters might not be a simple or practical task. This
is why simple rheological formulations with few parameters are
preferred (Cuomo, 2020), even more if only physical-based parameters
are required (Domnik et al., 2013). Fluid rheology is therefore widely
used to describe even dry granular flows due to its relative simplicity
compared to soil rheology (e.g., elastoplasticity, elastic-viscoplasticity
and hypoplasticity).

4.3. Fluid pressure

On the other hand, the pressure is determined through an equation of
state that belongs to a subset of constitutive relationships concerned with
the thermodynamic variables such as pressure, volume, and temperature
(Landel and Peng, 1986). The three main mechanics by which fluid
pressure can be considered are described in the following paragraphs.

First, when assuming that the fluid is isochoric —incompressible—
Poisson’s equation is used to compute the pressure gradient (Johnston
and Liu, 2004). The implementation of this methodology is infrequent in
the debris-flow literature due to its high computational cost (see Shao
and Lo, 2003; Domnik et al., 2013; Khattri and Pudasaini, 2018; Pokhrel
and Pudasaini, 2020 and Nkooei and Manzari 2020). The pressure
Poisson equation can be essentially expressed as:

V?p = pV-(g — u-Vu) 24
where V? is the Laplacian operator. Eq. (24) is derived by applying the
divergence operator on the momentum balance and enforcing the con-
tinuity equation (Johnston and Liu, 2004; Domnik et al., 2013).
Second, implementing an equation of state that allows weak
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compressibility, and the pressure is a function of the density only, which
means the fluid is assumed as barotropic (Lee et al., 2010). The
following expressions are equations of state commonly used in debris
flows when weak compressibility is allowed:

o)

p=7¢" (P —p0)

(25)

(26)

where 7 is the speed of sound of the material and p, denotes a reference
density. Eq. (25) is an expression for nearly incompressible fluids pro-
posed by Cole (1965), obtained after integrating a more general
expression, where K = p, /Y is the bulk modulus and Y is the con-
stant adiabatic exponent. Morris (2000) proposed an artificial equation
of state (Eq. (26)) by subtracting a reference density to obtain more
accurate simulations of fluids. The implementation of equations of state
to solve the fluid pressure gradient in debris flows was performed by
Rodriguez-Paz and Bonet (2004); Wang et al. (2016); Cascini et al.
(2016); Canelas et al. (2017); Dai et al. (2017); Trujillo-Vela et al.
(2020); Yang et al. (2021) and Peng et al. (2022).

Third, considering that the fluid pressure increases linearly with
increasing thickness is the most basic way to treat fluid pressure in
debris flows (i.e., hydrostatic pressure,p = py = pg,h). This assumption is
derived from the depth integration of the momentum equations that will
be further discussed in Section 5. Linearity assumption of the pore fluid
pressure in the flow depth direction can be found in Iverson and Den-
linger (2001); Pastor et al. (2002); Pudasaini et al. (2005); Pitman and
Le (2005); Fernandez-Nieto et al. (2008); Pelanti et al. (2008) and Hong
etal. (2020). This linearity postulate is also applied to dry granular flows
and is denominated lithostatic pressure (Savage and Hutter, 1989; Hutter
and Greve, 1993).

Many authors have enhanced the hydrostatic pressure assumption by
redefining the pore fluid pressure. For example, Iverson (2005) sub-
divided the total pore fluid pressure into an imposed pore fluid pressure
due to rain infiltration and an ‘excess’ of pore fluid pressure generated
by the dilation of the saturated basal shear zones (i.e., p = p; + Pe).
Moreover, the total pore pressure is governed by a diffusion equation. A
more basic expression that only considers the pore pressure diffusion in
the flowing mass was implemented by Iverson and Denlinger (2001);
Pastor et al. (2004, 2009); Cuomo et al. (2014); Cascini et al. (2016) and
Cuomo et al. (2016). Iverson and George (2014) split the total pore fluid
pressure into a hydrostatic component and a non-hydrostatic excess
component (i.e., p = pp + p.), where the excess of pore fluid pressure is
governed by an advection-diffusion equation and an expression that
considers the dilation of the mass. The basis of this pressure evolution
equation can be found in Iverson (2005). Iverson (2005) also suggested
the addition of an approximated acceleration in the flow depth direction
to the gravitational acceleration (i.e., g, = g, + dw/dt). This enhanced
gravity was implemented by Denlinger and Iverson (2004); Castro-
Orgaz et al. (2015); Yuan et al. (2018) and recently for more general
multiphase mass flows with non-hydrostatic formulation by Pudasaini
(2022).

Alternatively, Pailha and Pouliquen (2009) estimated the non-
hydrostatic pore fluid pressure as a function of the drag between the
fluid and granular phase in the flow depth direction (i.e.,p = pn +p(wr,
ay)). A detailed comparison between Pailha and Pouliquen (2009) and
Iverson and George (2014) is presented in Bouchut et al. (2016).
Pudasaini (2012); Pudasaini and Fischer (2020) and Pudasaini and
Fischer (2020) include both the dynamics of fluid-soil relative motion
and solid-concentration gradient in the non-hydrostatic component (i.e.,
P =pn +p(ur, Vo).

4.4. Interaction forces

Interaction forces are required in the momentum equations when
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multiphase models are chosen. The interaction between the fluid and
soil is given by linking the total soil stress, o5, to the fluid pressure, p; and
establishing a rheological expression that accounts for the relative
displacement and acceleration between the two phases, Fy.

Volumetric. The volumetric interaction between the fluid and soil is
typically explained by Terzaghi’s effective stress principle, which equals
the total stress minus the pore pressure (Terzaghi, 1943). Considering
that fluid and soil mechanics have opposite sign conventions (Zienkie-
wicz et al., 1980), the following relationship can be established:

6, =0, —p(p)6 27
where o; is the total stress tensor of the soil, 0'; is the effective stress
tensor that the dry soil skeleton is suffering, and p is the pore fluid
pressure that attempts to separate the soil grains.

Deviatoric. In most cases, an empirical drag force relationship be-
tween fluid and soil is given where flow properties around a particle are
involved (e.g., porosity and the drag coefficients that depend on the
Reynolds number defined for an isolated particle). Nonetheless, a more
general physics-based rheological expression can be used to define such
a relationship. It is the Forchheimer equation —~which in turn contains
Darcy’s law- in addition to an acceleration term® (Irmay, 1958; Sulem
and Vardoulakis, 1995; Burcharth and Andersen, 1995):

Du,
F, = au, + b|ju,||u, .
« = au, +blluflu, +c Dr

(28)

where u, = uy —uy; is the relative velocity of a phase with respect to the
other. a = /k and b = p/k; are coefficient that depend on the intrinsic
permeability k and the inertial permeability k;, respectively. The
intrinsic permeability is defined as k = kpn/pg, where kjy, is the Darcy
hydraulic conductivity, 5 is the dynamic fluid viscosity, p is the fluid
density, and g is the gravity (Kirkham, 2014). The inertial permeability
has been found to be a function of the intrinsic permeability, as detailed
in Venkataraman and Rao (1998) and Zhou et al. (2019). Iverson (1997)
proposed an exponential expression to compute the intrinsic perme-
ability in debris flows, which is a function of the porosity.

Pudasaini (2020) analytically derived a generalised and extended

asag(1—p/ps)g

{Ur[27 (Rep)+(1-7) 7 (Rep) |+ (a) Y
volumetric fraction of the phases ay, densities ratio, a terminal velocity
Ur = 4/gd/y, a parameter .% € [0, 1], two functions for fluid-like and
solid-like drag contributions [viz., .7 (Re,) and Z'(Re,)], the parameter
j=1 or 2 for linear or quadratic (turbulent) drag coefficients, and a
smoothing function Z(ay ), further explained in Pudasaini (2020). Re,
ppdUr/nis the Particle Reynolds Number as given in Pudasaini (2012).

, as a function of the

drag coefficient, b =

This drag coefficient covers from solid-dominated to fluid-dominated
regimes that avoids singularities caused by previous models. c is the
virtual or added mass coefficient usually considered as a function of the
volumetric fraction of solids or porosity (Burcharth and Andersen, 1995;
Kolev, 2005). Based on a general two-phase flow model, Pudasaini
(2019) also proposed an analytical, smooth and well-bounded virtual
mass coefficient as a function of volume fraction ratio and density ratio,

Nop—1 .
et e N, (Lm — a) the Virtual Mass Number a

function of three parameters, Nf,’m, Lm and ng.

Many empirical expressions can be used to approximate all three
coefficients, a,b and ¢ (Burcharth and Andersen, 1995; Kolev, 2005).
Khan et al. (2020) provide a thorough comparison of many options for
non-linear drag and virtual mass coefficients. Also, the relevance of the
interaction terms given in Eq. (28) has been demonstrated through the
physical modelling. For example, Venkataraman and Rao (1998)

Cc = being Ny, =

5 On the right-hand side of Eq. (28): term one is Darcy’s law; term one and
two forms the Forchheimer equation; term two and three are usually attributed
to Morison et al. (1950); however, term three was proposed by Basset (1888).
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experimentally demonstrated the difference between the linear and non-
linear behaviour of the flow in porous media. Keulegan and Carpenter
(1958) and Sarpkaya (1986) showed by experimentation the importance
of the virtual mass coefficient by analysing the force exerted on cylinders
in oscillatory flows.

Darcy’s law should be used if the pore Reynolds number is lower than
1.0, while the non-linear Forchheimer’s equation should be imple-
mented otherwise. The third term on the right-hand side of Eq. (28) is
known as the added or virtual mass force. This term produces an
apparent increase in the inertia of the solid particles in unsteady flows
(Basset, 1888; Morison et al., 1950; Keulegan and Carpenter, 1958;
Sarpkaya, 1986), which is the case of debris flows. For example, the solid
particles may accelerate with respect to the adjacent fluid, and then, part
of the adjacent fluid also accelerates (Pudasaini, 2012).

Darcy’s law has persistently been implemented assuming that it
might represent the most relevant interactions of debris flows, either in
quasi-static or inertial states (see Iverson, 1997, 2005; Iverson et al.,
2010; Pitman and Le, 2005; Leonardi et al., 2016; Cordoba et al., 2018;
Pastor et al., 2018; Trujillo-Vela et al., 2020 and Pastor et al., 2021). The
non-linear term of Eq. (28) was used by Meng and Wang (2016); Li et al.
(2018) and Li and Zhao (2018), neglecting the linear and virtual mass
terms. Finally, the non-linear drag and the virtual mass terms in
conjunction with the coefficients proposed by Pudasaini (2019) and
Pudasaini (2020) have been extended by Pudasaini and Mergili (2019)
and Kattel et al. (2021) and afterwards implemented to simulate debris
flows by Shu et al. (2020) and van den Bout et al. (2021).

5. Spatial dimensionality

Two factors render important the aspect of spatial dimensionality in
models that should be three-dimensional in principle. First, the three-
dimensional models bring difficulties, in particular, when solving the
pressure term, entailing high computational cost and becoming impos-
sible to resolve basin-scale problems. This is why, to date, three-
dimensional models have been better implemented when studying
particular phenomena in laboratory-scale cases. Second, spatial
dimensionality might be reduced to avoid the issues mentioned above,
making risk management a more attainable goal. Although the charac-
teristics of the models for one, two, and three dimensions are mentioned
in this section, the essential assumptions for reducing spatial dimen-
sionality in models are summoned up below.

First, the velocity in the flow depth direction w is neglected since it is
assumed too small with respect to the horizontal (i.e., parallel to the
bottom) velocities. In contrast, the horizontal velocities u and v are
assumed equal to their depth-averaged values using the mean value of a
function (Liggett, 1994; Pudasaini and Hutter, 2007):

-1 ¢

f = Z /b f(Z) dz
where f(z) represents any variable, h = { —b is the flow depth, { is the
free surface boundary and b is the bottom boundary. The application of
Eq. (29) to velocities and stresses is detailed in Iverson (1997); Zhou
(2004); Tverson (2005) and Pudasaini and Hutter (2007). Second, the
pressure of the fluid is considered to be hydrostatic so that the solution
of the pressure term is not needed (see Section 4.3) (Vreugdenhil, 1994;
Zhou, 2004). Third, the flux of material through the basal and free
surfaces is specified by the kinematic boundary conditions, defining
erosion and sedimentation. These conditions can be derived as a rela-
tionship between the vertical and horizontal velocities as equivalent to
the slope of the surfaces, whether free or bottom (Liggett, 1994).
Nevertheless, the kinematic boundary conditions are absorbed during
the depth integration of the balance equations, leading to obtaining the
flow-depth temporal variation, dh/ot (Vreugdenhil, 1994; Zhou, 2004;
Iverson, 2005; Pudasaini and Hutter, 2007).

(29)
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5.1. 3D models

Equations given in Section 2.1 describe the flow in a three-
dimensional space, recalling all the required assumptions mentioned
at the beginning of Section 2. It is also necessary to solve another set of
equations for the surrounding air when solving the three-dimensional
debris-flow model due to its free surface nature, which increases
computational cost (see von Boetticher et al., 2017; Zhang et al., 2021).
However, having to implement equations to solve the surrounding air
problem can be avoided depending on the set of equations chosen as
shown below, and on the implemented numerical technique that will be
further explained in Section 6.

5.2. 2D depth-averaged models

It is common to assume that debris flows are mainly developed on the
horizontal plane, neglecting the vertical. This simplified version is
known as the depth-averaged, depth-integrated, shallow water or shallow-
ness approach, derived in detail in Savage and Hutter (1989); Iverson
(1997); Iverson and Denlinger (2001); Zhou (2004); Pudasaini and
Hutter (2007) and Pudasaini (2012). The computational cost is signifi-
cantly reduced due to the absence of vertical velocity w and pressure
Poisson equation V2p. In contrast, a new variable appears to be perti-
nent for hazard assessment: the flow depth, h. After depth-integrating
the mass and momentum equations, it is possible to write the new
two-dimensional version in conservative form as follows (Iverson, 1997;
Pitman and Le, 2005; Pudasaini, 2012; Pudasaini and Krautblatter,
2021):

d d d
E ((lkl’l) + a (akhﬁk) + a ({lkhvk) =k (30)
0 _ 0 5 0 _
a (akhuk) +a (akﬁk(mhuk) +a*y (akﬂk(xy)hukvk) = Sk(x) (31)
d _ J _ J _2
& ((lkh\)k) + a (akﬁk(l}.)hukvk) + ()7)1 (akﬁk(}.y)hvk) = Sk(y) (32)
i} _ 0 _
Sir) = g h+ o (hGin)) + 3 (@chBiay) )
+ XOi(xz) iz } + hFy + 2200, E (33)
J _ 2} _
Skiy) = gyh + ox (akhgk(wr)) + @ (akhﬁk(yy))
+ BB |2 } + hFyy) + 2205, E, 34

where x, y and z are the locally orthogonal coordinates in the downslope,
cross-slope and flow depth directions. k represents each phase of the
flow and a is the volumetric fraction of each phase. The overbar ({J)
denotes depth-averaged quantities. Thus, ux = (T, V) is the depth-
averaged velocity vector with its components in the x and y di-
rections, respectively. g,,g, and g, are the respective components of
gravitational acceleration. By(y,fkxy) are Piy,) are the momentum
correction factors that result from depth-averaging the advective terms,
which determine the shape of the velocity profile with depth (Zhou,
2004; Hutter et al., 2005). The value of the momentum correction factor
can modify the solution of the shape of the flow, as shown by Hutter
et al. (2005); Yang et al. (2018) and Trujillo-Vela et al. (2019).

In Egs. (31) and (32), Sk(x) and Sk(y) are the source terms defined by
Egs. (33) and (34). The first terms on the right-hand side of Eqgs. (33) and
(34) are the gravitational acceleration components due to the topo-
graphic pressure gradient. The second terms enclosed by square brackets
describe the depth-averaged stress tensor. The last component appearing
inside the square brackets of Egs. (33) and (34) represent the basal



M.G. Trujillo-Vela et al.

stresses, either for soil or fluid, whereas the remaining terms are related
to the longitudinal and cross-sectional stresses. Thus, each component of
the stress tensor must be replaced according to the assumed rheological
model, either for soil or fluid, as shown in Sections 4.1,4.2,4.3. The third
terms (i.e., Fy(x) and Fy,)) represent the depth-averaged interaction force
between the phases (see Section 4.4). Finally, the fourth terms (i.e.,
28T Fr and 2229 F;) define the net momentum production caused by
the recently entrained mass, Ey, at the velocities of the mass that has just
been eroded from the basal surface, Wy = (@, %) = Au;. These
entrainment terms are consistently written following the complete me-
chanical erosion model of Pudasaini and Krautblatter (2021). /12 is the
erosion drift factor and @} is termed erosion velocity, mechanically
closed by Pudasaini and Fischer (2020) and Pudasaini and Krautblatter
(2021). Moreover, the last terms of Egs. (33) and (34) include two
different contributions one A2z [F; emerges from the momentum pro-
duction derived from the effectively reduced friction, while the other
22T [y, originates from the correct understanding of the inertia of the
entrained mass, mechanically derived by Pudasaini and Krautblatter
(2021).

Although it is still challenging to solve these hyperbolic-parabolic
equations, reducing dimensions and avoiding the solution of the pres-
sure Poisson equation diminishes the complexity of the model and
computational cost. This version has been the most commonly imple-
mented to date, and a significant part of scientific and engineering de-
velopments have been conducted using this approach. Implementing
depth-averaged versions has a substantial implication since it might
not work very well on steep slopes because the vertical velocity retrieves
importance and can no longer be negligible. This is why many authors
proposed different approximations to enhance the merely hydrostatic
assumption, as discussed in Section 4.3. On the other hand, although
there is no necessity of solving another set of equations for the sur-
rounding air as in 3D models, it is mandatory to track the limit of the
flow, either fluid or granular. This condition is usually named ‘wet/dry’
boundary tracking, as shown in Pudasaini and Hutter (2007); Naef et al.
(2006); Bollermann et al. (2013); Trujillo-Vela et al. (2019) and Li et al.
(2018).

5.3. 1D depth-averaged models

One-dimensional models can be obtained if one more dimension is
cut-off and the shallowness approach is kept. This means that the lon-
gitudinal direction alone added to the depth of flow provides the most
representative information about the system. Thus, after assuming that
the cross-sectional variations are insignificant and depth-averaging the
mass and momentum equations, the one-dimensional version in con-
servative form can be established as follows:

d 7}

E (Clkh) + a (Clkhﬁk) = |Ek (35)

d _ J )

% (ohmiy) + P (akﬂk(xx)huk) = Sk (36)
d — —= =¢ ¥l b—

Skw) = agh+ > (hBy()) + WOy [ | + hFrie) + 22 T E, 37

Egs. (35)-(37) can also be obtained by simply dropping the terms
based on the y-direction of Egs. (30)-(34). This version was used more
commonly before 1995. It is pertinent to recall that given the absence of
variables in the y-direction, this simpler set of equations should be
implemented in narrow drainage lines where sinuosity can be consid-
ered unimportant at a specific longitudinal section. For instance,
knowing the measure of kinetic energy could be a key variable in per-
forming preliminary designs for retaining barriers for debris flows
generated in those pseudo-straight drainage lines; however, a three-
dimensional analysis is still indispensable. Also, one-dimensional
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models impede the appropriate simulation of the deposition area, and,
in the same way as depth-averaged two-dimensional models, such
models should not be implemented on steep slopes. In any case, the
implementation of depth-averaged versions should be better justified via
a dimensionless number, e.g., the aspect ratio € = H/L that relates the
maximum depth H to the longitudinal travelling distance L, if e<1
depth-averaged models are suitable.

6. Solution methods

Another crucial selection remains once the four aforementioned
essential aspects (i.e., phases standpoint, entrainment, constitutive re-
lationships, and spatial dimensionality) have been defined to model
debris flows: the solution method. Numerical techniques are mandatory
for discretising and solving the resultant set of hyperbolic-parabolic
partial differential equations presented in previous sections. Another
option via which to calculate estimations of debris flow cases consists in
analytical and exact solutions. Nevertheless, idealised cases are essential
to obtain an even simpler expression from which it is possible to obtain
an exact solution. Fig. 6 shows the main branches of the solution
methods, emphasising numerical schemes to discretise the equations for
describing debris-flow propagation.

6.1. Analytical solutions

Analytical exact solutions of the partial differential equations shown
in Section 5 have been constructed for simple cases, usually after making
further assumptions. The importance of exact solutions relies on the
essential information they provide from the system, and they are the
most cost-effective solutions and aid in validating computational tools
(Refsgaard, 1990; Pudasaini and Krautblatter, 2022). Although they are
not very common in hazard assessment, it is possible to find many
analytical solutions in the literature that represent debris flows.

Exact solutions are mostly obtained through the Separation of Var-
iables (SoV) (Voellmy, 1955; Iverson and Denlinger, 2001; GhoshHajra
et al., 2018; Pokhrel and Pudasaini, 2020), the Method of Characteristics
(MoC) (Mangeney et al., 2000; Pudasaini and Krautblatter, 2022) and
Similarity Solutions (SS) (Savage and Hutter, 1989; Hutter and Greve,
1993; Zahibo et al., 2010). Furthermore, other unconventional analyt-
ical methods have been applied to construct exact solutions of debris-
flow equations. Some of these alternative methods are the Method of
Matched Asymptotic Expansions (Hunt, 1994), Chebyshev Radicals
(Pudasaini, 2011), Bring Ultraradical (Pudasaini, 2016), Method of
Splitting (GhoshHajra et al., 2018), Lie Symmetry (LieS) that is one of
the most advanced methods applied by GhoshHajra et al. (2017, 2018)
to construct exact solutions for single- and two-phase debris equations,
Generalised Separation of Variables, Travelling Wave and Boundary
Layer Method (Pudasaini et al., 2018). This section briefly describes
some of these analytical exact solutions.

Voellmy (1955) presented an analytical solution to describe the
motion of a sliding snow layer and simultaneously proposed a rheo-
logical model for granular snow flows, which has been later widely
implemented in debris-flow simulations. Savage and Hutter (1989)
provided a Similarity Solution that gives the velocity at a point of a rigid
granular mass employing two specific shapes, ‘M’-shaped wave and
parabolic ‘cap’. Mangeney et al. (2000) obtained an analytical solution
from a one-dimensional depth-averaged set of equations to describe a
dam-break debris-flow problem using the Method of Characteristics to
compute flow velocity and depth, and even the sound wave velocity.

Iverson and Denlinger (2001) proposed an analytical solution to
estimate flow velocity as a function of time after the following as-
sumptions. The mass conservation equation is satisfied trivially; the
momentum balance in the y-direction is not taken into account as shown
in Egs. (35)-(37); the flow has a uniform depth and moves downslope
with no velocity gradient in either spatial direction. Trujillo-Vela and
Ramos-Canon (2012) presented an expression to calculate the position
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Fig. 6. Hierarchy of some analytical methods and numerical schemes applied to solve debris-flow ordinary and partial differential equations. SoV: Separation of
Variables, SS: Similarity Solution, MoC: Method of Characteristics, LieS: Lie Symmetry, FDM: Finite Difference Method, FEM: Finite Element Method, FVM: Finite
Volume Method, DG: Discontinuous Galerkin, SMPM: Spectral Multidomain Penalty Method, DEM: Discrete Element Method, SPH: Smooth Particle Hydrodynamics,

LWLSM: Local Weighted Least-Squares Method.

of a debris flow as a function of time by integrating the equation to
compute the mass velocity given by Iverson and Denlinger (2001).

Iverson and Denlinger (2001) derived other analytical solutions from
the depth-averaged model that makes it possible to analyse the super-
ficial velocity profile in channels and the shape of the final deposit. The
authors also proposed an exact solution to compute the pore fluid
pressure. Pudasaini (2011) presented a series of exact and semi-exact
solutions to estimate the mass velocity and position as well as flow
front shape, flow depth and velocity profile of debris flows using two
models, Bagnold and Coulomb friction rheology, fitting the experi-
mental results presented by Debiane (2000); Takahashi (2014) and
Pouliquen (1999). Pudasaini (2011) also analytically reconstructed the
velocity field of a debris flow through the flow depth. Importantly, a
scaling law for the settlement behaviour of the Bagnold’s fluid was
established which shows that the settlement process is 5/6 times shorter
for the macro-viscous than the grain-inertia fluid: t,,, = gtgi.

Pudasaini and Krautblatter (2022) derived the first general exact
analytical solutions for the velocity of mass movements that accounts for
the internal deformation of the mass and the general external system
forces, including the net driving force and the viscous resistance. A series
of exact solutions were extracted from the general analytical expression
to describe the steady-state flow and the centre of mass motion,
neglecting the mass deformation. Similarly, Pudasaini and Krautblatter
(2021) constructed exact solutions to analyse the velocity of debris flows
when accounting for the mass entrainment. Furthermore, dimensionless
numbers were analytical constructed in order to investigate the influ-
ence of entrainment on the mobility of the mass, namely, the Mobility
Scaling and the Erosion Number (see Pudasaini and Krautblatter, 2021).

Systematic analytical investigations performed by GhoshHajra et al.
(2017) and GhoshHajra et al. (2018) provide a deeper understanding of
a two-phase depth-averaged system of equations by Pudasaini (2012) to
represent debris flows by applying advanced Lie Symmetry (LieS)
method. The solutions exhibit strong solid-fluid phase interactions and
non-linear relationships between the variables (i.e., between the solid-
and fluid-heights and between the solid- and fluid-velocities) while the
mass descends a slope. The height of both phases decreases while the
velocities of both components increase (GhoshHajra et al., 2017). Solid
flow heights could also exceed fluid flow heights. Higher pressure gra-
dients produce higher flow velocities and lower flow heights (Ghosh-
Hajra et al., 2017), and changes in the flow depth of a phase influence
the velocity of the other phase (GhoshHajra et al., 2018).

In regard to pressure, Pokhrel and Pudasaini (2020) constructed
several analytical solutions of a reduced pressure Poisson equation for
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mixture flows that include the yield strength by using Separation of
Variables. These solutions are used to determine the non-linear pressure
distribution and flow depth. Additionally, exact expressions were
developed to analyse the flow free surfaces as it descends a slope after
being released from a silo gate, also sharp propagation fronts and
deposition of debris material (Pokhrel and Pudasaini, 2020).

Pudasaini (2016) and Pudasaini et al. (2018) proposed a model
named the subdiffusion-subadvection equation to describe the fluid flow
in porous and debris materials when the fluid diffuses slowly. A series of
analytical solutions developed by Pudasaini (2016) and Pudasaini et al.
(2018) demonstrated that can appropriately model the fluid flow
through porous and debris material. Such complex fluid flow behaviour
can be better described by the non-linear advection-diffusion model by
Pudasaini (2016) and Pudasaini et al. (2018). On the other hand,
Pudasaini and Jaboyedoff (2020) provided several analytical solutions
that include the estimation of the superelevation and the velocity of the
superelevation when a debris flow mass descends a general topography.
It was proved that the transversal velocity must have a gradient across
the channel for superelevation to occur. A superelevation non-
dimensional number was also analytically constructed that establishes
the ratio between the transversal velocity and the total flow velocity.

Often, the analytical solutions are an even simpler abstraction from
reality endowed with the most relevant parameters that shed light on the
essential behaviour of natural phenomena, as can be corroborated
through the citations provided in this section. Nevertheless, it is mostly
not possible to perform a profound analysis of the system in the higher
spatial dimensions or a hazard assessment in the three-dimensional
terrain through exact solutions. This is possible when using two-
dimensional depth-averaged models. In this regard, numerical tech-
niques are crucial for solving the complete set of partial differential
equations. In spite of this, exact solutions are still fundamental for
quantifying the truncation error of each numerical technique, the round-
off error and validating new computational tools (Refsgaard, 1990).
Additionally, analytical solutions can be used to preliminarily estimate
the debris-flow velocities. And the mass velocity is an essential input to
compute the initial stability condition in numerical simulations.

6.2. Numerical methods

Numerical approximations are one of the broadest aspects evoked in
this review, and different techniques are available in the literature to
discretise space and time derivatives. Apart from numerical differenti-
ation, other concepts pertaining to numerical analysis are required to
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obtain stable solutions, including linear algebra, integration, interpola-
tion, and even numerical filters.

Fig. 7 presents the most fundamental structures to perform space
partition divided into two groups, grid- or mesh-based and mesh-free
methods (Fletcher, 1991; Liu and Liu, 2003). The partitioning of space is
linked to the concept of mechanics, which can be continuous, discrete,
or even statistical (Reddy, 2013; Poschel and Schwager, 2005; Moha-
mad, 2011). The partition of space is also linked to the perspective from
which it is approached with the Eulerian and Lagrangian perspectives
being the most widely implemented for debris-flow simulation (Fig. 7).
Sections 6.2.1 and 6.2.2 provide generalities of these two space partition
strategies and a review of implementations applied for solving debris-
flow equations. It is important to clarify that many numerical methods
have been created by combining these most basic structures presented in
Fig. 7.

6.2.1. Grid-based methods

The most traditional manner of partitioning space is through the
concept of cells, volumes, or elements. Thus, a mesh or grid is created to
find the variables throughout the computational domain. Fig. 7a and b
show two ways, based on the grid concept, in which space can be par-
titioned from two perspectives, the Eulerian and the Lagrangian. The
Eulerian grid is fixed in space during the entire simulation while the
properties, such as mass, momentum and energy, cross the mesh
(Fig. 7a). In contrast, the Lagrangian grid is attached to the material and
its properties so that the mesh can move with the material (Fig. 7b) (Liu
and Liu, 2003; Fraga Filho, 2018). Egs. 5,6 written from the Eulerian
standpoint and Eqgs. 7,8 expressed from the Lagrangian perspective
provide a direct comparison between these two approaches. The most
relevant characteristic of mesh-based methods is that the neighbouring
nodes will be the same during the entire simulation to determine the
variables at a particular node, cell, volume, or element.

Mesh-based techniques can be split into categories depending on
where within the grid the computations are performed and how the
information is transmitted among nodes, cells, volumes, or elements
(Fletcher, 1991; Blazek, 2015). For example, the Finite Difference
Method (FDM) is the most intuitive category to discretise derivatives
where the Taylor series can be used for such a purpose, and the calcu-
lations are settled on the connection nodes among cells (Fig. 6). Finite
Element Method (FEM) uses Lagrange polynomial to interpolate any
variable on the nodes inside each element, where the connection among
elements is considered continuous (Hesthaven and Warburton, 2007;
Escobar-Vargas, 2012). The Finite Volume Method (FVM) concentrates
the calculations at the centre of discontinuous volumes so that a
connection function, known as numerical flux, is needed to link them
(Fletcher, 1991; LeVeque, 2002). A literature review of the grid-based
techniques implemented for solving debris-flow equations is presented
below.

Savage and Hutter (1989) present two solutions of a hyperbolic set of
equations that describe dry granular flows using FDM via two ap-
proaches, namely Eulerian (viz., Second-Order Central scheme) and
Lagrangian, separately. Other authors such as Kafle et al. (2019); Koch
et al. (1994); Luna et al. (2012); Mergili et al. (2017, 2018a, 2018b,
2020a, 2020b); Ouyang et al. (2013); Pudasaini et al. (2005); Shieh et al.
(1996); Tai et al. (2002); Wang et al. (2004) and Shugar et al. (2021)
implemented FDM from either the Eulerian (viz., Non-Oscillatory Sec-
ond-Order Central scheme) or Lagrangian standpoint to study debris-,
granular- and mud-flows. The main advantages of using FDM are its
capacity to deal with rapid change of state variables, ease of imple-
mentation, the reduced computational cost and the capacity to
adequately reproduce sharp fronts and shock structures when they are
high-order approximations (Zhao et al., 2019). In contrast, the weakness
of low-order FDM consists in its sometimes-misleading stability caused
by an inherent artificial dissipation that might produce a significant
error in long-term simulations, as insistently emphasised in Diamessis
and Redekopp (2006). Additionally, it is impossible to set up complex
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geometries when implementing FDM as the latter requires a structured
grid unless a coordinate transformation is performed (Yih-Chin et al.,
2012; Blazek, 2015). However, the FDM is dominantly used in field
applications due to its intrinsic properties (Baggio et al., 2021; Mergili
et al., 2017, 2020a, 2020b; Pudasaini and Hutter, 2007; Pudasaini and
Mergili, 2019; Shugar et al., 2021).

Several versions of FVM are the most commonly implemented to
solve such a set of equations due to their stability advantages, especially
when the shock fronts appear in the simulation. Some examples of
solving debris-flow equations by implementing this technique for labo-
ratory- or basin-scale problems can be found in Wieland et al. (1999);
Denlinger and Iverson (2001); Pitman et al. (2003); Koschdon and
Schafer (2003); Denlinger and Iverson (2004); Patra et al. (2005);
Vollmoller (2004); Medina et al. (2008); Paik (2015) and Liu et al.
(2016). Nonetheless, these two categories of numerical methods, FDM
and FVM, require special terms known as shock-capturing techniques to
handle discontinuities, improving the approximation of derivatives in
the steep flow front typical of debris flows (Toro, 2013). Otherwise,
obtaining results may be an unlikely task.

FEM has been implemented to perform debris-flow simulations as
well. Although this method can solve the momentum equations that
describe the movement of fluids, it is mostly implemented for solving
soil and solid mechanics problems due to its low computational cost and
relative accuracy under low deformation circumstances. For example,
Denlinger and Iverson (2004) applied FEM to solve the stress tensor
only, whereas the differential equations were solved using FVM. In
contrast, other authors, such as Chen and Lee (2000); Quecedo et al.
(2004); Naef et al. (2006); Rickenmann et al. (2006) and Martinez et al.
(2008) have implemented FEM for discretising the whole set of equa-
tions. A shared advantage of FVM and FEM is that they can be imple-
mented via two mesh types, structured and unstructured grids,
facilitating the discretisation of space in complex geometries (Blazek,
2015).

Other schemes are usually classified as high-order methods because
nth-degree interpolation polynomials are implemented to discretise the
domain, finding a category known as spectral methods (SM) (Escobar-
Vargas, 2012; Hesthaven et al., 2007). The high-order polynomial can
also be used to interpolate any variable inside each element, volume, or
subdomain instead of the single domain, yielding a general combination
between FVM and FEM, categorised as discontinuous element-based
techniques. These numerical methods stand out among other tech-
niques due to their accuracy that can be close to the order of the round-
off error, 7(10~14). Despite the great advantage, very few studies in the
literature appear to have implemented them to solve debris-flow equa-
tions. For example, Patra et al. (2006) implemented Discontinuous
Galerkin (DG) to solve the depth-averaged set of equations for dry
granular flows. Also, Trujillo-Vela et al. (2019) implemented the Spec-
tral Multidomain Penalty Method (SMPM) to solve a set of debris-flow
equations proposed by Iverson and Denlinger (2001). The two weak-
nesses of these techniques are the higher computational cost above other
grid-based techniques when a high-order polynomial is implemented,
bringing with it the recognised Gibbs phenomenon at the sharp flow
fronts.

The most typical problem in solving hyperbolic-parabolic equations
is handling the non-linear terms appearing in the advective derivative
on the left-hand side of momentum equations when written from the
Eulerian approach. The approximation of the non-linear derivatives
usually results in a diminution of the initial mass and the rounding of the
sharp flow front, typically given in low-order approximations (Diamessis
and Redekopp, 2006; Pudasaini and Hutter, 2007). Unphysical oscilla-
tions can also appear, especially on steep-flow fronts that end up in
unstable solutions (Escobar-Vargas et al., 2012; Zhao et al., 2019). That
is the reason why supplementary treatments for the shock fronts or high-
order techniques are required (Savage and Hutter, 1989; Nessyahu and
Tadmor, 1990; Tai et al., 2002; Wang et al., 2004; Patra et al., 2006;
Diamessis and Redekopp, 2006; Hesthaven et al., 2007; Zhao et al.,
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2019). Simulating cases that demand complex geometries with Eulerian
grid-based methods requires additional steps to perform a coordinate
transformation and the need to mesh areas with no flow in a specific
time-step (e.g., George 2011). Accordingly, an adaptive mesh refine-
ment strategy has been implemented to solve debris-flow equations
more efficiently so that the spatial discretisation can evolve based on the
numerical solution (Pitman et al., 2003; Patra et al., 2005; Patra et al.,
2006; George and Iverson, 2014; An et al., 2019). Lagrangian mesh-
based methods are not suitable when massive mesh distortion occurs,
which means re-meshing techniques are needed in such cases.
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6.2.2. Mesh-free methods

Another way to perform space partition is by using particles or
points, for which there is no grid. Therefore, a finite collection of par-
ticles or points based on the Lagrangian approach is used to discretise
the space occupied only by the matter or body under consideration that
deforms, bringing with it properties and variables (Liu and Liu, 2003;
Liu and Liu, 2010). Thus, meshless techniques, characterised by their
capacity to naturally change their neighbouring points to estimate the
variables at the point or particle in question as they move, are high-
lighted in contrast to mesh-based methods (Fig. 7) (see Liu and Liu,
2003; Poschel and Schwager, 2005). These attributes make them suit-
able to represent large deformation problems. Discrete or continuum
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mechanics are used in the mesh-free schemes (Fig. 7c and d). Fig. 7c and
d highlight how a point or particle at issue (red) may flow relative to the
neighbours (green) while new neighbouring points are involved in the
calculations (blue). Consequently, the particles no longer within reach
will not contribute to estimating the variables for the particle under
consideration. Two well-known meshless methods are Smooth Particle
Hydrodynamics (SPH) and the Discrete Element Method (DEM). These
techniques are completely independent of grids, which means that a
searching algorithm is needed to find the nearest neighbouring particles
and proceed to compute the interaction variables among them (Liu and
Liu, 2003; Poschel and Schwager, 2005). This is why SPH and DEM
demand a high computational cost.

SPH makes it possible to represent the macroscopic scale based on
continuum mechanics, requiring rheological equations that describe the
material’s average behaviour. An influence radius is used to set up the
number of neighbouring points involved in the calculation of the vari-
ables at the point under consideration through a kernel function (Fig. 7¢c)
(Gingold and Monaghan, 1977; Lucy, 1977). In contrast, DEM was
proposed to obtain the general behaviour by implementing interaction
laws at the microscopic scale of granular assemblies founded on discrete
mechanics (Fig. 7d) (Cundall and Strack, 1979; Galindo-Torres, 2013).
Nonetheless, DEM can also be used to represent big objects with complex
shapes, set up boundary conditions, study fluid-soils, fluid-structures
and fluid-soil-structures interaction problems, suitable for debris flow
hazard assessment.

Progress in SPH implementation for modelling dry granular- and
debris-flows can be found in Pastor et al. (2009); Kumar et al. (2013);
Wang et al. (2016); Cascini et al. (2016) and Dai et al. (2017). These
studies are based on a single-phase approach. Pastor et al. (2009); Pastor
et al. (2015); Pastor et al. (2018) have implemented two-phase models
under the assumption of shallowness, discretising the space using the
SPH method. Cleary and Prakash (2004) showed the solution of some
hypothetical basin-scale events implementing SPH to model a fluid flow
and DEM to represent a soil flow as two independent cases. One of the
most frequently mentioned weaknesses of the SPH is the high compu-
tational cost due, in particular, to the neighbor-particle search algo-
rithm, in addition to the tensile instability, unphysical oscillations, lack
of consistency near the boundaries caused by the absence of points, and
excessive expansion in the distribution of points (Fries et al., 2004;
Trujillo-Vela, 2021). However, several filters that can reduce in-
stabilities and oscillations have been proposed (Ye et al., 2019).

Kovarik et al. (2021) implemented another meshless technique
called the Local Weighted Least-Squares Method (LWLSM) to solve a
depth-averaged set of equations for modelling debris flows. Also,
LWLSM is sometimes used as a correction strategy for the SPH de-
rivatives deficiencies given at the boundaries mentioned above (Nguyen
et al., 2017). A relevant characteristic of this method is that a linear
algebraic system of equations must be solved for each point to determine
the vector of coefficients and therefore approximate the function or its
derivatives. As a result, the computational time for this method is even
higher than the traditional SPH.

A number of papers research some specific phenomena occurring in
debris flows using DEM with an idealised form, spheres. For example,
Zhou and Ng (2010) and Zhou et al. (2016) implemented DEM to
investigate the inverse segregation process observed in field deposits of
debris flows and laboratory-scale experiments. Other authors have used
DEM to study the impact of debris flows on rigid barriers (Shen et al.,
2018). Nonetheless, DEM requires a massive number of particles to
represent the granular phase of debris flows, which is inconceivable at
field scales (Leonardi, 2015). Another relevant concern of using only
DEM in field-scale cases is that the moving mass has to be discretised by
using large boulder particles® so that no finer-grain matrix is considered

6 The diameter of large boulders is similar to the depth of the flow, Dg ~ h
(Trujillo-Vela, 2021).
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and therefore making the computational cost manageable. Thus, the use
of DEM is more appealing when representing large boulders present in
debris flows instead of the finer granular matrix.

Wang and Chan (2014) modelled rigid and deformable structures
that interact with soil SPH particles, where the normal force is based on
a penetration method akin to DEM. Tan and Chen (2017) and Xu et al.
(2020) represented the soil employing DEM particles and the water
using SPH particles to reproduce landslide-induced waves at laboratory
and hillslope scale, respectively. Canelas et al. (2017) presented a 3D
simulation of laboratory-scale stony debris flow in a flume with a slit
check dam implementing a coupling between SPH and a Distributed-
Contact DEM to represent fluid and granular solids, respectively. Li
and Zhao (2018) and Li et al. (2020) coupled DEM and FVM to simulate
the impact of debris flows on a flexible barrier at laboratory and hill-
slope scale, respectively. Liu et al. (2021) coupled SPH-DEM-FEM to
investigate the propagation of debris flows and destruction of structures.
The coupling was validated using laboratory- and basin-scale cases.
Trujillo-Vela et al. (2020) coupled SPH and Sphero-Polyhedra DEM to
discretise a three-dimensional three-phase model for simulating debris
flows where the fluid and soil are assumed as continuum media, and
large boulders are represented from the discrete approach that is
considered a different phase when their size is much larger than the
characteristic diameter of the soil.

Sometimes, other methods are grouped as meshless techniques since
the points are free to move. However, a grid is still implemented to
compute the primary variables, this being advantageous computation-
ally compared to pure mesh-free methods. Thus, the mesh and the points
variables need to be interpolated as stablished, for example, in the
Material Point Method (MPM) (Fern et al., 2019). Liu et al. (2018)
coupled MPM with DEM to represent dry granular flows impacting
walls. Two shared weaknesses of SPH and MPM are the over-expansion
in the distribution of the points when long propagation distances are
present and the unphysical oscillations that are produced predominantly
in the stress field when representing the soil (Sadeghirad et al., 2011;
Gonzalez Acosta et al., 2019; Trujillo-Vela, 2021). However, multiple
correction strategies have been developed to diminish the unphysical
oscillations and adjust the distance between the interpolation points
(Bardenhagen and Kober, 2004; Ma et al., 2009; Antuono et al., 2012; Ye
et al., 2019; Fern et al., 2019).

DEM has been coupled to other methods whose fundaments are not
embraced by the schemes mentioned in this paper. For instance, Leo-
nardi (2015) and Leonardi et al. (2015) coupled DEM to a scheme
created to represent the mesoscopic scale called the Lattice-Boltzmann
Method (LBM) in order to model a specific phenomenon that occurs in
debris flows such as the coarse-grained front and the recirculation of
materials. Even methods from three completely different approaches
have been coupled (e.g., DEM-LBM-FEM) to represent the impact of
debris flows on flexible barriers (Leonardi et al., 2016). If recalling the
hierarchy shown in Fig. 7, it is possible to say that LBM is based on
statistical mechanics instead of continuum or discrete mechanics, which
uses the Boltzmann approach, where the space partition is given through
lattices or mesh.

Some of the disadvantages associated with mesh-based schemes are
overpassed by implementing meshless methods. However, they require
more research since they are recent techniques and some problems are
still present, especially in terms of high computational costs. Further-
more, unphysical oscillations are not just present in grid-based tech-
niques but meshless methods also, especially when treating the stress
tensor and the discontinuities, although these can be handled by
applying artificial dissipating filters in most cases.

7. Discussion
Our paper presents a classification strategy, advantages, weaknesses

and potential of debris-flow models by considering the most influential
aspects, which help to prioritise features when choosing models to
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simulate specific cases at laboratory or field scales, recalling that the
selection of mathematical models is only one of the steps in the entire
modelling process (Refsgaard, 1990). It is therefore necessary to estab-
lish a systematic selection strategy in order to make a reliable selection
based on the most important identified aspects. In this respect, dimen-
sionless numbers can help us establish the order of magnitude of the
process and make conscious decisions regarding the fundamental fea-
tures of the mathematical model.

Fig. 8 shows four fundamental forces and their relationships through
non-dimensional numbers that make it possible to describe the two re-
gimes of debris flows, quasi-static and inertial (from left to right), for
each phase, soil and fluid (from top to bottom). The dashed middle lines
separate the regimes of the flow where the transitional dimensionless
quantities have been placed. Besides, the arrows reiterate the direction
in which the outside parallel axis increases from 0 to co and remark the
two related elementary forces to obtain its corresponding non-
dimensional number. Thus, the arrows in Fig. 8 also help to build
dimensionless numbers. Therefore, the arrows point towards the force
definition appearing in the numerator, and the force at the back of the
arrow is placed in the denominator.

The most relevant dimensionless numbers for our purpose presented
in Fig. 8 are the Friction Number, Nr; Savage Number, Ns; Bagnold
Number, Ng; Grain Reynolds Number, Ng.; Mass number, N,,,; which are
detailed explained in Iverson (1997); Kowalski (2008) and Zhou and Ng
(2010). The variables and parameters needed to compute these dimen-
sionless numbers such as solid/fluid volumetric fraction, densities, vis-
cosity, friction angle and particle characteristic diameter can be
estimated from field samples.

The strain rate might be determined as the ratio of the maximum
superficial velocity divided by the maximum flow depth, i.e., y = Unax/
H (Zhou and Ng, 2010; Osswald and Rudolph, 2014). The velocity can be
obtained from field measurements when possible or estimated using a
superelevation occurrence in the flow, as discussed by Prochaska et al.
(2008) and Li et al. (2016). If neither of these two options is feasible, the
velocity can be obtained through the approximation of the flow
discharge by assuming rheological behaviour a priori using empirical
formulas, as implemented by Cui et al. (2013); Garcia-Delgado et al.
(2019) and Ramos-Canon et al. (2021). Lastly, analytical solutions can
also be used to estimate the velocity as described in Section 6.1, which
also implies choosing a rheological model a priori.

The main aspects considered essential in selecting models are
retraced in this section, highlighting under which circumstances each
feature is considered more important than the others. This is supported
by some dimensionless numbers shown in Fig. 8 and others that do not
appear in it, as explained below:

OO0 0.1 o
Quasi-static Inertial
soil soil
lovs(ps — py)gHcos 0 tan ¢] i
—— Ng—> [a.p,5°d?]
b7
100 N 9 N, 1
|
lasny] e——Npe—> [appsid?]
Quasi-static Inertial
0 fluid fluid 0
0 1 o)

Fig. 8. Essential forces and regimes of debris flows. The dashed lines separate
the four regimes. Friction Number, Nr; Savage Number, Ng; Bagnold Number,
Np; Grain Reynolds Number, Ng.; Mass number, Np,.
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Flow phases. This is determined by the interest in studying the
interaction processes among the components. It is essential to consider
the different phases (i.e., water and soil) in the simulation when the case
study starts as two separate masses, for example, when a landslide enters
a body of water (e.g., a river or a lake), which in turn, is a common
process in the initial stage of debris flows. A non-dimensional number
appearing in Fig. 8 may be helpful in making a more objective decision
regarding the phases to consider: Mass Number, N, = [a5p;]/[afpy]. The
Mass Number relates solid grain inertia to fluid inertia (Iverson, 1997).
For N, < 1, fluid momentum dominates the flow; if N;,>1, solids mo-
mentum governs the process (Kowalski, 2008). Hence, if N—1 in-
dicates that the momentum contribution is similarly influential from
both phases, meaning that multiphase models tend to be more appro-
priate in such cases. Conversely, single phase models tend to be a better
option when the Mass Number diverges from unity, just fluid forces
when N,,,—0, and soil forces if N;,— 0. However, it is important to recall
that the volumetric fraction of the phases in debris flows variates in
space and time, making the multiphase models more adequate to
simulate the flow dynamics (Pudasaini, 2012; Pudasaini and Mergili,
2019).

Entrainment of materials. The model should incorporate mass
entrainment if the estimated quantity of entrained mass is considerable.
A dimensionless number is suggested for this purpose, Entrainment Ratio
Er = Vg/Vy, that relates the volume of the entrained material, Vg, to the
volume of material at the initial sources, V;. Entrainment should be
taken into account in the simulation if Ex > 0.25 since small quantities
of entrainment are often arduous to detect in the field, as suggested by
Hungr and Evans (2004). Recently, Pudasaini and Krautblatter (2021)
analytically constructed a dimensionless number, called the Mobility
Scaling, that helps us to decide whether to consider mass entrainment or
not. The Mobility Scaling, .y = /1 — (#m/.#), has a non-linear
relationship with the erosion-induced force (or Mobility Parameter,
Zum) and the net driving force of the moving mass, . (Pudasaini and
Krautblatter, 2021). The Mobility Scaling contains in turn the Erosion
Number, &y = Pum/.#. The fundamental condition of the Mobility
Scaling when choosing a model is %y = 0=.7y =1, indicating there is
no erosion caused by the flowing mass. In contrast, %’y # 0 indicates the
erosion process will enhance (% >0=.)y>1) or reduce
(Zm < 0>y < 1) the mobility of a debris flow (Pudasaini and
Krautblatter, 2021). Additionally, a third relevant number is the Inertial
Number, N; = [pba?]/[p™a™], which controls the mass flow mobility.
Depending on whether N; = 1,< 1, or > 1, the erodible bed is inertially
neutral, inertially weaker, or inertially stronger. Correspondingly, these
result in no change of the flowing mass mobility, enhanced mobility, or
reduced mobility even for erosive mass flows. Hence, models that
consider mass entrainment will be a better option when the Mobility
Scaling diverges from unity. The reader is refereed to Pudasaini and
Fischer (2020) and Pudasaini and Krautblatter (2021) for further details
in the derivation and computation of this number. Additionally, a
detailed study of the region’s soil properties plays an essential role in
this aspect —either for reproducing or forecasting an event- because
reliable data will produce better predictions of catastrophic cases.

Constitutive relationships. Primarily, these depend on the phases that
have been set up with the first item on this list, supported by the Mass
Number. A rheological relationship will be needed for each phase if a
multiphase or mixture model has been chosen. The rheological equation
of the component that most dissipates kinetic energy must be considered
when a single phase is selected. If the solids are mostly fine and the
mixture behaves more similarly to a colloid, a viscous-perfectly plastic
model might be enough (e.g., Bingham; O’Brien and Julien, 1988).
Otherwise, a frictional relationship might be more appropriate when the
most part of the solid phase is made up of coarse grains (e.g., Mohr-
Coulomb, Drucker-Prager). The dimensionless number appearing in
Fig. 8 that could help us to make a better choice is the Friction Number,
Nr = [as(p; —py)gHcosbtang]/[agny], which relates frictional forces given
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by the granular component to viscous forces produced by the fluid
(Iverson and LaHusen, 1993). The shear stress from the grains dissipates
more kinetic energy during the flow if N > 100; otherwise, the viscous
forces dissipate the most significant part of the kinetic energy (Zhou and
Ng, 2010). In addition, the Bagnold Number also might influence the
selection of the constitutive model (Fig. 8). For example, if Ny > 200,
the inertial soil forces will dissipate more energy so that some non-linear
rheological expressions able to describe the inertial regime might be
chosen (e.g., Bagnold, 1954; Voellmy, 1955; Perla et al., 1980; O’Brien
and Julien, 1988; O’Brien et al., 1993; Pouliquen et al., 2006; Baker
et al., 2016). In contrast, if Ng < 200, it is corroborated that viscous
forces will dominate the flow. In any case, laboratory tests are necessary
depending on the parameters required for each rheological model to
represent particular materials. The rheological relationships that
consider the elastic range of the soil might be necessary when studying
the initial stage of debris flows.

Spatial dimensionality. This feature is subject to the establishment of
some variables from the system as irrelevant. A 2D depth-averaged
standpoint can be used if vertical variations are considered unimpor-
tant, and this can be implemented if the Aspect Ratio between the
maximum depth H and longitudinal travelling distance L is way lower
than the unity, i.e., € = H/L<1 (Iverson and Denlinger, 2001). The
correction of the hydrostatic pressure in depth-averaged models is
imperative if steep slopes are present in the case (Section 4.3). In
contrast, if the verticality cannot be neglected, 2D models might be
implemented by assuming plane strain instead of using depth-averaged
approach (Domnik et al., 2013; Khattri and Pudasaini, 2018; Pokhrel
and Pudasaini, 2020; Trujillo-Vela et al., 2020), meaning that the flow is
laterally constrained. It also implies that just the vertical and longitu-
dinal directions are analysed. 1D depth-averaged models can be an op-
tion if the process is also laterally constrained; for instance, in narrow
and ‘straight’ drainage lines. Sinuosity Index, SI = l/L, which relates the
flow path length [ along its course between two points and the shortest
length between the same points L, might be used to verify the straight-
ness of the flow, where SI is the unity in a perfect straight flume. Thus,
one-dimensional models can be used to reproduce debris flows if SI-1.
Conversely, fluvial drainage systems with a SI>1.1 are considered
sinuous (Dill et al., 2021). However, in contrast to the 3D or 2D depth-
averaged models, no appropriate study in the deposition area can be
performed with 2D plane-strain or 1D depth-averaged models.

Solution methods. Analytical solutions are only given for idealised
cases so that they can be used to perform preliminary debris-flow hazard
analyses, quantifying the error of numerical techniques and validating
new computational tools (Refsgaard, 1990). Nonetheless, it is still
necessary to solve the set of partial differential equations through nu-
merical methods to develop an appropriate hazard assessment of debris
flows. Thus, computational resources, software accessibility, accuracy, and
versatility of the code to be modified or coupled with other techniques
are the four main components of the wide range of possibilities in nu-
merical techniques. Open-source codes are obligatory if versatility is the
primary criteria regarding numerical methods.

In addition to the guidelines presented above, Table 2 complements
our manuscript by providing the most widely-recognised models used to
estimate debris-flow propagation alongside the main attributes dis-
cussed throughout this review. The first column of Table 2 provides
information about the author; the second column shows the phases
considered in the model; the third column presents the materials for
which the model was created. Columns four and five provide the type of
rheology expression proposed or used to close the model. The sixth
column describes the type of interaction force between phases imple-
mented in multiphase models. Columns seven, eight, and nine establish
whether the model can consider the entrainment of material, the pore
fluid pressure, and dilation of the granular component, respectively.
Column ten shows the spatial dimensions considered in the solved set of
equations. Column eleven shows the numerical methods that have been
implemented to solve the mathematical model by the same or other
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authors, or the numerical schemes used in the available software.
Finally, in the twelfth column, we list some free open-source, free closed,
licensed closed, and proprietary software names in which such models
were implemented. These program names include the corresponding
hyperlinks to the software’s website. Indeed, some of the models listed
here have taken their authors’ names through citations.

The citations were organised chronologically, emphasising that the
complexity of models has been increasing due to research developments
and computational resource advances. Therefore, it is possible to see
that the implementation of three-dimensional models and more vari-
ables has increased, especially in the last decade. There are also a
number of papers that compare some of these models; for example, see
Imran et al. (2001); Rickenmann et al. (2006); Naef et al. (2006); Kwan
and Sun (2006); Pirulli and Sorbino (2008); Medina et al. (2008);
Pudasaini et al. (2005); Pudasaini (2012); Wu et al. (2013); Horton et al.
(2013); Lanni et al. (2015); Stancanelli and Foti (2015); Meng and Wang
(2016); Issler et al. (2018); Pastor et al. (2018); Hell and Wang (2019);
Barnhart et al. (2021) and Zhang et al. (2021).

Other software or codes can be found with the same or slightly
different models from those listed in Table 2. These include VolcFlow
(Kelfoun and Druitt, 2005), DFLOWZ (Berti and Simoni, 2007), FLAT-
Model (Medina et al., 2008), DAN and DAN3D (Hungr, 1995; Hungr and
McDougall, 2009), MassMov2D (Begueria et al., 2009), BASEMENT
(Volz et al., 2012), r.massmov (Molinari et al., 2014), Hyper KANAKO
(Nakatani et al., 2016), and DebrisInterMixing-2.3 (von Boetticher
et al., 2017). The literature also includes some implementations of the
Pudasaini (2012) two-phase model; for example, Mergili et al. (2017)
present the development of the open-source computational tool termed
r.avaflow to simulate debris flows with erosion and the possibility of
defining hydrographs. Kattel et al. (2018) also studied the interaction of
the two-phase model with obstacles, whereas van den Bout et al. (2018)
integrated it into a slope stability method and a catchment hydrology
model, the latter being available in OpenLISEM. Similar to the latter,
Shen et al. (2018) developed a computational tool for modelling debris
flows but using the rheology of O’Brien et al. (1993), integrated with a
slope stability analysis and hydrology module, whose code is available
in EDDA 2.0.

8. Summary

This manuscript presents a broad and critical overview of physical-
mathematical models and solution methods to represent debris-flow
propagation. The essential features of the models were identified and
grouped into sections for this purpose, leading to a classification strat-
egy. These pivotal features include: (1) phases of the flow; (2) entrain-
ment of materials into the flow; (3) constitutive relationships; (4) spatial
dimensionality; and (5) the solution methods. The main options from
these characteristics were also identified and classified in each section.
This enabled us to compile many of the most widely recognised and
recently developed models in Table 2, highlighting their main features.
Additionally, the hyperlinks to the software’s websites are provided in
the same table, specifying which are free open-source, free closed,
licensed-closed and proprietary.

The proposed selection guideline makes it possible to choose math-
ematical models systematically and reliably. This selection strategy is
supported by the estimation of dimensionless numbers and the most
critical assumptions of the mathematical models. Thus, phase choosing
relies on the Mass Number; the consideration of the mass entrainment on
the Entrainment Ratio, the Mobility Scaling, Erosion Number and Iner-
tial Number; the constitutive equation on the Friction Number and the
Bagnold Number; and the spatial dimensionality on the Aspect Ratio and
hydrostatic pressure correction. On the other hand, the selection of the
solution methods is based on computational resources available, soft-
ware accessibility, the required accuracy and the versatility of the
computational tools to include new developments when needed.

From a general and more practical perspective of the models studied


https://lmv.uca.fr/volcflow/
https://github.com/sbegueria/massmov2d
https://basement.ethz.ch/
https://grass.osgeo.org/grass78/manuals/addons/r.massmov.html
http://hyper-kanako.com/hyperkanakoenglish/
https://gmd.copernicus.org/articles/10/3963/2017/
https://www.landslidemodels.org/r.avaflow/
https://blog.utwente.nl/lisem/
https://gmd.copernicus.org/articles/11/2841/2018/
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Table 2

List of mathematical models for the propagation of mass movements.
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Model Phase Materials Rheological models Interaction force E P D Space discretisation Available software
Fluid Solids
Voellmy (1955) Sin cs - C+Q 1 FDM, FVM r.avaflow™,
RAMMS?®
Perla et al. (1980) Sin cs - C+Q 1 FDM Flow-R™
FLO-2D%,
O’Brien and Julien (1988) Sin f Q — 1 FDM, FEM EDDA 1.0%,
EDDA 2.0%,
RiverFlow2D?
Savage and Hutter (1989) Sin cs - MC 1 E, L-FDM
r.avaflow™,
Salm (1993) Sin cs - Cc+Q 1 FDM, FVM RAMMS?,
TITAN2D*
o Sin f Q - FEm 2 FEM, FVM FLO-2D*
O’Brien et al. (1993)
HEC-RAS™
ix® cs - B Em 2 FDM Kanako 2D
Takahashi and Nakagawa (1994) Mix s E anako
) Sin f HB - 1 FVM
Laigle and Coussot (1997)
) Mix cs, f N MC v 2 FVM, SMPM
Iverson and Denlinger (2001)
Mix f Bh, HB - 1 L-FDM
Imran et al. (2001)
. Sin cs - u(.s) 2 FVM TITAN2D*
Pouliquen and Forterre (2002)
) Sin cs - Hk+MC 2 FVM-FEM
Denlinger and Iverson (2004)
Patra et al. (2005) Sin cs - MC 2 FVM-FDM TITAN2D*
. Two cs, f - MC D v 2 FVM, SPH TITAN2D*
Pitman and Le (2005)
Mix f Bh C v 2 SPH
Pastor et al. (2009)
ix® cs - B, Em 2 FVM TRENT-2D*
Armanini et al. (2009) Mix & E
Sin cs - C Em 2 FVM RAMMS?®
Christen et al. (2010) +Q E
o Two cs, f Th MC nlD+VM v 2 FDM r.avaflow™
Pudasaini (2012)
OpenLISEM*
Horton et al. (2013) Sin cs - C+Q 1 Flow-R™
Mix® cs, f N MC v 2 FVM D-Claw™®
Iverson and George (2014)
Si - S 2 FEM
Baker et al. (2016) n s )
Two cs, f N MC nlD v 2,1 FDM
Meng and Wang (2016)
Sin cs - hp+ 3 SPH
Peng et al. (2016) PtQ
) ) Two cs, f Bh Hk D 3 LBM-DEM
Leonardi et al. (2016)
| Two cs, f Q MC D v 2 FVM TITAN2F®
Cordoba et al. (2018)
. Two cs, f Q MC nlD [EEm 2 FVM
Li et al. (2018)
) Two cs, f N Hk niD 3 FVM-DEM
Li and Zhao (2018)
. . Three cs, fs, f Th+DP MC, DP nlD+VM v 2 FDM r.avaflow 2.0*
Pudasaini and Mergili (2019)
Two cs, f Th MC nlD+VM M v 2 FDM r.avaflow®
Pudasaini and Fischer (2020) + E v W
© ¢, f Th MC nlD+VM v 2 FDM .avaflow™
Pudasaini and Fischer (2020) Two + rravatiow
Si i - Em 2 FVM-DEM Morpho2DH™
Takebayashi and Fujita (2020) m o Q E OrpRo
= Three cs, bo, f N DP D v 2,3 SPH-DEM Mechsys*
Trujillo-Vela et al. (2020)
Two cs, Bh Hk ID v 3 SPH-DEM LOQUAT*
Peng et al. (2021)
Two cs, f Th DP nlD+VM v 2 FEM-MPM OpenLISEM 2.0a*
van den Bout et al. (2021)
Sin cs MC ™ 1

Pudasaini and Krautblatter (2021)

[EM

: Mechanical entrainment rate; F*™: Empirical entrainment rate; p: pore fluid pressure; y: Dilatancy of the mass; D: Dimensions of solution; Sin: single-phase model;

Mix: mixture model; Two: two-phase model; @: extra conservation equation to compute the concentration of solids as another variable; ®: additional mechanism that
enhances the physical phase separation; f: fluid; fs: fine solids; cs: coarse solids; bo: large boulders; N: Newtonian; Th: Ishii; Bh: Bingham; Bg: Bagnold; HB: Herschel-
Bulkley; Q: Quadratic; u(-7) : u(./)-rheology; Hk: Hooke’s law; C: Coulomb; MC: Mohr-Coulomb; DP: Drucker-Prager; hp: hypoplastic; ID: linear Drag; nlD: non-linear
Drag; VM: Virtual Mass; %: free open-source code; X: free closed software; $: licensed-closed software; ¢: proprietary software.
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https://dlgeorge.github.io/project/dclaw-project
https://github.com/TITAN2F/titan2f
https://www.landslidemodels.org/r.avaflow/
https://www.landslidemodels.org/r.avaflow/
https://www.landslidemodels.org/r.avaflow/
https://i-ric.org/en/solvers/morpho2dh/
https://mechsys.nongnu.org/
https://github.com/ChongPengGeotech/LOQUAT/
https://blog.utwente.nl/lisem/
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in this paper, it is possible to say that the mesh-based depth-averaged
Eulerian approach might be more appropriate for catchment-scale cases,
where the velocities, flow depth, and the deposition areas are the crucial
variables required for risk management. Another relevant aspect when
choosing the models is the availability of codes, which is higher for the
Eulerian perspective, as can be observed in Table 2, Column 12.

The numerical schemes based on the three-dimensional mesh-free
Lagrangian approach might be more suitable for studying problems
where understanding a particular process at the laboratory scale is the
principal concern. The benefit lies in two factors: (1) the convenience of
analysing output data; and (2) the conceptual scales on which some
schemes of this approach are based. The mesoscopic Boltzmann
approach also fits well if modelling the grain/pores scale is the central
matter. Additionally, the required computational resources are higher
for the computation of the variables compared to mesh-based tech-
niques, especially with three-dimensional models. It is one of the reasons
why some authors have implemented the depth-averaged set of equa-
tions with mesh-free techniques. Although computer science has been
progressing significantly, unfortunately, the computational cost is still a
concern with the current technology.
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