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1. Introduction 
 

Tubular elements are the basis of many types of 

complex structures, especially in offshore engineering, civil 

construction, and nuclear facilities. Often, these steel 

members need repairs during their service life. Repairing 

may be required due to corrosion, impacts, earthquakes, or 

other unexpected extreme loadings. 

A very effective repair technique consists of the use of 

CFRP composites on onshore structures (Meiling and 

Sreekanta 2009, Elchalakani and Fernando 2012, Uriayer 

and Alam 2013, Elchalakani 2014, Elchalakani et al. 2017, 

Hamzeh 2017, Aksoylu et al. 2023) as well as offshore ones  
(Momber 2011, George et al. 2021, George et al. 

2022a).The effect of the number of layers on the strength of 

elements has already been established (Bambach et al. 

2009, Kabir et al. 2015). Corrosion may be due to many 

different causes: the presence of water or moisture and 

oxygen, friction and wear, surface contamination, and so on 

(Jabed et al. 2023). Thus, the modeling of corrosion 

presents very different laws that depend on completely 

dissimilar driving forces. 

The numerical models for corrosion may be divided into  
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two groups, heuristic and deterministic. The heuristic 
models are obtained from the regression of measured data, 

e.g., weight loss measurements or corrosion rate as a 

function of varied environmental parameters. Deterministic 

approaches are multi-scale models that account for the 

fundamentals of corrosion mechanisms to simulate the 

corrosion rate (Di Sarno et al. 2021). The former group is of 

special interest in the procedures proposed in this paper. 

A corrosion law for the conditions of structures in rivers 

was proposed by Liu et al. (2022), its driving corrosion 

variables are the flow velocity and sediment concentration 

(Lee et al. 2015). In marine conditions, many heuristic 

corrosion laws have been proposed, a partial list of them 
can be found in (Di Sarno et al. 2021). Corrosion may 

depend on SO2 concentration, relative humidity, time of 

wetness, or air salinity (Rahgozar et al. 2010, Kainuma et 

al. 2018) 

Extreme mechanical loadings on tubular structures may 

generate two main types of inelastic effects: plasticity and 

local buckling. The approaches for their modeling can be 

grouped into three categories, nonlinear shell theories 

(Chakrabarty 2006, Amabili, 2008), moment-curvature 

constitutive laws (Sohal and Chen 1984) and lumped 

damage models (Inglessis et al. 1999, Febres et al. 2003, 
(Inglessis et al. 2002). For complex structures, the last 

approach is particularly effective, combining computational 

economy with good engineering precision for reliability 

analyses (Kim and Noh 2012, (Palanisamy et al. 2019, 
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Djeddi and Amirat, 2020). It has been shown that lumped 

damage models are especially well-adapted for probabilistic 

structural analyses (Coelho et al. 2019, Bazán et al. 2019, 

Coelho et al. 2022) and this property is extremely important 

for the structural assessment of long time periods given the 
random nature of the chemo-mechanical loadings involved 

in the process.  

The goal of the present work is the proposal of a multi-

scale procedure for the integration of corrosion models and 

repair strategies into structural analyses. The resulting 

computational tools may be used for the design or 

evaluation of repair projects and protocols. It could also be 

used for the reliability and probabilistic analysis of this kind 

of structure, although this subject is outside of the scope of 

the present paper. Another important application is the 

consideration of in-the-field assessments of corrosion in 
existing structures and the inclusion of the effects of 

previous repairing processes. 

As the subject is the analysis of complex structures, the 

framework considered is that of lumped damage models. A 

particularity of the problem is that the characteristics of the 

structure (stiffness, strength, etc.) cannot be considered 

constants but evolve over time. Thus, a lumped model is 

generalized by the inclusion of the corrosion laws in the 

constitutive equations. Coupling between corrosion, repair, 

plasticity and local buckling is carried out by extended 

“interaction diagrams”; repair is characterized as a 

“negative corrosion increment” The structural assessment is 
carried out by the introduction of a “damage driving 

rotation” that determines the closeness of local buckling 

during cyclic loadings. Collapse risks are evaluated by the 

use of local buckling state variable. 

The numerical implementation of these models 

proposed in this paper consists of the development of finite 

elements, where not only displacements, but also corrosion 

are degrees of freedom and external mechanical as well as 

corrosion driving variables are nodal forces. These finite 

elements can be included in any nonlinear structural 

analysis program, like the well-known ABAQUS or 
ANSYS. Therefore, if in-the-field measurements of 

corrosion/repair processes are available, they can be 

included in the analysis in the same way that imposed 

displacements and boundary conditions are. If the 

prediction of future behavior is the goal, then corrosion-

driving variables can be imposed in the same way as the 

histories of external forces. 

This paper is organized as follows: In section 2, a brief 

and not exhaustive review of heuristic corrosion laws is 

presented. Some experimental results on tubular structures 

with and without corrosion/repair are described in section 3. 

The model and its numerical implementation for the 
particular case of mono-sign loadings are proposed in 

section 4. The resulting computational tool was used for the 

simulation of the tests in section 3 and its results are 

presented in section 5. In section 6, the model is extended to 

the case of planar frames subjected to general cyclic and 

earthquake loadings in section 6. Two parametric examples 

showing potential applications of the new formulation are 

described in section 7. 

 

2. Some phenomenological (heuristic) corrosion 
laws 

 
2.1 Corrosion evolution under fluvial conditions 

 
A corrosion law adapted to the specific conditions of the 

Yangtze River in China, was proposed by Liu et al. (2022). 

It was reported that the evolution over time of the corrosion 

depth ( 𝑐𝑜𝑟 ) can be described, with a good fitting 

correlation, by: 

𝑐𝑜𝑟 = 𝑎1 + 𝑎2ln⁡(𝑡 + 𝑎3) (1) 

Where parameters 𝑎1, 𝑎2, 𝑎3  depend on the flow 

velocity and 𝑡 is the corrosion time. 
In addition, the corrosion process reduces the strength of 

the material. Let 𝑡ℎ0 be the original thickness of a tubular 

element and 𝑡ℎ  the corroded one. A corrosion state 

variable at a specific location 𝑖 is defined as: 

𝑐𝑖 = 1 −
𝑡ℎ

𝑡ℎ0
; 𝑡ℎ = 𝑡ℎ0 − 𝑐𝑜𝑟 (2) 

Note that the corrosion state variable is a normalized 

corrosion depth, taking values into the interval [0,1]. Shi et 

al. 2012 proposed an expression describing the reduction of 

the material’s strength as a function of the corrosion state 

variable: 

𝑓𝑢 = (1 − 0.98𝑐𝑖)𝑓𝑢0 (3) 

Where 𝑓𝑢 is the steel material strength value at a certain 

corrosion time 𝑡, and 𝑓𝑢0  is the initial steel strength value. 

 
2.2 Corrosion evolution under fluvial conditions 
 
This short review is based on a report by Klinesmith et 

al. 2007. The simplest corrosion depth law in marine 

conditions is (Liu et al. 2022, ISO-9224, 2012) 

𝑐𝑜𝑟 = 𝐴𝑡𝐵 (4) 

where A is the first-year corrosion rate, B is the 

coefficient that shows the long-term exposure effect 

considering the protective products and environmental 
factor, and t is again the corrosion time. 

Another model establishes differences between the 

corrosion evolution before and after 20 years of exposure 

(ISO-9223, ISO-9224, ISO-9226, 2012): 

𝑐𝑜𝑟 = {
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝐴𝑡𝐵 ,⁡⁡⁡⁡⁡𝑡 < 20

𝐴[20𝐵 + 𝐵(20𝐵 − 1)(𝑡 − 20)],⁡⁡⁡𝑡 ≥ 20
 (5) 

Albrecht and Hall (2003), proposed a nonlinear time-

dependent model that can be utilized in different 

environmental conditions: 

𝑐𝑜𝑟 = 𝑐𝑜𝑟∞[1 − 𝑒−𝑡/𝜏𝑡] (6) 

where 𝑐𝑜𝑟∞ is the long-term thickness of the corroded 

component and 𝜏𝑡 is the transition time. 

Considering the interaction between corrosion protection 

systems and the environment as pitting corrosion, 
Klinesmith et al. (2007), proposed the following expression: 
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𝑐𝑜𝑟 = 𝐴𝑡𝐵 (
𝑇𝑂𝑊

𝐶
)

𝐷

(1 +
[𝑆𝑂2]

𝐸
)

𝐹

(1 +
𝐶𝐿

𝐺
)
𝐻

𝑒𝐽(𝑇+𝑇0) (7) 

where 𝑇𝑂𝑊 is annual time of wetness (h/year), 𝑇 is 

the air temperature (C), and 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹, 𝐺, 𝐻, 𝐽 and 𝑇0 

are constants. 

 

 
3. Some experimental results on local buckling 

 
 

3.1 Mono-sign test in tubular elements 
 

Febres et al. (2003) presented the behavior of steel tubes 

under mono-sign loading (see Fig. 1(a) and 1(b)). Notice 

the three distinctive stages. The first one can be considered 
elastic; the second phase corresponds to the appearance of 

plastic deflections; local buckling initiates the last one, 

characterized by significant losses of stiffness and strength. 

 
3.2 Cyclic test 

 
Under cyclic tests with positive and negative bending 

moments (see Fig. 2), distinctive local buckling occurs at  

 

 

both sides in the plastic hinge zone. The behavior in this 

case can be considered “unilateral”; i.e., the buckling 

produced by positive bending moments (positive LB) seems 

to have little effect on the elastic behavior under negative 

bending moments, and vice versa, as shown in Fig. 2(c). 

There is another important effect during cyclic loadings: 

counter-buckling. This phenomenon can be described as 
follows: during the positive LB process, a “wrinkle” is 

formed on the compression side of the tube. When the 

moment changes sign, this zone becomes subjected to 

tension stresses; consequently, the “positive wrinkle” is 

“flattened” under negative bending moments. This 

“flattening” process does not recover the strength or 

stiffness of the positive LB but it does slow the progress of 

buckling at the next cycle, as shown in Fig. 2(d). It can be 

seen there that local buckling evolves faster, in terms of 

cumulated plasticity, under mono-sign loadings than cyclic 
loadings. 

 
3.3 Frame under mono-sign loading 

 

Fig. 3 shows a steel tubular frame with the same square 

cross-sections for all its elements. The frame was subjected 

to two horizontal displacement-controlled forces in opposite  

  
(a) Force vs Deflection (b) Slope vs Plastic Deflection 

Fig. 1 The behavior of a cantilevered tubular steel beam subjected to monotonic loading by Febres et al. (2003) 

 

  
(a) Local buckling under cyclic loading (b) Force vs. Deflection test 

  
(c) Force vs Displacement during elastic unloading (d) Elastic slope vs. Positive accumulated plastic rotation 

Fig. 2 Cyclic tests Febres et al. (2003) 
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directions, denoted as 𝑝𝑢2 and 𝑝𝑢3. 

The behavior of the frame is represented in the curves of 

𝑢2  vs. 𝑃𝑢2  and 𝑢3  vs. 𝑃𝑢3 . Local buckling in the 

columns appeared in the softening phase of the test, as 

shown in the pictures in the figure. 

 

 
4. Modeling the coupling of local buckling and 
corrosion for mono-sign loading 

 
 

4.1 Corrosion/repairing variable, generalized 
displacement, and deformation matrices 

 
Consider, for instance, an offshore tubular structure in 

the plane 𝑥, 𝑧 as the one represented in Fig. 4(a). This 

frame is divided into 𝑚  elements connected by 𝑛 

nodes. Consider now an element 𝑏 between nodes 𝑖 and 

𝑗. It is assumed that the element is the assemblage of an 

elastic beam column and two inelastic hinges as shown in 

Fig. 4(b). The model proposed by (Febres et al. 2003) 

included only two internal variables per hinge: the plastic 

rotation 𝜙𝑖
𝑝

 and a damage parameter characterizing the 

degree of local buckling: 𝑑𝑖. That model is now extended 
in order to consider (C/R) processes. The corrosion state 

variable introduced in section 2 can now take values into 

the interval −∞ ≤ 𝑐𝑘 ≤ 1  (Fig. 4(a)). Notice that 𝑐𝑘 

might be  

negative because, during the process of repair, the final 

strength of the cross-section could have increased beyond 

the original one. It is also assumed that all the hinges 

around the same node have the same corrosion level. 

As mentioned in the introduction, the goal of the finite 

element proposed in this section is to include the C/R 

variable as a degree of freedom. Thus, besides the 

conventional three degrees of freedom denoted by 𝑢𝑘 

(displacement in 𝑥), 𝑤𝑘  (displacement in 𝑧) and 𝜃𝑘  

 

 

(rotation around 𝑦), it is added the new variable 𝑐𝑘 (Fig. 

4(a)). Therefore, the degrees of freedom of the element are 

grouped into the following generalized displacement 

matrix: {𝐮}𝑏
𝑡 = (𝑢𝑖 , 𝑤𝑖 , 𝜃𝑖 , 𝑐𝑖 , 𝑢𝑗 , 𝑤𝑗 , 𝜃𝑗, 𝑐𝑗). 

Another kinematic variable, {𝚽}𝑡 = (𝜙𝑖
𝑏 ,𝜙𝑗

𝑏 , 𝛿𝑏 , 𝑐𝑖 , 𝑐𝑗)⁡, 

called generalized deformation matrix, is introduced; the 

relative rotations 𝜙𝑖
𝑏 , 𝜙𝑗

𝑏  and elongation 𝛿𝑏  are 

represented in Fig. 4(c). Notice that in the deformation 

matrix, the C/R variables are also included. Displacement 

and deformation matrices are related by the following 

kinematic equation: 

{𝚽̇}
𝑏

= [𝐁]𝑏{𝐮̇}𝑏
𝑡 ⁡⁡ 

[𝐁]𝑏 =

[
 
 
 
 
 
 

𝑠𝑖𝑛𝛼

𝐿
−

𝑐𝑜𝑠𝛼

𝐿
1 0 −

𝑠𝑖𝑛𝛼

𝐿

𝑐𝑜𝑠𝛼

𝐿
0 0

𝑠𝑖𝑛𝛼

𝐿
−

𝑐𝑜𝑠𝛼

𝐿
0 0 −

𝑠𝑖𝑛𝛼

𝐿

𝑐𝑜𝑠𝛼

𝐿
1 0

−𝑐𝑜𝑠𝛼 −𝑠𝑖𝑛𝛼 0 0 𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝛼 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1]

 
 
 
 
 
 

 
(8) 

 
4.2 Nodal force and generalized stress matrices 

 
The conjugated variable to the generalized deformation 

is called the generalized stress matrix and is defined as: 

{𝐌}𝑏
𝑡 = (𝑚𝑖

𝑏 ,𝑚𝑗
𝑏 , 𝑛𝑏 , 𝑝𝑐𝑖 , 𝑝𝑐𝑗) where  𝑚𝑖

𝑏  and 𝑚𝑗
𝑏  a re 

bending moments at, respectively, the ends 𝑖 and 𝑗; 𝑛𝑏 is 

the axial force as shown in Fig 4d. As mentioned in the 

introduction, another goal of the model is to include 

phenomenological corrosion laws in the structural analysis 
of tubular complex structures. Thus, the specific nature of 

the chemical forces coupled to corrosion (𝑝𝑐𝑖 , 𝑝𝑐𝑗) depends 

on the precise law that it is chosen for the analysis. 

Similarly, the matrix of nodal forces, i.e., the contribution 

of the element to the matrix of internal forces of the 

s t r u c t u r e ,  i s  d e f i n e d  a s : {𝐏}𝑏
𝑡 = 

  

(a) Configuration of the frame (b) Force vs. Displacement 

Fig. 3 Tubular steel frame subjected to mono-sign loadings 
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(𝑝𝑢𝑖 , 𝑝𝑤𝑖 , 𝑝𝜃𝑖 , 𝑝𝑐𝑖 , 𝑝𝑢𝑗 , 𝑝𝑤𝑗 , 𝑝𝜃𝑗 , 𝑝𝑐𝑗); where 𝑝𝑢𝑖 is the force 

on the node 𝑖 in the direction of the axis 𝑥. 𝑝𝑤𝑖 is the 

force applied on the same node but in the direction of the 

axis 𝑧 . Finally, 𝑝𝜃𝑗  is the couple. The relationship 

between the nodal force and generalized stress matrices is 
the following: 

{𝐏}𝑏 = [𝐁]𝑏
𝑡 {𝐌}𝑏 (9) 

 

4.3 Elasticity law: a relationship between 
generalized stress and deformation 

 

The hypothesis of equivalence in deformations allows us 

to write the relationship between 𝑚𝑖 ,mj, 𝑛 and 𝜙𝑖 , 𝜙𝑗 , 𝛿 

when there are local buckling and plastic rotations in the 

element (see Flórez-López et al. 2015). Now, the influence 

of corrosion is also included in the equation, in a simplified 

way, as follows: 

𝜙𝑖
⁡ − 𝜙𝑖

𝑝 =
𝐿

(1 − 𝑑𝑖)3𝐸𝐼(𝑐𝑖)
𝑚𝑖 −

𝐿

6𝐸𝐼(𝑐𝑗)
𝑚𝑗 

𝜙𝑗
⁡ − 𝜙𝑗

𝑝 = −
𝐿

6𝐸𝐼
𝑚𝑖 +

𝐿

(1 − 𝑑𝑖)3𝐸𝐼(𝑐𝑗)
𝑚𝑗 

𝛿 =
𝐿

𝐴𝐸(𝑐𝑖 , 𝑐𝑗)
𝑛 

(10) 

It can be observed that the damage state variables 𝑑𝑖 

and 𝑑𝑗  characterize the degree of local buckling as related 

to the reduction of the element’s stiffness. The terms 𝜙𝑖
𝑝
 

𝜙𝑗
𝑝

 are the permanent rotations remaining after an 

unloading process returns the bending moments to zero.  

In addition, any of the phenomenological corrosion laws 

of section 2, or other similar ones complete this generalized 

elasticity law: 

𝑐𝑖̇ = 𝐹44(𝑐𝑖 , 𝑝𝑐𝑖 , 𝑡);   𝑐𝑗̇ = 𝐹55(𝑐𝑗 , 𝑝𝑐𝑗 , 𝑡) (11) 

 

 

For instance, under fluvial conditions (see section 2.1, 

Eq. (2)), the generalized flexibility 𝐹44 can be given by: 

𝐹44 =
𝑎2(𝑝𝑐𝑖)

𝑡ℎ0
exp(

𝑎1(𝑝𝑐𝑖) − 𝑐𝑖 ⁡𝑡ℎ0

𝑎2(𝑝𝑐𝑖)
) 

𝐹44 = 𝑎̅2(𝑝𝑐𝑖) exp(
𝑎̅1(𝑝𝑐𝑖) − 𝑐𝑖 ⁡

𝑎̅2(𝑝𝑐𝑖)
) ; 

𝑎̅1 =
𝑎1

𝑡ℎ0
; ⁡⁡⁡ 𝑎̅2 =

𝑎2

𝑡ℎ0
 

(12) 

where 𝑝𝑐𝑖 is, in this particular case, the flow velocity. 

In a step-by-step procedure, Eq (4) can be substituted by a 

finite difference approximation. 

If instead the analysis needs to be carried out under 

marine conditions, (for instance, Eq. (4)), the generalized 

flexibility may be: 

𝐹44 = 𝑐𝑖𝐵 (
𝑐𝑖𝑡ℎ0

𝐴
)

−
1

𝐵
= 𝑐𝑖𝐵 (

𝑐𝑖

𝐴̅
)

−
1

𝐵
;   𝐴̅ =

𝐴̅

𝑡ℎ0
 (13) 

 

4.4 Yield function and plastic evolution laws 
 

Again, the hypothesis of equivalence in deformations 

allows to obtain a yield function, for a hinge 𝑖 , with 

isotropic hardening considering the effect of local buckling. 

The yield (𝑀𝑒) and ultimate (𝑀𝑢) bending moments depend 

on the C/R variable and the axial force, thus: 

𝑓𝑖 = |
𝑚𝑖

1 − 𝑑𝑖

| − 𝑀𝑒(𝑐𝑖, 𝑛) − (𝑀𝑢(𝑐𝑖 , 𝑛) − 𝑀𝑒(𝑐𝑖 , 𝑛)) (1 − 𝑒−𝛽|𝜙𝑖
𝑝
|) (14) 

where 𝛽 is a parameter related to the hardening rate of 

the hinge that is assumed to be a constant. The plastic 

hardening process has negligible influence on local 

buckling if the cross-section is compact. Then, if the goal is 

only collapsing analysis, this phenomenon can be neglected 

by making 𝛽 → ∞. In this case, the yield function becomes 

𝑓𝑖 = |
𝑚𝑖

1−𝑑𝑖
| − 𝑀𝑢(𝑐𝑖 , 𝑛). 

  

(a) Generalized displacements and forces (b) Element b between nodes i and j, local buckling variable 

and plastic rotation 

  
(c) Generalized deformations (d) Generalized stresses 

Fig. 4 Model configuration of the offshore frame structure 
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Fig. 5 Schematic representation of the LDM Parameters 

and their physical meaning 

 

 
The plastic rotation evolution law can now be written as: 

{
𝜙̇𝑖

𝑝
= 0⁡⁡⁡𝑖𝑓⁡⁡⁡⁡𝑓𝑖 < 0

𝑓𝑖 = 0⁡⁡𝑖𝑓⁡⁡⁡𝜙̇𝑖
𝑝

≠ 0
 (15) 

 

4.5 Damage evolution law 
 

An LB resistance function, 𝑅(𝑑𝑖) is also introduced as 

in (Febres et al. 2003): 

𝑅(𝑑𝑖) = 𝑝𝑐𝑟(𝑐𝑖 , 𝑛) −
1

𝜅𝑚(𝑐𝑖 , 𝑛)
ln (1 −

𝑑𝑖

𝑑𝑢

) (16) 

where 𝑝𝑐𝑟 and⁡𝑘𝑚 are now functions of the axial force 

and the C/R variable. The local buckling evolution law is 

now given by: 

{
𝑑𝑖
̇ = 0⁡⁡⁡𝑖𝑓⁡⁡⁡⁡|𝜙𝑖

𝑝| < 𝑅(𝑑𝑖)

|𝜙𝑖
𝑝| = 𝑅(𝑑𝑖)⁡⁡𝑖𝑓⁡⁡⁡𝑑𝑖

̇ > 0
 (17) 

The mechanical interpretation of the model’s parameters, 

for constant corrosion and axial force, is shown in Fig. 5. 

Notice that 𝑑𝑢  is the limit or ultimate value that the 

damage variable can assume, usually, equal to 0.9; 𝑝𝑐𝑟 

represents the critical value of cumulated plasticity 

triggering LB; 𝜅𝑚 is related to the damage rate during the 

local buckling process. For small values of LB, the damage 

evolution law can be approximated to a straight line with a 

slope equal to 𝑘𝑚𝑑𝑢. 

 

 

5. Interaction diagrams 
 

 
5.1 Interaction diagrams considering corrosion 

 

In the model described in section 4, five functions 

(𝐸𝐼(𝑐𝑗) , 𝑀𝑒(𝑐𝑖 , 𝑛), 𝑀𝑢(𝑐𝑖 , 𝑛) , 𝑝𝑐𝑟(𝑐𝑖 , 𝑛), 𝜅𝑚(𝑐𝑖 , 𝑛)) are 

assumed to be dependent on the corrosion state variable. As 

tubes come in pre-determined sizes, it is possible to obtain 

experimentally the interaction diagrams for all these 

parameters, as it will be shown in section 5.2 

In the absence of that option, there are other 

possibilities. The first three variables can be computed 

using the standard techniques for determining the strength 
of materials, considering again that corrosion only reduces 

the thickness of the tube (as in George et al. 2021, George 

et al. 2022a, 2022b) and decreases the strength of the  

 

Fig. 6 Multi-scale approach, structure used for the 

computation of interaction diagrams 

 

 

Fig. 7 Force vs. Displacement curves: Numerical 

Simulation vs. Reference Model 

 

 

material. The last two can also be estimated by using any 

standard moment curvature relationship for tubes with local 

buckling, such as the classic ones described in (Inglessis et 

al. 1999), combined with some formulation for computing a 

plastic hinge length (Ribeiro et al. 2015, Zhou 2022, 

George et al. 2022b) 

In this section, we explore a third alternative, the use of 
a multi-scale procedure where non-linear shell theory is 

only used to compute the interaction diagrams while the 

lumped damage model is the tool for the global analysis of 

the complex structure.  

In order to obtain the interaction diagrams, a numerical 

specimen representing a beam column joint is represented 

in Fig. 6. The structure is subjected to an axial force 

distributed on the top of the specimen and perpendicular 

displacements. 

Local buckling appears on the specimen close to the 

intersection between the two elements. Two forces vs. 

displacement curves obtained from this numerical analysis 
are shown in Fig. 7. The approximation using the lumped 

damage model is also included in the figure. From this 

estimate, it is possible to compute the values of the  

266



 
Analysis of tubular structures subjected to extreme loading and corrosion/repair processes 

 

Fig. 8 Interaction Diagrams Showing the Influence of 

Corrosion on Key LDM Parameters 

 

 

parameters of the model.  

Repeating the process for a set of corrosion values and 

axial forces, it is possible to obtain the interaction diagrams 

presented in Fig. 8. On the vertical axes of those plots, the 

axial force is normalized with respect to the plastic axial 

force, i.e., the ultimate stress multiplied by the area of the 

cross-section. The values of 𝑀𝑒(𝑐𝑖 , 𝑛)  and 𝑀𝑢(𝑐𝑖 , 𝑛) 

show good agreement with the strength of material values. 

Thus, it is not necessary to include their diagrams. It was 

found that the interaction diagrams show only a very weak 

dependence on the length of the elements. Thus, the same 

diagrams can be used in any structure using an element with 

the same cross-section. However, in the case of applications 

with radically different lengths, it may be convenient to 

check their validity. 

 
5.2 Interaction diagrams considering corrosion 
 

Corrosion reduces the values of the yield and ultimate 

moments 𝑀𝑒,𝑀𝑢, the bending stiffness 𝐸𝐼 and the critical 

plastic rotation 𝑝𝑐𝑟  while increasing the rate parameter 

𝜅𝑚. During a process of repair, the opposite effects are 

observed.  

George et al. (2022) investigated the evolution of the 

local buckling strength of steel tubular members subjected 

to mechanical or chemical corrosion and then repaired using 
Carbon Fiber Reinforced Polymers (CFRP). The tests were 

carried out in 4-point bending specimens. Fig. 9 compares 

the performance of several specimens that were corroded or  

 

Fig. 9 Force vs Displacement curves under varying Repair 

conditions by George et al. (2022b) 

 

 

corroded and then repaired. The curve labeled CBF0 

corresponds to the specimen corroded (𝑐 = 0.2) but not 

repaired; CBF2W represents the behavior of an element 

corroded and then repaired using 2 layers of CFRP and so 

on. 

Using the model of section 4, these tests can be 

characterized with the structure shown in Fig. 10a. Only 

half of the specimen is represented using a mesh of two 

elements and three nodes. The following boundary 

conditions are considered: 𝑢1 = 𝑤1 = 0 = 𝑐1 = 𝑐2 = 𝜃3 =
0 . The loading consists of a vertical displacement-

controlled force on the node 2 (𝑤2 = 𝑤2(𝑡) ) and a 

corrosion-controlled process on node 3 (𝑐3 = 𝑐3(𝑡)). These 

loading histories are represented in the Fig. 10(b). The first 

step represents the corrosion phase. The second one 

corresponds to a period of repair, I.e., a stage of negative 

corrosion increments. In the third and last step, the 

mechanical loading is incremented until local buckling 

appears in the structure.  

Notice that the ultimate moment 𝑀𝑢 can be computed 

as the maximum force in Fig. 10 times 𝐿1/2, where 𝐿1 is 

the length of the first element. An equivalent corrosion 

increment can then be computed as the necessary value of 

the tube thickness to obtain the experimentally identified 

𝑀𝑢 with an ultimate stress (𝜎𝑢 = 543⁡𝑘𝑁/𝑚𝑚2): Δ𝑐 = 0 

for the test CBF0, Δ𝑐 = −0.05 for CBF2W, Δ𝑐 = −0.065 

for CBF4W, and Δ𝑐 = −0.13 for CBF6W. A simulation of 

these tests, neglecting the plastic hardening phase, is 

presented in Fig. 11. The numerical results are labeled as 

UEL-CBF0, UEL-CBF2 and so on. From these numerical 
results, it is possible to obtain some points of an interaction 

diagram for repair as presented in Fig. 12. 

During a repairing step, i.e., with negative increments of 

corrosion, the values 𝑝𝑐𝑟  increase and those of 𝜅𝑚 

decrease as observed in Figs. 11 and 12. Both interaction 

diagrams, corrosion and repair can be included in the 

analysis.  

Again, in the absence of experimental results, the 

interaction diagrams for repair can also be obtained 

numerically by the same multi-scale procedure described in 

section 5.1. Kabir et al. (2016) reported that using 
conventional shell elements from commercial FE programs, 

it is possible to reproduce the experimental behavior of 

repaired tubular elements. 

Although the current study focused on CFRP-based 

repairs, the proposed modeling framework is general and 

can accommodate other repair techniques, such as steel  
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Fig. 10 Analytical modeling of the repair. Corrosion 

history and displacement-controlled force history 

 

 

Fig. 11 Force vs. displacement, comparison between model 

and tests by (J. M. George, y otros 2022) 

 

 

jacketing, epoxy injection, or bolted reinforcements, 

provided that their mechanical effects (on stiffness and 

strength) can be captured through modified interaction 

diagrams or equivalent damage reductions. 
 

 

6. Numerical simulation of the tubular steel frame 
 

The models proposed in sections 4 and 7 were 

implemented in a commercial finite element program 

(Simulia 2017) as a user element. In this section, the results 

of a simulation of the test described in section 3.3 are 

presented. The frame was modeled using a mesh with only 

6 nodes and elements, as shown in Fig. 13. The ultimate and 

yield moments were computed using the conventional 

procedures with a yield stress equal to 550⁡𝑀𝑃𝑎; the other 

parameters were obtained from the interaction diagrams of 

Fig. 8. The first plastic hardening stage was again 

neglected. The corrosion variables were imposed equal to 

zero in all the nodes of the frame. Nodes 1 and 4 are 

completely fixed, and mono-sign displacement histories are 

applied to nodes 2 and 3. 

The curves of force vs. displacement obtained in the 

simulation are compared with the experimental ones in Fig. 

13(a). Finally, Fig. 13(b) shows the damage map at the end 

of the simulation. Notice the reasonably good agreement 
with the experimental results. It can also be pointed out that,  

 

Fig. 12 Interaction diagram of 𝑝𝑐𝑟 and 𝜅𝑚 for repairing 

 

 

at least from a qualitative point of view, this damage map 

represents the local buckling locations and intensities 

observed in the test. 

 

 
7. Modeling of local buckling for cyclic loading 
 

The model of section 5 can be generalized to the case of 

cyclic loadings. The elasticity law under cyclic loading and 

assuming unilaterality of the behavior is now given by the 

following expression: 

𝜙𝑖
⁡ − 𝜙𝑖

𝑝 =
𝐿

(1 − 𝑑𝑖
+)3𝐸𝐼(𝑐𝑖)

〈𝑚𝑖〉+

+
𝐿

(1 − 𝑑𝑖
−)3𝐸𝐼(𝑐𝑖)

〈𝑚𝑖〉− −
𝐿

6𝐸𝐼(𝑐𝑗)
𝑚𝑗 

𝜙𝑗
⁡ − 𝜙𝑗

𝑝 = −
𝐿

6𝐸𝐼
𝑚𝑖 +

𝐿

(1 − 𝑑𝑗
+)3𝐸𝐼(𝑐𝑗)

〈𝑚𝑗〉+

+
𝐿

(1 − 𝑑𝑗
−)3𝐸𝐼(𝑐𝑗)

〈𝑚𝑗〉− 

𝛿 =
𝐿

𝐴𝐸(𝑐𝑖 , 𝑐𝑗)
𝑛 

(18) 

where 〈𝑚〉+ represents the positive part of 𝑚 (〈𝑚〉+ =
𝑚⁡⁡𝑖𝑓⁡𝑚 > 0;⁡〈𝑚〉+ = 0⁡𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒) 〈𝑚〉− is the negative 

part of 𝑚⁡  ( 〈𝑚〉− = 𝑚⁡⁡𝑖𝑓⁡𝑚 < 0;⁡〈𝑚〉− = 0⁡𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒) 
With the same corrosion evolution law of the mono-sign 

case (8).  

Notice that now there are two damage variables. The 

first one (𝑑𝑖
+) quantifies the degree of local buckling due to 

positive bending moments on the element; the other one 

(𝑑𝑖
−) characterizes local buckling due to negative bending 

moments (see Fig. 2(a)). 

Neglecting plastic hardening again, the yield function is: 

𝑓𝑖 = 𝑀𝑎𝑥 {
𝑚𝑖 − (1 − 𝑑𝑖

+)𝑀𝑢(𝑐𝑖 , 𝑛)

−𝑚𝑖 + (1 − 𝑑𝑖
−)𝑀𝑢(𝑐𝑖 , 𝑛)

 (19) 
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Fig. 14 Numerical simulation of a cyclic test, slope of the 

positive unloading against LB driving rotation 

 

 

Fig. 2(b) showed that plastic rotation or even the 
cumulated plastic rotation cannot be used as a local 

buckling driving variable due to the counter-buckling effect 

described in section 3.2.  

Therefore, new variables, the damage driving rotations 

𝑏𝑖
+, 𝑏𝑖

−, are introduced: 

𝑏̇𝑖
+ = 〈𝜙𝑖

𝑝̇ 〉+ + 0.6 〈𝜙𝑖
𝑝̇ 〉− 

𝑏̇𝑖
− = −〈𝜙𝑖

𝑝̇ 〉− − 0.6 〈𝜙𝑖
𝑝̇〉+ 

(20) 

For a positive LB phase (wrinkling phase) 𝑏̇𝑖
+ increases 

while, after a change of sign of the loading (ironing phase), 

this variable decreases by a factor 0.6. This number is 

experimentally identified as shown in Fig. 14. 

Notice that in a monotonic loading, this variable is equal 

to the absolute value of the plastic rotation; for cyclic 
loadings, the new driving rotation considers counter-

buckling. The LB evolution laws are now: 

{
𝑑𝑖

+̇ = 0⁡⁡⁡𝑖𝑓⁡⁡⁡⁡𝑏𝑖
+ < 𝑅(𝑑𝑖

+)

𝑏𝑖
+ = 𝑅(𝑑𝑖

+)⁡𝑖𝑓⁡⁡⁡𝑑𝑖
+̇ > 0

 

{
𝑑𝑖

−̇ = 0⁡⁡⁡𝑖𝑓⁡⁡⁡⁡𝑏𝑖
− < 𝑅(𝑑𝑖

−)

𝑏𝑖
− = 𝑅(𝑑𝑖

−)⁡⁡𝑖𝑓⁡⁡⁡𝑑𝑖
−̇ > 0

 

(21) 

 

 

Fig. 15 Numerical simulation of a cyclic test, Force vs. 

deflection response 

 

 

where the function 𝑅(𝑑𝑖
+/−

)⁡  is the same that was 

introduced in section 4.5. Therefore, in order to initiate 

local buckling, the driving rotation must reach the value 

𝑝𝑐𝑟. For an easier interpretation of the plasticity maps, a 

normalized damage driving rotation as follows: 𝑑𝑑𝑟 =

𝑀𝑎𝑥 (
𝑏𝑖

+

𝑝𝑐𝑟
,
𝑏𝑖

−

𝑝𝑐𝑟
). Thus, for 𝑑𝑑𝑟 = 1, local buckling appears 

in at least one of the hinges’ sides (Fig. 16).  

The test described in section 3.2 (Fig. 15a), was 

simulated with the constitutive model described in this 

section with the following parameters: 𝜎𝑢 = 300⁡𝑀𝑃𝑎 , 

𝐸𝐼 = 2.06𝑒10⁡𝑁 − 𝑚𝑚2 , 𝜅𝑚 = 2.2 , 𝑝𝑐𝑟 = 0.13 ; plastic 

hardening was again neglected.  

 

 

8. Parametric examples 
 
 

8.1 Influence of corrosion time on the earthquake 
resistance of a river structure 

 

In this section, a parametric analysis carried out on the 

structure of Fig. 17 is described. The tubes of the frame  

 

 

(a) Force vs. displacement at nodes 2 and 3 (b) Damage map 

Fig. 13 LB map at the end of the simulation 
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Fig. 16 𝑑𝑑𝑟 evolution and damage evolutions 

 

 

 

Fig. 17 Wharf bridge frame subjected to corrosion and 

earthquake loadings 

 

 

have the same cross-section as the experimental tests 

described in section 5.2  

This construction is representative of a frame-type 

wharf. The first step in all simulations corresponds to the 

application of vertically distributed loads on the elastic 

elements at the top of the frame. The second step 
corresponds to corrosion-controlled loads (except in the 

reference frame with zero corrosion) on nodes 3–4, 7–14. It 

is assumed that the corrosion distribution is proportional to 

the height of the node. In the reference simulation, an  

 

Fig. 18 Interaction diagrams of corrosion effects 

 

 

earthquake loading is applied to the uncorroded structure. 

The acceleration record was artificially generated from the 
spectrum shown in the same figure 

The interaction diagrams were computed numerically 

with the procedure described in section 5.1 and are 

indicated in Fig. 18. Equivalent mass values were added to 

the elastic elements of the top of the frame, representing the 

contribution of the platform and its equipment. 

No local buckling appeared in the frame, and low values 

of permanent rotations were generated, as shown in the map 

of 𝑑𝑑𝑟 at the end of event presented in Fig. 19. Notice that 

the maximum value of 𝑑𝑑𝑟 = 0.4 appeared on node 5 of 
the frame. 

In the remaining simulations, the structure was first 

subjected to chemical forces so that maximum corrosion 

values of 0.05, 0.1, 0.15 and 0.2 are reached Fig. 20. At the 

end of each corrosion steps, the same earthquake loading 

was applied to the structure.  

Notice that, as corrosion is zero at the bottom of the 

columns, local buckling finally appeared for a maximum 

corrosion of 0.2 in a hinge adjacent to node 14. These 

analyses can help establish limit values for corrosion that 

may endanger the safety of the structure. Defining limit 

values of 𝑑𝑑𝑟 for some representative loads may be used 

to decide when major maintenance processes are needed in 

critical structures. Then the same FE can be used for the 

design and/or evaluation of retrofitting projects, as 

presented in the next example. 

 
8.2 Evaluation of a retrofitting project after long-term 

exposure 
 

In the example of this section, the same structure with a 

maximum corrosion state of 0.2 as the previous one is  
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Fig. 21 Interaction diagrams of repair 

 

 

considered. As aforementioned, the reference earthquake 

loading would produce a severe damage state that would 

even trigger local buckling. Therefore, retrofitting projects  

 

 

using the technique described in section 5.2 are considered 

preemptive measures 

Three different retrofitted structures with 2, 4, and 6 

bands on the joints of the frame are analyzed. The goal of 

these analyses is to evaluate the reduction of expected 𝑑𝑑𝑟 

values in the case of the seismic event described in section 

8.1. 

In the input file of the FE analysis, the process is 
represented in three steps. In the first one, the vertical loads 

corresponding to the loads on the upper platform are 

applied. In the second step, corrosion-controlled chemical 

forces are applied, as in the previous example. Then, the 

structure is retrofitted; this is characterized by imposing 

negative increments of corrosion on all the nodes of the 

frame; for the repair project with two bands, the corrosion 

increment is, as indicated in section 5.2, equal to -0.05; in 

the case of 4-band and 6-band repairs, the increments are 

respectively, -0.065 and -0.13. In the last step, seismic 

horizontal accelerations are imposed of the supports on the 
frame.  

Numerically, the effect of the retrofitting is modeled 

using repair interaction diagrams as described in section 5.2 

(Fig. 19). In this academic example, numerical ones, 

updated considering the experimental results, were used for 

the simulation and are represented in Fig. 22.  

Notice that the three options avoid the severe damage 

state by the corroded frame. In the case of 6-band  

 

Fig. 19 Map of 𝑑𝑑𝑟 at the end of the earthquake for the uncorroded wharf frame 

 

 

Fig. 20 Maps of 𝑑𝑑𝑟⁡𝑎fter four corrosion stages under the same earthquake loading 
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retrofitting, the structure is expected to have even better 
behavior than the original one.  

 

 

5. Conclusions 
 

In this paper, a new procedure and computational tool 

for the evaluation of complex tubular structures in corroded 

environments have been proposed. The data for the LDM 

analysis can be obtained from experimental results, non-

linear shell analysis, or a combination of both in a multi-

scale process. In this sense this LDM approach can be seen, 

both, as an alternative and as a complement to conventional 
procedures such as nonlinear shell theories. 

Although probabilistic aspects were not addressed in 

this work, they clearly represent a fundamental part of the 

problem. Key components of the phenomena, corrosion 

progression, repair effectiveness, and the nature and 

intensity of occasional overloads, are inherently random. 

The mathematical model and FE formulation proposed here 

were conceived for use in probabilistic or stochastic 

analyses. While conventional FE with shell elements may 

capture the C/R process more accurately than LDM, its 

computational cost quickly becomes prohibitive for 
complex structures. In contrast, LDM enables the 

integration of more refined probabilistic procedures, 

yielding predictions of higher quality by combining simpler 

analyses with advanced stochastic methods. Even more 

importantly, the results of shell analysis consist mainly of 

color maps and deformed configurations. 

From these, local buckling happenstance or its 

proximity can be inferred visually, but during probabilistic 

analyses, these characteristics should be determined 

automatically. This process can be carried out by 

considering damage indexes computed by postprocessors or 

even more complex procedures. But, if that is the case, it 
does not seem really useful to compute computationally 

expensive massive data that will never be used, only the 

global indexes. Again, the internal variables computed in 

the LDM analysis, such as local buckling driving rotations 

or state damage variables are certainly more accurate 

indicators of the global state of deterioration or the efficacy 

of retrofitting than any postprocessor index. Another  

 

 

important advantage of the proposed procedure consists in 
carrying out sequential analyses when corrosion is followed 

by retrofitting processes and finally mechanical loadings of 

any nature since the effects of C/R progressions are 

modeled via their influence on the behavior in a single input 

file, while the shell alternative needs remeshing for the 

same purposes. 
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